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Overview

e Introduction: ChPT in finite volume

e Luscher’s formula for masses

e Asymptotic formula for decay constants
e Numerics

e Summary

work done in collaboration with G. Colangelo and S. Durr
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Introduction: ChPT iIn finite volume

e Expansioninm,/A and p/A

e Quantized momenta in finite volume: p = Q%n
e Condition of applicability for ChPT:
my < A and 2% < A
A~ A4AnF; = 2LF, > 1

e Once this condition is respected, we still have two different physical situations:
LM, <1: e—regime

This talk : LM, >1: p—regime
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p-regime: M, L > 1

e Calculational rule in ChPT for isotropic finite box with periodic boundary conditions:

Lagrangian : Eé’ﬂc = L
Propagator : G (2, %) = Z G(2°, % +7L)
neZ3

J.Gasser, H.Leutwyler 87

e Implication for perturbative calculation:

/(;er])jzl f(p)L<oo / C;Z;O 23 Zf ; /(;ljr];l f(p) Z SPTL

(*): Poisson summation formula
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p-regime: M, L > 1

e Calculational rule in ChPT for isotropic finite box with periodic boundary conditions:

Lagrangian : Ei’ﬂc = L
Propagator : G (2, %) = Z G(2°, % +7L)
nez3
J.Gasser, H.Leutwyler 87
e Examples:
4 )

Mn(L) = M, (1 + 2£g(N\) +0(£2)) |
Fo(L) =F: (1-¢&g(\) +0(8?))

\_ J
M2 T 1 m—*2>\2
. AN=M.L, g(\)= dpe 357
§ (rF, ) g(A) Z / Te
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p-regime: Recent applications in 2004

Foundations:  Gasser and Leutwyler (87)

observables authors method
M. Colangelo and Durr asymptotic
F. Colangelo and C.H. asymptotic
M, Fy and (r2)y | Borasoy and Lewis Lattice ChPT
Fir and By Becirevic and Villadoro one-loop
mp QCDSF one-loop
my, Ny and g Beane and Savage one-loop
mp Koma and Koma asymptotic
fp and Bp Arndt and Lin one-loop
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Liuscher’s formula (applied for M)

Leading corrections for M. L > 1:

Mg(L)~ Mg = — + O(e™ VML)
il L A
_ 4 € V2M, L
N ZJM M2+ P2 O Ol )

e Integrations over spatial momenta ¢ can be performed within claimed accuracy. It

remains the integral over £.

3 [ YERWT]
MK(L)_MK — _167-‘-2MKL / dly e~ M2+/ LTI O(Zf )‘|‘O( —V2 My, L)

Lischer 86
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LUscher’s formula:
P=m K, n:

Mp(L) — Mp = —

1672 MpL /dy e VMIFLTIZ0 () 4 O V2 ML)

e The coupling to the ligthest particle matters, i.e. the pions.
e Leading corrections of order exp(—M L).

e The formula expresses the corrections over a (analytically continued) physical
amplitude.

Analyticity properties of 7259 (v):

Im v

Integration line

7 N\
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LUscher’s formula or ChPT?:

©.@)
A]\471',Lijscher — T 3 / dy 6_ M7%+y2LT7{;0 (Zy) —|— O( \/_M L)
1672 M. L
AMW,ChPT — 5% Q(MwL) + 0(52) -
The two formulae give the leading term in two different expansions.
1 2 3 4 5 6 7 .. n
|
2 © ¢ o 0o 0606 06 0 0 o o o One-loop
ChPT
4 ® O O O o o o o o o o o
6 ® O O O O o o o o o o o
8 ® O O O o o o o o o o o
® O O O O o o o o o o o
® O O O O o o o o o o o
® O O O o o o o o o o o

chiral order v

asymptotic formula
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Extension of Luscher’s formula

One can extend the formula so that it contains contributions from all |7Z| of a single
propagator:

oo

1 m(|7]) / i | )
AM, = — Y d +y InILTI 0 O(e—2MxL
3272 M. L |§_:1 7 . ye (iy)+0O(e )

The extension does not provide all exponentially subleading terms!

1 2 3 4 5 6 7 .. n
-

© ¢ 6 606 06 06 06 0 o o Oneloop
ChPT

Lo o M~ DN

chiral order v

] partial resummation
asymptotic formula
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Non-leading exponential terms in M, (L)

OOO IT:I4I-frl.Ti.I..'l\l\( 1 | 1 I”I’"I'.I I\I\ ) | 1 1 1 1 1 1 1 1 .I..l...l..l' 1 1 1 1 1 IT~
' ]0.1 0.2 0.3 04 05
M_(GeV)
M, (L) — M,
R, = M
T

taken from G.Colangelo and S.Durr 04
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Non-leading exponential terms in M, (L)

N ... LO,dln
01X —- NLO,dln B
C N — NNLO, dln ]

EI:‘
nd
II_=I4I-fr;nll“l“l |IIII..I‘.1II\I IIIIIIII|II.'.I.'rIIIII
0'0010.1 \0.2 \0.3 04 05
M_ (GeV)
o M. (L) — M,
M, —
M
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Asymptotic formula for decay constants

AP, = P.(L)— P, , P.= M,,F;

3 r —\/ M24+9y2L —V2 M, L
it | weY niy) + O™V M7 h

— %% + O(e” VML),

Trr(V) «—— (nm|mm) .

Lischer 86

87T2M L

= m% +O(e” VML),

Nr(v) «— (37|AL|0) ~ A(T — 37v,) .

AF’]‘(‘ — /dye \/ M +y2LN (Zy)+0( —V2 M, L)

G.Colangelo, C.H. 04
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Definition of the amplitude N (1)

3 e
AF. = —VMIAYPL N —V2 ML

Nr(v) is the subtracted (37| A,,|0) matrix element in the forward kinematic region.

G.Colangelo and C.H. 04
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Finite volume corrections for £
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Universality of asymptotic formula

Masses (Luscher):

Decay constants:

AM scattering theory status
M T — T O(p%) (Bijnens et al.)
Mg | 1K - 7K O(p%) (Bijnens et al.)
My, ™ — TN O(p*) (Bernard et al.)
My | «N — 7N | O(p*) (various authors)
Mg m™B — B ?
AF decays theory status
Fr | 7— 37 | O(p*) Colangelo et al.
Fk Ky O(p*) Bijnens et al.
Fy M0, ?
Fx By, ?

Work in progress: G.Colangelo, S.Dirr, A.Fuhrer, C.H.
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CKM matrix element: V.

Lattice simulations can provide us with the ratio F'xc / F;,

X =F; /F? = |V,

W.J.Marciano 04

1: I T : l: T T T I
- -+ LO
— NLO

01~ 0.1\

: » N
The X
i =
<

0.01 0.0LF
| | .
000, 03 . 5 2%%3 0.2 03 0.4 05
M_(GeV) M_(GeV)

Work in progress: G. Colangelo, S. Dirr and C.H.
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Summary

For large volumes (2L F. > 1), finite volume effects can be calculated analytically
within ChPT.

Several one-loop ChPT calculations in the p-regime (MWL > 1) have appeared in

the recent literature.

The combined use of ChPT and asymptotic formulae a la Liischer offers the most

efficient way to get to higher orders in ChPT.

| have presented numerical evaluations of these finite volume corrections for

pseudoscalar masses and decay constants.

The extrapolation L. — o0 can be made analytically.
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