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Introduction
CHPT: expansion in mg, /A and p/A

In finite volume the momentum is quantized: p
Condition of applicability of CHPT:

I
w
S

2
mg < A and Tﬂ <A

Once this condition is respected we still have two different
physical situations

. 1
LMz 21 = eregime My~ 55~ O(€?)

. 1
LM;>1 = p-regime M, ~ L™ O(p)



p— or e—regime?

Two alternatives:
» Chiral limit on the lattice = e-regime

(unless one can simulate enormous volumes)

= Rely on CHPT to relate unphysical observables to
physical quantities

> M, > MPYS: choose L > 1/M,, = p-regime

(e.9. My = 300 MeV, L = 2fm, ML ~ 3)

= Rely on CHPT to make the chiral and the large volume
extrapolation



p-regime

Calculational rule in CHPT for isotropic finite box with periodic
boundary conditions:

» the Lagrangian is the same as in infinite volume
» the propagators must be made periodic:

n



p-regime
Calculational rule in CHPT for isotropic finite box with periodic

boundary conditions:
Exam ples: Gasser and Leutwyler (88)

ML) = M, [1+—5gl( >+0(52>]
Fl) = Fr [1— o Ca0) + o)

with
A=M,L, &= (Mﬂ/47r|:7r)2

g1(\) = Z/ dz e~z amA = Goo(X + 1L, 1), ,

n;éo



Finite volume effects in the p-regime

Foundations: Gasser and Leutwyler (87)
guenched CHPT: Sharpe, Bernard and Golterman (90’s)

Recent applications:

» two—pion states Lin, Martinelli, Pallante, Sachrajda and Villadoro (03)
» Fx and Bk Becirevic and Villadoro (03)
> mp QCDSF (03)
> My, un and ga Beane and Savage (03-04)
» fg and Bg Arndt and Lin (04)

> mp Koma and Koma (04)



Asymptotic formulae Lischer formula Resummation Extension to decay constants

Outline

Asymptotic formulae



Luscher formula Resummation

Asymptotic formulae

Masses in finite volume

Loop-diagram

Extension to decay constants
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Masses in finite volume

.....

Loop diagram with
periodic
boundary conditions
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Masses in finite volume
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Asymptotic formulae

Luscher formula Resummation Extension to decay constants

Masses in finite volume

This diagram exists only for

M L #£ o

Its effect is of the order
exp [-mL]

Loop diagram with
periodic
boundary conditions
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LiUscher’s Formula

\\\./' = fdf r(p,f, *65 7p)GL(€)

GL(l) = 3 6x(0e™ Gl ~ s
M- Mo = [ dET(pt~£p) [Bu(0) - G

= Y [derp.t )G (0
A0
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Lischer's Formula
Leading correction for mL > 1: (LUscher 86)

ML—MOC,:C/ dy e V™HYLE(iy) + ...

F(v) is the scattering amplitude between the red (m) and blue
(M) particle, and C a constant that depends on L, m and M
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Lischer's Formula
Leading correction for mL > 1: (LUscher 86)

ML—MOC,:C/ dy e V™HYLE(iy) + ...

F(v) is the scattering amplitude between the red (m) and blue
(M) particle, and C a constant that depends on L, m and M

v

3
Integration path
3

<
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» The formula expresses the corrections as an integral over
a physical amplitude (analytically continued)
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F(v) is the scattering amplitude between the red (m) and blue
(M) particle, and C a constant that depends on L, m and M

» The formula expresses the corrections as an integral over
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» What matters for the behaviour of the corrections is not the
mass of the patrticle itself, but rather
the mass of the lightest particle to which it is coupled
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Lischer's Formula
Leading correction for mL > 1: (LUscher 86)

ML—MOC,:C/ dy e V™HYLE(iy) + ...

F(v) is the scattering amplitude between the red (m) and blue
(M) particle, and C a constant that depends on L, m and M

» The formula expresses the corrections as an integral over
a physical amplitude (analytically continued)

» What matters for the behaviour of the corrections is not the
mass of the patrticle itself, but rather
the mass of the lightest particle to which it is coupled

» e.g. both the corrections for the pion as well as those for
the proton mass depend exponentially on ML
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Cuts and poles in the scattering amplitude

Any scattering amplitude must have a cut at
s,u=(M+m)?=v==3Sd=4m

v

2
Cut at s=(M+m)

/\/

—m m
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Cuts and poles in the scattering amplitude
In addition it may have poles,

— M2 _s—u _ 2
eg.ats,u=M*=v =" =F5

3

<

Pole at =M 2

v
i

2
Cut at s=(M+m)

Poles on the Ihs of the imaginary axis generate an extra term in
the Lischer’s formula
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Cuts and poles in the scattering amplitude

In addition it may have poles,
orats,u=M§ = v =3 =FL+AM (1+ 50)  av-we-w

2
Cut at s=(M+m)

Pole at =M >2<

Poles on the rhs of the imaginary axis do not generate an extra
term in the Luscher’s formula, cf. Arndt and Lin (04)
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Asymptotic formulae

Corrections for M,

ww scattering amplitude with forward kinematics

Frr(v) = T'Z0[0,2M; (M 4 1), 2M; (M, — v)] = =

4
’,
4
4
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4
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Asymptotic formulae scher formula mmation sion to decay constan

Corrections for M,

01
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Ry =M, /M;-1

0.000]0

GC and S. Dirr 03
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Luscher’'s Formula or CHPT?

AM7I; Luscher = 16 2)\ / dy F Iy M +y O(e_ML)

AMS cppr = ngl()\)+o(§2)

ZGOO(x+nLt| . Z

n7£0 |=1

where m(|r|) is the multiplicity of a vector of length |A| in 3-
dimensional discretized space

1 (1A A)
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Luscher’'s Formula or CHPT?

70 Luscher

AME = 2)\ / dy F(iy)e VMiHY’L L oMLy

AMS cppr = ngl()\)+o(§2)

These represent the leading term in two different expansions
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Luscher’'s Formula or CHPT?

AM7I; Luscher = 16 2)\ / dy F Iy M +y O(e_ML)

AMS cppr = ngl()\)+o(§2)

1 2 3 4 5 6 7 .. n
2 . . . . . . . . . .
4 . . . o o . . . o o
6 . . . o o . . . o o
8 . . . o o . . . o o
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Luscher’'s Formula or CHPT?

70 Luscher

AME = 2)\ / dy F(iy)e VMiHY’L L oMLy

AMS cppr = ngl()\)+o(§2)

1 2 3 4 5 6 7 .. n
2 Ce . . . . . . . . .
4 . . o o o . . o o o
6 . . o o o . . o o o
8 . . 0 0 0 . . 0 0 0

oneloop
. . . . . . . . . . CHPT
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Luscher’'s Formula or CHPT?

AI\/I7I;Luscher = 2)\ / dyF Iy

AMS cppr = ngl()\)+o(§2)

VM2yy2L

Asymptotic 4 of o o o o o o
formula 6

8 . . . . . . .

oneloop
CHPT

+0(e™Mb
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Extension of the Lischer’'s Formula
One-loop CHPT corrections

2. 4m(|n .
= Goo(X+ALY) , = > ]ﬁ(|’>\|) Kz (] \)

n;éO
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Extension of the Lischer’'s Formula
One-loop CHPT corrections

o0

—Y G @ ALY, =Y 4”%3’:') Ky (i )

A0 Ifi|=1

Analogously one can extend the Lischer's Formula so that it
contains contributions from all i of a single propagator:

1 V2 (M2 1y2)
Mo — M, = — dyF ( VM2 Hy2)L
7L 3271_2)\ l = / Yy |y

The extension does not give all exponentially subleading terms!
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Extension of the Lischer’s Formula

_ - _ 1 - V(M2 +y2)L
Mr L = Mr = = lﬁ}_jl / dyF (iy)e

° o (o . ° ° ° ° o Resummation

e 0 OO M N

Co o (o 0 0 0 0 0 ® Partia
Co
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Nonleading exp. terms in M|

0.1 T

L
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0.001
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T
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Nonleading exp. terms in M|

0.1 T T

E. AN ]
n AN ]
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Extension to decay constants

o = AM oc/ dy e VMIHYLE(iy) + ...

F(v) < (mr|T|nm)

’ = AFoc/ dy e VMIHYEN(iy) + . ..

N(v) & (O|A,|r7m) ~ A(T — 3mv;)
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Extension to decay constants

o = AM oc/ dy e VMIHYLE(iy) + ...

F(v) < (mr|T|nm)

’ = AF x / dy e VMIHYEN(iy) + . ..
N(v) & (O|A,|r7m) ~ A(T — 3mv;)
The (0|A,|mmm) amplitude must be subtracted:

N() = (20)-omlAL0)0) - 1Quys 0

GC and C. Haefeli 04
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Extension to decay constants

W' = AF oc/ dy e VMIHYEN(iy) + . ..
N(v) & (0|A,|rmm) ~ A(T — 37vr)
The (0|A,|r7m) amplitude must be subtracted:

. FiF
N(v) = <(27T)|:07r|Au(0)|0> - IQ’MW((VQ)Z

""""""""

'
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Ward identity in finite volume

(O|AL(0)|*(p)) = i6%Fxp,  (O|P'(0)|7*(p)) = i6* G

Ward identity
F M2 = MG,

The identity is valid also in finite volume

Rc = Rg + 2Ry (Rx := AXL/X,)
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Ward identity in finite volume

(O|AL(0)|7*(p)) = 16%Frp,  (O[P'(0)]7*(p)) = i6* G

Ward identity
F M2 = MG,

The identity is valid also in finite volume
Rc = Rg + 2Ry (Rx := AXL/X,)

and must be satisfied by the asymptotic formulae :

e 1 1 1
_ M%_}ryZL - . T . . _
c [ aye & Noliy) — £-Ne(iy) + -F()| =0

™
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Ward identity in finite volume

(O|AL(0)|*(p)) = i6%Fxp,  (O|P'(0)|7*(p)) = i6* G

Ward identity
F M2 = MG,

The identity is valid also in finite volume
Rc = Rg + 2Ry (Rx := AXL/X,)

and must be satisfied by the asymptotic formulae
— in particular for the integrands:

- No(v) — E-NE() + F () =0

This is a Ward identity for 4-point functions



Lischer formula

Resummation

Asymptotic formulae

Corrections for F,

Extension to decay constants

0.1

- LO,n=1
—-- NLO,n=1
-— LO,dln
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GC and C. Haefeli 04



Asymptotic formulae

Other applications

Lischer formula  Resummation Extension to decay constants

Quantity | Amplitude Theory status
MK A(ﬂ'K — 7TK) O(pe) (Bijnens et al.)
Fk A(K|4) O(pG) (Bijnens et al.)
M77 A(7T77 — 7T77) O(p4) (Bernard et al.)
Fy A(ma) ?

My A(ﬂ'N — ’ﬂ'N) O(p4) various Authors
Mg A(rB — 7B) | ?

Fo A(Bi4) %
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Numerics

Corrections for M,

0.1 T T

K RN NNLOaln's| 1
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Numerics

Corrections for My
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GC, S. Durr and C. Haefeli (05)



Corrections for M,
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Corrections for F,
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GC and C. Haefeli 04



Corrections for Fg

0.1

001

0.00]0.

LO agrees with Becirevic and Villadoro (04)

GC, S. Durr and C. Haefeli (05)



Vus and FK/Fﬂ-
A lattice determination of Fx /F, can be used
to pln dOWn VUS Marciano (04)
Vus|* FE . T(Keo)
VuaZF2 ~ FCT ()

— 0.07602(23)(27)
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MILC collaboration

F
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Vus and FK/Fﬂ-
A lattice determination of Fx /F, can be used
to pln dOWn VUS Marciano (04)
Vus2FZ _  T(Kp)
Vw2 F2 ~ %€ ()

— 0.07602(23)(27)

MILC collaboration

F
F—K —1.201(8)(15) = |Vus| = 0.2236(30)

obtained from simulations at, e.qg.
M. ~311MeV, L~24fm and M, ~262MeV, L ~2.89fm

Finite volume effects?



Vus and FK/Fﬂ-

GC, S. Durr and C. Haefeli (05)



The nucleon mass

3 & m(n) /(=)
Ry = — 27mengane &7 )An
N 47r2nz_:_1\/ﬁ/\ﬂ[7T59N

- / " dye VAN BH(y)



The nucleon mass

m n —/n(1—
N = 47.[.2 Z ( |:27T€7rgere n(—et)Ax
_/ dye VY HE(y)
—00

ex = M,/(2my) DF(y) = myD*(iM,y,0)

DT is a component of the elastic 7N scattering amplitude
+ .1 —
Tara = 0araT ™ + E[TaU 7'a]T

TH =0 |DF(,t) - LmlN[q’,q]Bi(y,t) u

_s—u
_4mN

s=(p+9)’ t=(a-0) u=(p—0q')?



The nucleon mass

22 T I T
[ — NLO amplitude|
Py —— LOamplitude | _|
— full amplitude
18 =
2
9] _
z
E |
BN
12— —
1 L 1 L | | | | | |
1 12 14 16 18 2 22 24

NLO analysis from QCDSF (04) — full amplitude and error band from GC and A. Fuhrer



Outline

Summary



Summary

» For large volumes (2LF, > 1), finite—volume effects can be
calculated analytically within CHPT

» several one-loop CHPT calculations in the p—regime
(ML > 1) have appeared in the recent literature

» the combined use of CHPT and asymptotic formulae a la
Luscher offers the most efficient way to get to higher
orders in CHPT

» | have presented numerical evaluations of these finite
volume corrections for all pseudoscalar masses and decay
constants, as well as for the nucleon mass
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Summary

» For large volumes (2LF, > 1), finite—volume effects can be
calculated analytically within CHPT

» several one-loop CHPT calculations in the p—regime
(ML > 1) have appeared in the recent literature

» the combined use of CHPT and asymptotic formulae a la
Luscher offers the most efficient way to get to higher
orders in CHPT

» | have presented numerical evaluations of these finite
volume corrections for all pseudoscalar masses and decay
constants, as well as for the nucleon mass

» the extrapolation L — oo can be made analytically
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