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Fundamentals of xFundamentals of x--rayray opticsoptics

Fresnel Zone Fresnel Zone PlatesPlates

MirrorsMirrors

Waveguides (1Waveguides (1--D  2D  2--D)D)

LayLay--outout



Basic Basic propertiesproperties of xof x--raysrays

IndexIndex of of refractionrefraction in the xin the x--rayray regionregion: : 

r = n r = n -- iiββ = 1 = 1 -- δδ -- iiββ

δδ= = λλ22 (N(N00/A)/A)ρρmm rr00(Z+f ‘)  (Z+f ‘)  ββ = (= (λλ /4/4ππ))µµ

δδ > 0 > 0 ⇒⇒ n < 1 n < 1 forfor all all materialsmaterials

11--n n ≈≈ 1010--55 –– 1010--66

VeryVery difficultdifficult toto makemake opticsoptics forfor xx--raysrays



TypeType of xof x--rayray opticsoptics
Diffractive optics 

(e.g. Fresnel Zone Plates, Bragg-Fresnel ZP, reflective ZP)

Refractive optics
(e.g. Compound Refractive Lens, Alligator lens, Clessidra…)

Reflective optics
(e.g. Mirrors, Capillaries, Waveguides,…)

In each type of optics there are examples of µ−meter 

(in some cases nanometer) beam production



DiffractiveDiffractive opticsoptics: : 
Fresnel Zone Fresnel Zone PlatesPlates

AlternatingAlternating
transparenttransparent and and 
opaqueopaque ringsrings suchsuch
thatthat the the diffracteddiffracted
raysrays interfere interfere 
constructivelyconstructively in in 
the the focusfocus



Basic Basic equationsequations forfor FZPFZP

Relation between zone radii rn and focal distance f:

f2 + rn
2 = (f+nλ/2)2  ⇒ rn

2 ≈ nfλ

Width drn of the last zone

drN ≈ λf/2rN ≈ √(λf) /(2 √N ) N = number of zones



DistributionDistribution of of intensityintensity fromfrom a FZPa FZP

II11((ϑϑ ) = I) = I00 NN22    2J1(2J1(krkrNN ϑϑ )/)/krkrNN ϑϑ    22

ϑϑ = angle of = angle of obsobs.;  J1 = .;  J1 = BesselBessel functionfunction;       k = ;       k = wavevectorwavevector

II11((ϑϑ ) ) correspondcorrespond toto the the AiryAiry functionfunction

SpatialSpatial resolutionresolution ∆∆r (r (RayleighRayleigh criterioncriterion):):

∆∆rrRaylRayl = 0.610 = 0.610 λλ /N. A.         N. A. = m/N. A.         N. A. = mλλ/(2 /(2 drdrNN))

∆∆rrRaylRayl = 1.22 = 1.22 drdrNN/m/m

In a In a planeplane wavewave approximationapproximation

ForFor soft xsoft x--raysrays: : ∆∆rrRaylRayl ≅≅ 20 nm20 nm



RealReal spot spot dimensiondimension

FZP FZP asas a a lenslens:  1/f = 1/p + 1/q:  1/f = 1/p + 1/q

(q = (q = objectobject--FZP ;   p = FZP FZP ;   p = FZP –– imageimage))

IfIf sourcesource at a finite at a finite distancedistance (no (no planeplane wavewave))

or or beambeam non non perfectlyperfectly monochromaticmonochromatic::

∆∆rrmm = (= (∆∆rr22
RaylRayl + + ∆∆22

ss + + ∆∆22
cc))1/21/2

∆∆ss == s p/L                    s p/L                    ∆∆cc = 2 = 2 rrNN ∆∆E/EE/E
S = S = sourcesource dimensiondimension; L ; L sourcesource--FZP FZP distdist. ; p = FZP. ; p = FZP--focusfocus distdist. . 

∆∆E/E = E/E = beambeam monochromaticitymonochromaticity



EfficiencyEfficiency

Amplitude Zone Plates: transparent and opaque zones

Im = cm  2 Io        cm = sin (mπ/2) / mπ

Efficiency: ηm = Im/Io

η = 0.25    m=0;    η = 1/m2π2 m odd;     η = 0   m even

Maximum efficiency in first order : ∼ 10 %



Phase Zone Plates: instead of opaque zones, 

zones where the phase changes of π

ηm = (1/m2π2) (1 + e -2νφ - 2 e−νφ cosφ)

Φ = 2πδt/λ           ν=β/δ                                           

t = thickness of phase zones

t larger for higher energy

Maximum efficiency in first order : 40.5 %

Thickness t has an influence on minimum zone width:

dmin = (mλt)1/2



ModesModes of of operationoperation in xin x--rayray microscopymicroscopy

Scanning microscopy
Beam is focused and 
sample is scanned. 

Slow, but
different detection 
schemes are allowed

Full field microscopy
The entire sample is 

illuminated and magnified. 
Faster, but requires

intense source. 



Modified Reflection Zone Plates

Reflecting substrate with elliptical phase-shifting
Fresnel structure patterned on the surface

Different possible substrates: crystal, 
multilayer,reflecting surface

Higher resolution limit

(in the meridional direction)

and thinner structures

∆trans = 1.22 λ (Φ/2πδ)1/2

∆refl = 1.22 λ (Φsin2θ/4πδ)1/2

From Michette et al., Opt. Comm., 2005



Diffraction order Relative efficiency Relative area % of total flux in focal spot

1 100 1.2 29.3

3 11 9.8 26.0

5 4 19.7 18.7

7 2 29.6 14.3

9 1.2 39.5 11.5

To improve resolution also in sagittal direction:

Focusing of different
diffraction orders              
in the same focus



Calculated intensity distribution in the focal plane
with diffraction order up to the ninth in the 
sagittal direction (min. z.w. 15 nm), and first 

order in meridional direction (min. z.w. 115 nm) 

Advantages: better resolution                        
power load distributed in larger area

Disadvantages: lower numerical aperture 



Distortion of time structure:

Difference in optical path from direct beam and

peripheral one:

∆L = Nλ/2 (N = number of zones)

For N =5000 and λ = 5 nm

(r = 200 µ and drN = 20 nm)

∆L = 12.5 µ ~ 40 fs

If pulse is shorter no interference takes place.

Possible problems with time structure

of the SASE FEL



Power load consideration (from Bessy  TDR):

1011 ph/pulse at 500 eV cause: 

∆T ~ 1000 °K if concentrated on 0.1 mm

∆T ~ 10 °K if concentrated on 1 mm

∆T ~ 100 °K is acceptable



Focusing opticsFocusing optics
with high efficiency: mirrors with high efficiency: mirrors 

SubSub--micrometer spot size achievedmicrometer spot size achieved
High High efficiencyefficiency (R (R ∼∼ 1)1)
Figured mirrors with minimum slope error (< 1 Figured mirrors with minimum slope error (< 1 
µµradrad) and minimum roughness (< .1 nm) ) and minimum roughness (< .1 nm) 
PossibilityPossibility of 2of 2--D D focusingfocusing in the in the KirkpatrickKirkpatrick--BaezBaez
geometrygeometry ((twotwo crossedcrossed mirrorsmirrors))
PracticallyPractically no no effecteffect on on pulsepulse time time structure structure 
High High costcost
LimitedLimited angularangular acceptanceacceptance forfor high high magnificationmagnification



Reflecting elliptical surface
Optimization of parameters with analytical approach

δ=
θ

<−
2

e1
2

c

Ellipse: best 
geometrical figure 
for point-to-point
focusing.

Parameters to
optimize for highest
possible acceptance
angle Φ:
e = eccentricity 
L = length of mirror

I.N.Bukreeva, S.Dabagov, S.Lagomarsino,
”On the efficiency of elliptically shaped     
x-ray mirror”, Appl.Opt., 2004

For effective reflection
incidence angle must always be
less then critical angle θc



For extreme focussing source image is highly
demagnified:

M = F2/F1 << 1



OptimalOptimal parametersparameters of the of the focusingfocusing mirrormirror

2/M-1~e 2
copt θ

M(5/6)~ cmax θΦ

cM3~Lopt

OptimalOptimal
parametersparameters::

MaximumMaximum of of 
acceptanceacceptance angle angle ΦΦ

asas a a functionfunction of of 
eccentricityeccentricity



EstimationEstimation of of normalizednormalized eccentricityeccentricity (1(1--e)/e)/θθcc
22, , 

maximal maximal acceptanceacceptance angle angle ΦΦ/ / θθcc, , and and optimaloptimal lengthlength
L/2cL/2c forfor differentdifferent magnificationmagnification valuesvalues MM. In . In 
parenthesisparenthesis are are reportedreported the the approximateapproximate valuesvalues..

1.51.5··1010--44

((~ ~ 1.51.5··1010--44))
8.338.33··1010--55

((~ ~ 8.338.33··1010--55))
5.95.9··1010--55

((~ ~ 5.05.0··1010--55))
1010--44

1.51.5··1010--33

((~ ~ 1.51.5··1010--33))
8.338.33··1010--44

((~ ~ 8.338.33··1010--44))
5.05.0··1010--44

((~ ~ 5.05.0··1010--44))
1010--33

1.481.48··1010--22

((~ ~ 1.51.5··1010--22))
8.318.31··1010--33

((~ ~ 8.338.33··1010--33))
4.954.95··1010--33

((~ ~ 5.05.0··1010--33))
1010--22

1.351.35··1010--11

((~ ~ 1.51.5··1010--11))
8.118.11··1010--22

((~ ~ 8.338.33··1010--22))
4.554.55··1010--22

((~ ~ 5.05.0··1010--22))
1010--11

L/2cL/2cΦΦ/ / θθcc(1(1--e)/e)/θθcc
22MM



Computer Computer simulationsimulation

Synchrotron radiation source
SizeSize 100 100 µµm        m        eeoptopt =1.16=1.16··1100--77

λλ= 0.1 nm= 0.1 nm LLoptopt=600 mm=600 mm
M=10M=10--22

2c=40 m2c=40 m

Efficiency is the ratio between the number of photons in the focal
spot and the   number of photons captured by the mirror.
GainGain isis the ratio the ratio betweenbetween the the fluxflux density in the density in the focalfocal spot and the spot and the 
fluxflux density in the density in the incomingincoming beambeam..



DiffractionDiffraction--limitedlimited focalfocal spot spot sizesize

c

 ~
θ
λ

difD

)(
3)-(1

180~Const)( nmnmDdif π
≈

Diffraction-limited focal spot size:

• approximately does not depend  
on wavelength for same
material

• for different materials has
different values (ratio 1-3).

θθcc = = √√22δδ ≈λ≈λ [2(N[2(N00/A)/A)ρρmm rr00(Z+f ‘)](Z+f ‘)]1/21/2



ParametersParameters of the of the optimaloptimal mirror mirror 
nearnear diffractiondiffraction limitlimit

Const
S
1~M ⋅

Const
S
3c~Lopt ⋅

Const2S
1~e1

2

opt
λ

⋅−

/S~opt λΦ

Const
R

S
2c~Gopt

λ
⋅

Const~Ddif

WavelengthWavelength isis constantconstant, material , material isis differentdifferent::

-- acceptanceacceptance angle angle isis constantconstant,,
-- lengthlength of of mirrormirror, , sizesize of spot and Gain of spot and Gain 

dependsdepends on material (ratio 1on material (ratio 1--3).3).

Material Material isis the the samesame, , wavelengthwavelength isis differentdifferent::

-- lengthlength of of mirrormirror and and sizesize of spot are of spot are constantconstant,,
-- acceptanceacceptance angle and Gain are angle and Gain are proportional proportional 

to  wavelengthto  wavelength..

difD
dR~G )nm(

)31(
180Const

π−
=



ParametersParameters of the of the optimaloptimal mirrormirror nearnear diffractiondiffraction limitlimit

200200S, S, µµmm

CCMaterialMaterial

66··101044 RRcc101044 RRccGGoptopt

1.31.3··1010--442.52.5··1010--55ΦΦoptopt, , radrad

7.57.5LLopt, mm

50505252DDdifdif, nm, nm

2.52.5··1010-4MM

0.60.60.1160.116θθc, rad

303066λλ , , nmnm

20202c, m2c, m

100100S, S, µµmm

40402c, m2c, m

44··101033 RRPtPt1.31.3··101033 RRccGGoptopt

1.251.25··1010--66ΦΦoptopt, , radrad

992424LLoptopt, mm, mm

15154040DDdifdif, nm, nm

1.51.5··1010-444··1010-4MM

1010--223.73.7··1010--33θθc, rad

0.150.15λλ , , nmnm

PtPtCCMaterialMaterial



ToTo increaseincrease acceptanceacceptance angle angle 
and gain:and gain:

IncreaseIncrease mirrormirror lengthlength isis notnot a a goodgood way (way (anan

optimaloptimal lengthlength existsexists forfor anyany expexp. . conditioncondition))

Alternative: Alternative: nestednested mirrorsmirrors ((likelike in in astronomyastronomy))

PossiblePossible solutionsolution: : microfabricationmicrofabrication toolstools..

ee--beambeam, , opticaloptical and xand x--rayray lithography  usedlithography  used forfor

system system fabricationfabrication



System of System of confocalconfocal ellipticalelliptical mirrorsmirrors

AdvantagesAdvantages
Possibility to make any shape of mirror. Possibility to make any shape of mirror. 
Higher flux gain due to nested surfaces.Higher flux gain due to nested surfaces.
Compact and flexible systemCompact and flexible system
Simpler and cheaper preparationSimpler and cheaper preparation

Possible problemsPossible problems
Accuracy in shapeAccuracy in shape
RoughnessRoughness
Preservation of spatial coherence and time structurePreservation of spatial coherence and time structure



EllipticalElliptical mirrormirror doesdoes notnot introduce introduce 
significantsignificant time time broadeningbroadening. . 

Power Power loadload can can bebe dealtdealt minimizingminimizing
incidentincident angle and angle and usingusing suitablesuitable

material material forfor mirrormirror (or (or forfor coatingcoating))
suchsuch asas diamonddiamond or or berilliumberillium



WhatWhat isis a Waveguide?a Waveguide?
A A structurestructure wherewhere wellwell defineddefined
resonanceresonance modesmodes can propagate: can propagate: 
GuidingGuiding layerlayer betweenbetween claddingcladding layerslayers

ConditionsConditions forfor resonanceresonance::
nnWGWG > > nnclcl mmλλ = 2 d sin(= 2 d sin(αα))

SiO2 substrate

αα dd

WG 10th birthday



DifferentDifferent CouplingCoupling modesmodes

Front Front CouplingCoupling αα

ResonantResonant BeamBeam CouplingCoupling

αα

WG 10th birthday



Front Front CouplingCoupling suitablesuitable alsoalso forfor soft xsoft x
raysrays ((guidingguiding layerlayer: : vacuumvacuum))

ManyMany modesmodes are are 
excitedexcited at the at the samesame
time (time (ifif resonanceresonance
conditionsconditions are are metmet))

ResonancesResonances higherhigher thanthan
TETE00 can can bebe chosenchosen

selectivelyselectively



Main features of beam from WG:

Nanometer beam size. Diffraction limit ≈ 10 nm

Fully coherent beam. A gaussian beam with
tailored waist can be formed, allowing high 
resolution microscopy in projection mode and 
phase contrast.

Two inherently correlated beams can be formed

Interesting dispersion relations for short pulses 

(See presentations of D. Pelliccia and G. Campi) 



Conclusions

Different kind of optics for
microfocusing available with diffraction
limit in the nanometer range. 

Problems of power load and response
to short pulses still open            
(mainly for ZP)


