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Preface

These lecture notes are based on the handwritten notes by Dr. Vittorio Del Duca for the course
Introduction to Quantum Chromodynamics taught during FS2019 and FS2020.

The course is based on the following textbooks

e Peskin & Schroeder, An Introduction to Quantum Field Theory

e Sterman, An Introduction to Quantum Field Theory

o Weinberg, The Quantum Theory of Fields, Volume II

e Quigg, Gauge Theories of the Strong, Weak and Electromagnetic Interactions
e Feynman, Photon-Hadron Interactions

e Muta, Foundations of Quantum Chromodynamics

e Field, Applications of Perturbative QCD

e Collins, Foundations of Perturbative QCD

e Ellis, Stirling & Webber, QCD and Collider Physics
Specifically for helicity amplitudes, recommended readings are

e Mangano & Parke, Multiparton Amplitudes in Gauge Theories Phys. Rep. 200 (1991) 301
e Dixon, Calculating Scattering Amplitudes efficiently (TASI 1995) arXiv:hep-ph/9601359

e Dixon, A brief introduction to modern amplitude methods (TASI 2013) arXiv:1310.5353

The lecture notes follow the conventions of Peskin & Schroeder for metrics and Feynman rules.
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Chapter 1

Introduction

This lecture course provides an introduction to Quantum Chromodynamics (QCD). Although the
presentation is not in chronological order, it does cover basically the decade which began with the
deep inelastic scattering (DIS) experiments, the Parton Model and the establishment of QCD, as
an asymptotically free gauge theory which describes the strong interactions among particles.

After a presentation of DIS, Bjorken’s scaling and Feynman’s Parton Model, we introduce QCD as
a non-Abelian gauge theory, and present the renormalisation of its ultraviolet divergences, which
occur in the short-distance behaviour of the quantum corrections to the quantities that we compute
in field theory. We then discuss how to handle its infrared and mass divergences, which occur when
the momentum of one gluon or two or more partons become vanishingly small, or when the momenta
of two or more partons become collinear. In order to exhibit how those divergences arise in QCD,
we make use of the exemplary cases of the production rate of eTe™ — hadrons and DIS.



Chapter 2

Deep Inelastic Scattering

In the invitation (see slides), we stated that QCD is the correct theory to describe the strong
interactions, and that it is necessary to describe the high-energy collisions at hadrons colliders like
the LHC. We also outlined a historical introduction to the quark model and to hadron spectroscopy,
which are based on an SU(3) flavour global symmetry, and argued that to describe the A™" puzzle
and the ete™ — hadrons data, it was necessary to introduce a new internal symmetry: colour.
QCD is in fact based on a gauge symmetry, colour, which we shall describe later, but its dynamical
foundations rest upon the parton model, which was conceived in deep inelastic scattering
(DIS). We shall first describe the general properties of DIS, then we shall introduce the parton
model.

In the 1960’s, proton-proton collisions at /s ~ 10 GeV yielded large numbers of pions, distributed
uniformly in the scattering angle and with a transverse momentum P, < 300 MeV.

The emerging picture was that the proton was a loose bound state of components (quarks?). In an
elastic p — p collision, the probability of producing a pion m with momentum P, was thought to
be o e P2 (it has actually a power-like fall-off); low P; meaning small momentum transfer ¢ = ¢:
the proton was deemed to have too soft a structure: no high P, ’s.

However, at SLAC the experimenters were doing DIS: ep — eX, shooting 20 GeV electrons on a
fixed proton target. The total rate was comparable to the QED expectation of the proton as an
elementary particle. However, they also observed events with a large scattering angle and large Q2

as if a hard scattering was taking place.



2.1 Kinematics of Deep Inelastic Scattering

We consider the scattering process in figure 2.1. Here ¢ is the space-like momentum of the virtual
photon. The following relations hold,

Figure 2.1: Deep inelastic scattering process of a lepton (¢) with a proton (P), yielding a lepton
(¢') and unknown hadrons X.

tA: q2 = _Q27
2 2 2 2 (2.1)
(q+P)=W*=-Q° +2q¢-P+m,.
The centre-of-mass energy is
s:(P+€)2:m§+2P-£+m%%m§+2P-€, (2.2)

where we suppose that s is high, thus we can ignore the electron mass.

e IfW2=((—-V+P)= mg then Q% = 2¢ - P, i.e. the collision is elastic.

o If W2 > m?, then Q2 < 2¢ - P, i.e. the collision is inelastic.

Suppose we don’t know the interaction between the proton and the virtual photon. So the S-matrix
element for DIS is

iMlep — €X) = iea(t')yult) e / diz 0T (X | J4(z) | P). (2.3)
o u(l)y*u(¥) is the leptonic current due to the electron-photon vertex of QED.

e (X|JH(x)|P) is the hadronic current between the proton and the final state X, which features
the (unknown) hadron dynamics.

2.2 Hadronic Tensor and Optical Theorem

Now, we introduce the hadronic tensor,

WH = i/d% e (P|T(J*(2)J"(0)) |P) . (2.4)
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We see WH is related to forward Compton scattering (depicted in figure 2.2). Indeed the matrix

Vv ~

e £
Figure 2.2: Forward Compton scattering.
element for Compton scattering at ¢% = 0 is

iIM(P = 4P) = (ie)%€.(@)en(a) / dt ¢ (P T(J# ()77 (0) | P)

= ie’€},(q)e, ()W (P, q).

(2.5)

The optical theorem, which stems from the unitarity of the S-matrix, then relates forward
Compton scattering to photo-production,

2 Im(M(7P — 4P)) = Z/dﬂn|M(7P LX) (2.6)

where dll,, is a short-hand notation for the n-body phase space,
dll, = —— | (2m)%6" | P — kill. 2.7
n z1;11 (277)32Ei (2m) +4q ; i (2.7)

The matrix element for photon-production is

M(AP — X) = iee(q) / dhz e (X| T () |P)
= iee"(q) (X| Ju(q) |P).

The corresponding complex conjugated matrix element is

MU P = X) = —iee(q) [ dlo et (P ,(2) X) 29)

= —iee"(q) (P| Ju(—q) | X),

where we assumed that the current is Hermitian, i.e. J,E = Ju.
So in this case, the optical theorem implies that

2Im M(yP — vP) = 2¢’¢,(q)€,(q) Im (VT/“”(P, Q)>

2.10
= 626;((])6V(Q) Z/dﬂn <P| JM(_q) ‘Xn> <Xn| JV(Q) ‘P> ’ ( )

which connects forward Compton scattering and photon-production through the hadronic tensor
WH (P, q).



For the relation between the hadronic tensor, Compton scattering and DIS, further reading is in
Sterman, An Introduction to Quantum Field Theory and Muta, Foundations of Quantum Chromo-
dynamics.

Now we may use 2Im W (P, q) to compute the DIS cross-section,

3 p!
7(eP = eX) = [ i’y o [l (t)
spe (2.11)

. @12)2 $ / dIT, (P| J*(—q) | X0) (Xn| J(q) |P) |

where we summed (averaged) over the final (initial) electron spin.
Using the optical theorem, the DIS cross section becomes

1 a3 1 -
o(eP — eX) —/ (2ﬂ)32E,e4 (QQ)QLWQImW“ (P, q), (2.12)

 2s

where, neglecting the electron mass, the leptonic tensor is

Ly =5 > [a(Oyuu(@)a(t)yu(0)]

spin
1
=§T1"(ZW/%)
=2(0,6, + Lol — gl - ).

(2.13)

Note that £- ¢/ =q- 0/ = —q- £ = %qZ = %2, since, neglecting the electron mass, ¢? = ¢"2 = (.

The leptonic tensor fulfils current conservation,
Lug" =0. (2.14)
Indeed one can verify that

Q2
Luvqu :2(((] : f)flu + (q : El)gu - qyi)

2
:QQ(EV - Ely - QZ/)
=0,

(2.15)

which is of course true, even including electron masses.
The hadronic tensor W,,,, which for convenience we normalise as W, = 2mm,,W,,,,, has the following
general Lorentz structure in unpolarised DIS,

W =Viguw + V2P P, + %(Puqu + PVQM) + VZL(PM‘]V - P,,qu) + Vsquqy + %euuaﬁpaqﬂa (2.16)

where the V'’s are all functions of P and ¢ and €uvap is the Levi-Civita tensor.

It can be shown (— Exercises) that using the parity invariance of QED, which implies that the
leptonic tensor L, is symmetric in p <+ v, and thus so is the hadronic tensor W,,, and using
current conservation ijq” = 0, the Lorentz structure of W, is constrained to be,

Gpdv P-q P-q
Wy =~ Vi(P,q) <g;w - 22 ) + Va(P,q) <Pu - (Jqu) <Pv - qu2> ) (2.17)



which we can conventionally write as

q qy W P) P P
Wy =—Wi(P,q) (glw— ;2 >—|- 2(P, q) (Pu_qM(ZQq> (Py—qu;’[).

2
my

Then using the explicit expression for L, and WH we obtain

L, ImWH (P, q) =2mm,, - 2 {26 A Im Wi (P,q) + (2(P-0)(P- 1) — m?,ﬁ A

mp
where we have used eq. (2.14). Now, writing the volume element as
d*¢' = dE'E"™dS,

the differential DIS cross-section becomes

64 12 Ty /
dU(eP — GX) = WWLMV Im W’u (P, q) dE dQ7
that is,
do , F

= L1 WW/ P,q),
aman ~ * ma(geye w W)

2.3 The Target frame

In the target rest frame, the momenta are
(= (E,0,0,E) P =(m,,0,0,0) ¢ =(E Esin6,0,E cosf),
if we assume the initial electron moves in the z-direction. The kinematic invariants are
s =2P -0 =2myFE
P-0'=myE'
(-0 =FE'(1 - cosb),

so the differential DIS cross-section becomes

T 4o Q) [QSln <2> Im W1 (P, q) + cos <2> Im Wy (P, q)] ,

Im W2(Pa Q)

(2.18)

|\

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

which agrees with the usual expression for the DIS cross-section in the target frame, as e.g. you
can find in Quigg, Gauge Theories of the Strong, Weak and Electromagnetic Interactions, Field,

Applications of Perturbative QCD or Feynman, Photon-Hadron Interactions.

2.4 Bjorken Scaling

In the target rest frame, v = E — E’ is the electron energy loss. The Lorentz invariant quantity,

2P - q

2P -0’

11
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0 E — FE'
is called fractional energy loss, since in the target rest frame, y = %0 =—F

Then we can write the tensor contraction (2.19) as

~ I
Ly ImWH = 2wm,, [2@2 Im Wy + (s(s — mlz,)(l —y) — szQ) mWQ] ,

2
mp

(2.27)

2P-q 1 2P -V
2P -0 2P - /¢
(s — mzz))(l —y). Since mzz, < @Q?, s, we neglect the terms proportional to the proton mass in the
numerator. Then

where since the fractional energy loss is y = we have used that 2P - ¢/ =

— (2.28)

L, Im WH — 2mmy, [2@2 Im Wy + 32(1 —y)
P

Im Wg]

In 1969, Bjorken discovers that the dimensionless combinations, m,W; (P, ¢) and vWs(P, q), depend
upon the kinematics invariants only through the ratio,
2 2
L (2.29)
2myry 2P -q

with Q2,v — 0o, while keeping x fixed. This is called Bjorken scaling.
Then we can introduce the functions,

Fi(z) =m,Im W, (P, q), (2.30)
Fy(x) =vImWy(P,q), ’
Trading W and Wy for F; and F» in the tensor contraction (2.28),
- F:
Ly ImWH = 2m [2Q2F1 (z) + s%(1 — y)Q(x)] , (2.31)
mpV
2 sy
and noting that y = — and myr = P -q = - Wecan also write it as
xs
- 1_
Ly ImWH =27 [2xysF1 (x) + 2s yFQ(z)] . (2.32)
Yy
Noting that in the target rest frame,
E—-F
Y= lg
Q EE'(1 — cosf) (2.33)
€r = =
2P - q my(E —E') "’
we can trade the variables E’ and 6 for 2 and y using the Jacobian?,
A(z,y) 2F
BLASAL ZA 2.34
‘ O(E',cosb) ys (2:34)
which entails that 5
dE'dQ = 2ndE'd cos § = w%dmdy, (2.35)

!The reader is encouraged to check the validity of this Jacobian

12



and we rewrite the DIS cross section (2.22) as

do a’y ~
= ——=L,, ImWH*
dady (@22 (2.36)
= 47’ Q)2 [xy2F1(33) + (1 —y)Fa(z)] .

The DIS cross section above makes no assumptions on the hadron dynamics. It assumes only
Bjorken scaling as a fact.

2.5 Virtual Photon Polarisation

We may then understand better the relationship between the structure functions Wi and Wj (or
F; and Fy) and the polarisation of the virtual photon * by considering the v* P cross section in
the target rest frame (— Exercises),

420
€
jal "

where A is the virtual-photon polarisation. Note that although the cross section between on-shell
real states is a Lorentz invariant, the one above is not: it depends on the frame in which it is

oA(Y'P— X) = (9)e)*(q) Im W™ (P, q), (2.37)

computed.

Suppose that the scattering v* ~»<— P is in the z-direction. In the target rest frame, P = (my, 6)
and ¢ = (¢°,0,0,¢%). Take v* as transversely polarised, then the polarisation vector is

0
1 1 T =0
pEg o\ . 1€

€ = — . with 2.38
1 (q) V2 | i {ET'ET*:_L ( )

0

Define the transverse v* P cross section as
1, 4 _

JTzi[U +07]. (2.39)

Recall that the hadronic tensor is

AV I P. P
Im W (P, q) = — Im W, <g“” = qqg > el (P“ - “q> <P” ¢ q) . (240

- + +
Since g - e = P-e =0, we have
pt vt = _
e ImWy, = —ef e Im Wy =Im Wy, (2.41)
so the transverse v* P cross section is

4
or = —— Im Wj. 2.42
F @4

13



Now, ¢* = ¢ — |cﬂ2 implies ](ﬂQ =q¢ ¢ b2y Q?, In the scaling limit, we take v — oo and

Q? — oo while keeping z fixed. Therefore we can assume that 2 > Q2 i.e.

scaling 47r2a

or(y*P) — Im W7, (2.43)
v
which in terms of F} is
. 4 2
or(y"P) 2 R ()
2.44
a2 (2.44)
=4 a@ 1(x).

So the transverse v* P cross section is directly related to F7.

The ~* longitudinal polarisation must be a function of P* and ¢*. For q = (¢°,0,0,¢?), one can
choose

(¢%,0,0,4°), (2.45)

1
Gﬁ\b:o(Q) = ﬁ

such that ¢-€p = 0 and €p- €}y = 1 (7* is spacelike). In general, one can parametrise the longitudinal

polarisation as
Eg((L P) = aPM + bQ/M (246)

with a, b constants. Since q - g = 0, then
P.q
(¢ P)=a (PM R qu> : (2.47)

Fixing the normalisation to be € - € = 1 yields

a® = <P2 — (P‘])z)l : (2.48)

e
Then the contraction with the hadronic tensor yields
ehes* Tm Wy, = a*PFPY Tm W, (2.49)

since ¢" Im W, = 0. Now,

P-g)? P-¢)?\? Im W
PP T W,y = —Tmwy (P2 = 07 o (pe (P 0)7) " Im Wy (2.50)
H e ¢ m2
P
so clearly,
P.-q)?\ ImW-
ehes* Im W, = — Im Wy + <P2 29 ) 2 (2.51)
q P
and the longitudinal v* P cross section becomes
. 420 (P-q)?\ Im W,
P

14



It is convenient to sum op and oy,

420 ( 5 (P q)2> Im Wy
or+op=——7——=|P —
V2 + Q? q* m2
re ( v? )
=— (14— | Im W 2.53
V2 + Q? Q? 2 (2.53)
/2 2
Sy 2a”QJgQ Im W,
In the scaling limit,
F(z
or +op = 4na 22(2 ), (2.54)
which implies that
N 47l
710 P) = ot [Pa(a) = 20Fa(w)] (2.55)
where we defined
Fr(x) = Fy(x) — 22 F1(x) (2.56)
The equation,
Fy(z) = 2z Fy (z), (2.57)

is known as Callan-Gross relation, whose physical meaning we discuss in the next paragraph.
Thus, we have found that the longitudinal v* P cross section is proportional to the violations of the
Callan-Gross relation.

Now, a spin—1/2 quark absorbs a transversely polarised photon. It cannot absorb a longitudinally
polarised photon. Thus for a spin—1/2 quark, o, = 0 = Fp =0 = F; = 2zF7, so the
Callan-Gross relation hints at a proton structure made of spin—1/2 quarks.

Conversely, a spin—0 quark absorbs a longitudinally polarised photon. It cannot absorb a trans-
versely polarised photon. Thus for a spin—0 quark, o =0 = F| =0 = Fp = F5.

So, is Fr, = 0 (spin—1/2 quarks), or F, = F5 (spin—0 quarks)? DIS data show that F; < F5.

2.6 DIS structure functions

Assuming Bjorken scaling, in eq. (2.36) we had computed the DIS cross section as a function of F}

and Fb,

do S

_ 2 2
dody ~ dra Q9 [2y°Fi(z) + (1 — y) Fa(2)] . (2.58)
Using eq. (2.56), we can also write it as a function of F} and FJ,
AR S {21+ (1 = y)?|Fi(2) + (1 — y) Fp(z)} (2.59)
dzdy (@%)? 7 ‘

where we see the contribution to DIS scattering of the transversely and longitudinally polarised
photon, or we can write it as a function of F5 and F7,,

do
dady

27ra2@ {[1+ (1 = y)2)Fa(z) — y2Fr(z)}, (2.60)

15



which states that, up to violations of the Callan-Gross relation, the DIS cross section is directly
related to Fb.

Since the violations of the Callan-Gross relation are small F;, < Fb, another popular way is to
express the scaling violations in terms of the ratio,

or(v*P)  Fy(x) —2xFi(x) Fy(x)

= = = — 1. 2.61
z) or(v*P) 2z F(x) 2z F (x) (2:61)
In that case the DIS cross section can be written as
do(eP — eX) 9 S y?
— 2 =4 — 1 - = F . 2.62
dady T omE LY S T R | B (2:62)

In fig. 2.3, it is plotted the DIS cross section for neutral-current exchange as a function of Q2. The
hollow-square data come from fixed-target experiments. The solid circles and squares correspond
to HERA data from electron-proton and positron-proton scattering, respectively. In addition to
Bjorken scaling, i.e. the horizontal lines, the data display logarithmic scaling violations (i.e. almost
straight non-horizontal lines), with a negative (positive) slope at larger (smaller) values of z. We
comment on these in sec. 5.7. Further, we observe that for a given value of x, the solid circles and
squares overlap, but for very large values of Q2. That is because the neutral-current exchange is a
combination of photon and Z-boson exchange, with the Z boson dominating at large values of Q2.
The electromagnetic interaction of the photon with a fermion is left-right symmetric. It implies
that the cross section due to photon exchange is even under charge conjugation, and thus the same
for electron-proton or positron-proton scattering. However, the Z boson has different couplings
with a left- or a right-handed fermion. Accordingly, the parity of the cross section due to Z-boson
exchange under charge conjugation is lost.

2.7 Feynman’s Parton Model

Shortly after Bjorken discovered the scaling (2.30), Feynman introduced the Parton model, whose
tenets are

e A proton is a loosely bound set of partons, including quarks.
e In DIS, the electron knocks a quark out of the proton.

e Take the infinite-momentum frame, where the proton is highly relativistic (i.e., neglect its
mass). Then, if P is the proton momentum, p = (P is the parton momentum with 0 < ¢ < 1
the longitudinal momentum fraction. If the proton is light-like, then also the partons are
light-like.

e Neglect the parton tranverse momentum.

e If f;(¢) is the probability of finding a parton ¢ within the proton, then the DIS cross-section
is

1
do(e(O)p(P) — e(l)X) = /0 dCZ fi(€)do(e(0)qi (CP) — e(¢') X), (2.63)

16
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Figure 2.3: DIS cross section for neutral-current exchange as a function of Q2, from H. Abramowicz
et al. [H1 and ZEUS], “Combination of measurements of inclusive deep inelastic e p scattering cross
sections and QCD analysis of HERA data,” Eur. Phys. J. C 75 (2015) no.12, 580 [arXiv:1506.06042
[hep-ex]].

where ¢; is a constituent quark (or anti-quark) and dé is the electron-quark elastic scattering
cross-section.
Diagrammatically, this is

Since the virtual photon is spacelike, we can boost it to a frame where E, = 0. That defines

the Breit frame. There the virtual photon momentum can be taken as: ¢ = (0,0,0,y/Q?) with

¢%> = —Q? as before. Suppose that mg < (%, so we can take the proton massless. Then the proton

momentum can be taken as

/QQ /Q2
P= 0,0, — 2.64
( 2¢ 777 2x )7 (2:64)
2
with Bjorken x = 5 . Take now a parton of momentum,
q .
/02 /02
b= CP = (i 262 ,0, 7_§ 26)2 ) ) (265)
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Figure 2.4: Feynman’s parton model for DIS.

inside the proton. If that parton absorbs the photon, the resulting parton momentum is

2
p’=p+q=<i\/§7,0,0,<1—2<x> @) (2.66)

The mass-shell condition for the outgoing massless parton is

/2 2 _ i_ _i —
p-=(+aq) =0= S =1l-2=(=ug (2.67)

i.e. the parton momentum fraction equals the Bjorken x in the Breit frame.
Then the incoming and outgoing parton respectively have momentum,

In other words, the photon is absorbed by the parton, which changes direction. In addition, helicity
is conserved for a massless quark. Thus, the parton spin is reversed in the interaction. This implies
that the photon must have helicity £1, i.e. the photon is transversely polarized.

As we mentioned before, in the parton model we need the cross-section for eq — eq scattering. We
state it here, and we shall derive it later.

The squared amplitude for eq — eq scattering summed (averaged) over final (initial) spins is

72’ 2 8€4Q2 82+u

T (2.69)

spin
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with & = —§ — ¢, and Q; is the quark charge. The partonic cross-section is

1 1 )
dt  16w524 Z M
spen R (2.70)
2ma?Q? 8% + (3 + t)?
T 32 72 :

Note that:

e The parton centre-of-mass energy (CME) § is related to the hadron CME s by
§=(p+0*=2p-L=2CP L =s, (2.71)
as long as the proton is taken to be massless.

e The mass-shell condition for the outgoing massless quark is

Q2
2P - q

P=0=(p+q)’=2p g+ =2P - q-Q° — (= (2.72)

Since = = % we have that ¢ = x. (We made that statement in the Breit frame, but as we

see it is a Lorentz-invariant statement).

e The momentum of the outgoing electron allows us to determine z and Q2.

Using the parton model formula for the DIS cross section (2.63) and the explicit partonic cross

section, we can write the DIS cross section as
2
1+ (1 — Q) ] O(zs — Q?). (2.73)
xs

2
dde2 Z fil@ i

So the parton model predicts that apart from the QED-induced factor,

(Qg) 1+(1 Zﬂ (2.74)

the DIS cross-section depends only on x. See also Peskin-Schroeder, An Introduction to Quantum
Field Theory, fig 14.2, and Ellis-Stirling-Webber QCD and Collider Physics, fig 4.2. Using the
fractional energy loss y (2.26), and the change of variables,
Q2
drdQ? = d—ydydw = zsdxdy, (2.75)

we can write the DIS cross section as

= S QT 1+ -0 (2.76)

i.e. up to the © )2 term, the DIS cross-section factorises into z and y dependence. Further,

dxdy

comparing to eq. (2.60), we see that in the parton model, Fy(z) = 0, so the Callan-Gross relation
holds, and

Fy(z) = Zx filz)Q2. (2.77)

Eq. (2.76) warrants the following comments:
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e The = dependence is related to Bjorken scaling (the parton distributions f/s do not depend
on @2, at this level).

e The y dependence is related to the Callan-Gross relation, i.e. to the spin structure of electron-
quark scattering. In fact, the y dependence of eq. (2.76) is a consequence of having considered
in eq. (2.69) the scattering of electrons off spin—1/2 quarks. As we know from the discussion
at the end of sec. 2.5, and from eq. (2.59). the scattering of electrons off spinless quarks would
entail a different y dependence.

2.8 The hadronic tensor in the parton model

Recall that we have introduced the hadronic tensor W*¥ in forward Compton scattering without
making reference to the hadron dynamics,

Whv(Pg) = i / dba €07 (P T (2)J7 (0)} | P) (2.78)

Now, we evaluate W for spin-1 /2 quarks in the parton model, and we show how it is related to
Bjorken scaling and to the Callan-Gross relation.

We change the proton matrix element into a sum of quark matrix elements,

WH (P, q) = z’/d4x eiq'””/dCZfi(C)é (qi| T{I*(x)JJ"(0)} |ai) , (2.79)

where the factor  comes from changing the flux factor % into % = 2%3 in the cross section. Thus,

we must evaluate the diagrams depicted in figure 2.5.

11"
IP

(a.)

Figure 2.5: Forward Compton scattering in the parton model.

7 u(p), (2.80)

. I i(p+ q)
W = e aoemen

and summing (averaging) over the final (initial) quark spins,

Wi =i y Q@5 Tl 5+ 01| e (2.81)

where
Tr[py" (P + 7] = 4lp" (0 + )" +p" (P + ) — ¢"'p- (p+ ). (2.82)
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Now, unitarity and the Cutkosky rules imply that the discontinuity of the propagator is

1
Disc————— = —2m1 +9)?).
1sc( PEEE id0((p+q)°)

On the other hand, the Disc of the S-matrix across a cut on the real axis is

DiscM(s) = 2¢ Im[M(s + i€)].

Thus, .
_ 2
Imm = —70((p+q)7),
and
S((p+q)?) =6@2p-q—Q%
= 6(¢2P - q - Q°)
@
= 0(C= - @Y
= éé((—x).
So,
T -w).

CET T Q

Now, to obtain Im W“) we exchange ¢ with —¢ and p with v in Im W(“) But

(b)°

1
ImW —m6(2p-q+ Q%) =

because 2p - ¢ + Q2 # 0, so diagram (b) does not contribute to the imaginary part.

Hence, we get

Im W (P, q) Z file)-Q? oz [45°P1 P+ 20(Prg + Pg") - g Q7]

— m uu_quqy 2 42 PH ﬂ PY ﬁ
Zfz ZQ2[( g )T i o))

where in the last step we added and subtracted ¢*¢” terms. But we know that

~ Ha¥ Im W- P. P.
Im WH = 27tmy |—Im Wy | g"” — q g + B2 (e q" 2q P — q”Tq .
q q

m2

P q

Equating the two expressions above, we have

2m, Im W1 (P,q) = ¥, fi(z)Q2
- Tm Wy (P,q) = p5 X, o fi(2)Q,

Using Bjorken scaling (2.30) and eq. (2.91), we obtain

{F1<x> =13 fil2)Q?

21

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)
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which show that within the parton model the combinations m, W1 (P, ¢) and vW(P, ¢) depend only
on z, thus the parton model provides an explanation for Bjorken scaling. Further, eq. (2.92) entails,
yet again, the Callan-Gross relation (2.57), which can be seen also as a relation between W; and

W27
me,x
Im Wy = P Im W3 . (2.93)

2.9 Proton Structure: Parton Densities and Sum Rules

We may use FY(z) = >, 2fi/,(#)QF, and thus the DIS cross section, to get information on the

proton structure. Let us fix

Jusp = u(x) fasp = d(x) fsjp = s(x) ete. (2.94)
So,
Fi(z) =2 {3[u($) ()] + 5 [d) + d(@)] + dlsla) + 5] + } . (2.95)

At the parton level, the isospin symmetry between protons and neutrons is a symmetry between
and d quarks. So,

and
F}(z)==x {3[d(x) +d(z)] + é[u(m) +a(x)] + %[s(m) +5(x)] + } . (2.97)
Then,

Fi(z) u+a+4(d+d)+..

= - . 2.98
Fy(z) 4(u+u)+d+d+ . (2.98)
If we neglect the strange-quark density, we get the bounds
1 Fp
2<2 <y 2.
P<E St (2.99)

which are in agreement with the experiment (see Quigg, fig. 7.8). Since for x — 0, the sea quarks
should dominate the parton distributions, we expect that for  — 0 we have u ~ @ ~ d ~ d, and
so that
lim fy =1 (2.100)
z—0 F2p ’ '

which is indeed observed.

We can derive a few sum rules the parton densities must satisfy. Since protons and neutrons have
no net strangeness, charm, ..., then

/0 dafs(z) — (2)] = /0 dafe(z) — ()] = ... = 0. (2.101)
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The electric charge sum rules for protons and neutrons are, respectively,

/0 " [;[u(a:) a(a)] - %[d(x) - d(a:)]] _1, (2.102)
/0 " [g[d@;) — d(@)] - %[u(x) _ a(x)]] o, (2.103)
which together entail that
/0 " do fu(z) — (@) = 2, (2.104)
/01 dzld(z) — d(z)] = 1. (2.105)

These are also called baryon number sum rules, i.e. the baryon number and electric charge sum
rules are equivalent.

Further, neglecting the strangeness, charm, ...,

1 T
Io = /0 U pp () - Fp(a),

T

:/dx[u+u—(d+d)],

:/dx[u—a+2ﬂ—(d—5)—2<ﬂv

Wl

(2.106)

—_

3
1
:% ;/0 dzfa(z) — d(x)].

This is called the Gottfried sum rule and implies that if the sea is symmetric, Ig = % However
Ic =0.236 £ 0.008 (NMC Coll 1991) which points to a flavour asymmetry in the sea.

Further, the momentum sum rule states that the sum of the momenta of all the partons equals

L,
Z/dx xfi(x) = 1. (2.107)
i
Neglecting strange, charm, ...,
/dm(u+a+d+J) =1. (2.108)
Now,
5 _
FP+ F} = §$(u+ﬁ+d+d)+..., (2.109)
so the momentum sum rule implies that
9
> /dx(pg’ R =1, (2.110)
but the data tells us that 9
5 /dx(Fg’ + F3') ~ 0.45. (2.111)
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So about 55% of the proton momentum is not carried by u, d quarks and it is highly implausible
that it can be carried by s, ¢, ..., which are not valence quarks. A plausible conclusion is that it is
carried by gluons.

Combining lepton-hadron DIS data for neutral currents (that is, with exchange of a photon and/or
a Z boson) with data for charged currents (i.e., with exchange of a W boson) it is possible to
determine the parton distribution functions (PDF) for the individual partons. Originally, PDFs
were determined in this way. Nowaday, DIS data are combined with data from other experiments,
in such a way to determine the PDF's from global fits.

2.10 Helicity Amplitudes

To compute the DIS cross section in the parton model, in the first lecture, we used the square
amplitude for eq — eq scattering summed (averaged) over final (initial) spins,

1 5 8elQ? 5% + a2
ZZ!/\/q =" (2.112)

spin
Now, we shall compute this expression starting from the helicity amplitudes of ete™ — putpu™.

Let us introduce the conventions we use,

pr=p"£p" | pL=pi+ip2 (2.113)
light cone voordinates  complex tramverse momentum
such that
2p-q=ptq +p ¢ —pLq] —plaL, (2.114)
and in particular,
P =p'p" —pipi o ptp” =pipt. (2.115)

light-like momentum

The Pauli matrices are then used in the following combinations,

1+0% /1 0 1-¢> (0 0
+ —_ — T = =
ot =5 (0 0) , o 5 (0 1) : (2.116)
ol + o2 0 1 i ol —io? 0 0
such that,
( P —p
—pL P
(2.118)
pt pi
p.5:poﬂ+ﬁ-&’:p+a++p707—i—pJ_&J_—ijUJ_: J,_ :
{ pL P
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Note also that
p?=det(p-o) =det(p-5),  pI=(p-0)(p-7). (2.119)

In the — Exercises, we have seen that for a fermion moving in the +z-direction, the spinor is

represented as
_ ((Wptom +/pot)E
u(p) = - 4 — (2.120)
(Vptot ++/p7o7)¢
where £ is a 2-component spinor. In fact, for an arbitrary direction, we can take the spinors of
positive energy u and negative energy v to be,

un = (VEZE). = (0005, 2121)

where it is understood that for the square root of a matrix, we take the positive roots of the
eigenvalues, p° + [p]. In particular, for massless spinors with normalisation uTLuL = uEuR = 2F,
and p a unit vector in the direction of p,

1—]3-6’6 1—]3-5’§
u(p) = V2E 1+%.5’ , v(p) =V2E 1 225.5—* : (2.122)
% A

We have also seen that (— Exercises) in terms of light-cone coordinates, the positive energy massless
spinor is

») vt \ﬁpi () v = (2.123)
ur\p) = = p ) UR\p) = - er ’ .
0 p " DL

0 8 \/peir

where we used the phase,
o= =Pl _ JPL (2.124)
\/ ptp~ \/ pipy 24

Likewise, choosing the phase conventions of v(p) above, the negative energy massless spinor can be
taken as

S

Vo Vi 0 0

~ i yan 0 0
— 1®p - *
@) = | VIS = Ve R = | e, | = | 2| (2129)
0 —
0 0 —/p~ _\/g»_

Egs. (2.123) and (2.125) agree with eq.(2.122), as we shall see later with specific examples in the
+z directions.

Note that our conventions for the spinors are the ones used by Peskin-Schréder, An Introduction

to Quantum Field Theory, chap. 3 and 5. There are other conventions used in the literature (see
e.g. Dixon’s TASI lectures).
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We display the kinematics of e~ (p)e™ (p') — p~ (k)u (k') scattering, where we take the electrons
and muons to be massless, p? = p2 = k? = k' = 0, and the collision axis to be the z axis.
The momenta are:

p=(E0,0,E), ¢ =(E00,-E), k=(EEL, K= -k, (2.126)
with |k| = F and k - 2 = E cos. Then the kinematic invariants are:

s=(p+p)2 =4E*, t=(p—k)’ = —-2F*(1—cosb), u=(p—k)*=—2E*(1+cosf). (2.127)

The goal is to compute the amplitude for eTe™ — uT ™ at fixed helicities of the external states.

The amplitude for ete™ — putu~,

iM(ete™ — ptpm) =% () (—ier")u' (p) _Zgz” Lt (k) (—iey” o (K')

i€2 / ’

= —0° (P )"’ (p)a” (B)yuo” (K), (2.128)

Now a right-handed electron in the +z-direction has spin up,

(o)) )

1—o3 <1>
2 0
un(p) =V2E | | 75K | = V2E
2 0
Since p; = 0 and p™ = 2E, in the light-cone representation (2.123) we obtain the same spinor
ur(p)-

SO

(2.130)

O = O O

A left-handed positron in the —z-direction has spin down,

Q@m0 e

and it corresponds to a right-handed negative energy electron,

1+ 03 <0) 0
2 1 0
vr(p) = V2E N V2B | o |- (2.132)
2 1 -1
Since p = (E,0,0,—F) — p; = 0,p~ = 2FE, we obtain the same spinor vg(p) in the light-cone
representation (2.125).
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So the current for a right-handed electron and a left-handed positron is

0
_ gt 0 0
’UR(p/)’YMUR(p) =2F [07 07 07 _1] ( 0 O—#) 1
0
1
=2E10,—1]c" <0>
= —2E10,1,i,0). (2.133)

If we take the virtual photon v* with polarisation + in the +z-direction, i.e., e, = %(0, 1,1,0),

then,
UR(P ) ur(p) = —2EV2e,. (2.134)

In order to obtain the current for a right-handed muon p~ and a left-handed antimuon ™, we may
use in fact the current vr(p')y*ur(p) as a 4-vector and rotate it by the angle —6 in the x — z plane
(see figure 2.6). So the current becomes

[

Sat
Figure 2.6: Rotation of the vr(p")y*ur(p) by an angle 6 in the x-z plane.

ur(k)y'vr(k') = [0r(K )Y ur(k)]*

= —2F(0,cos0,i,—sinf)". (2.135)
Then,
o2
Mleger — ngpp) = RPN ur(®)ir(k)or(K)
e 5
= ?4E (—cosf —1)
= —¢*(1 + cosh). (2.136)

In order to compute the other helicity amplitudes, we follow exactly the same steps as before but
for a left-handed electron in the +z-direction and a right-handed positron in the —z-direction. A
left-handed electron in the +z-direction has spin down, so the spinor is

1 — o3 <0)
UL(p>:\/ﬁ 1—|-203 (1) = V2B
2 <1)
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A right-handed positron in the —z-direction has spin up and it corresponds to a left-handed negative
energy electron,

1+ 03 <1) 1
vr(p) = V2E 12_03 01 =V2E 8 : (2.138)
2 <0) 0

The current for a left-handed electron and a right-handed positron is:

0
Ly ot 0 1
o (p )y ur(p) = 2E[1,0,0,0] < 0 a“) 0
0
= 2F[1,0]a" ( )
=—-2F[0,1,—i,0
= —2V2E&", (2.139)
corresponding to a virtual photon +* with polarisation -. Then
M(ej el — pput) = €*(1 — cos). (2.140)

Finally, for a left-handed muon and a right-handed anti-muon @y, (k)y*vr (k'), rotate o5 (p' )y ur(p)
by —8,

ar(k)y*vr (k') = —2E(0, cos 0, i, — sin §), (2.141)
by which we can get the remaining helicity amplitudes (Check!),

(2.142)

M(egpet — g pu}) = e*(1 — cos0)
Mlepef — ppput) = —e*(1+ cosb).

Here, we summarise the helicity scheme of ete™ — u™pu™ or eTe™ — ¢, with the goal to get the
helicity structure of lepton-quark scattering by crossing symmetry, which implies that

E'.f
Y, rq gyl ¢
h ll'z1")-Elr
Ew"‘_ k14 o _}_.F"'
R,s -p i

Figure 2.7: Crossing symmetry between ete™ — ptu~ and ete™ — qq.

(k1 +ho)?=5s — (U—-0)=t
(ki —k3)?’=t — (—p)?=a
(k1 —ks)’=u — (L+p)* =3



where ¢ and w are given in eq. (2.127).

The structure is summarised as follows,
€rel = Writ, araL ) €RdRr = €RAR | .o
i S A - - ~§ (2.143)
€rer 7 Krlp,9L9R €rqr — epqr

— + — + _ — —
eper — ydL4R enqr — €nqy, .
e N A P o (2.144)
€r,€r — Mritr9RAL €L4R =7 €L4R

so we see that in the squared amplitude for eq — eq scattering,

1 5 8e*Q? 5% + 12

1Z|M| D (2.145)
spin

the 52 term comes from the scattering of left(right)-handed electrons on left(right)-handed quarks,

and the 42 term comes from the scattering of left(right)-handed electrons on right(left)-handed

quarks. Thus, in the parton-model inspired DIS cross section,

do B 2ras

dedy ~ (Q2)2 [1 +(1- 9)2] > wfil@)QF, (2.146)

%

the term proportional to 1 stems from the scattering of left(right)-handed electrons on left(right)-
handed quarks, while the the term proportional to (1 —)? from the scattering of left(right)-handed
electrons on right(left)-handed quarks.
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Chapter 3

The QCD Lagrangian

3.1 SU(N): Global symmetry and Colour Algebra

As we saw in the introductory slides, strong interactions were modelled by a triplet of quarks with
an internal global symmetry, colour, or SU(3). Since there is no loss of generality in going from
SU(N) to SU(3), we shall discuss SU(N) as a global symmetry. Take an N-plet of Dirac fields,

Y1 ()
b ¢2:(1‘)
VN (z)
The Lagrangian, B
£ = (i — m)e, (3.1)
is invariant under the global symmetry,
Y(z) = Vip(x), with V e SUN). (3.2)

V can be expressed in terms of the generators 7% of SU(N) with a = 1,.., N2 — 1. The T%'s satisfy
the algebra,

(T, 1] = i e, (3.3)
with f2¢ the structure constants. In a representation r, the V’s are represented in terms of traceless
Hermitian generators t¢ and of real parameters a®, V = exp(ia®t?). In fact,

VVi=1=exp (iaa(t;} - t;ﬁ*)) gt =g (3.4)

detV=1—IndetV=TrInV =0 — Trt* = 0. (3.5)

The normalisation of the generators is given by Tr (t?tfﬁ) = T,6% (do not confuse this 7, with the
trace operator) and the Casimir relation holds

dim(group)

> ()i = Cpdij with d,j=1,..,dim(r) and C,=T, Tim(r)

a

(3.6)

These properties and the ones of the colour or SU(N) algebra are discussed more thoroughly in the
— Exercises.
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3.2 Abelian gauge Theory: U(1)

3.2.1 Local symmetry and the Comparator

We want to promote the global symmetry above to a local symmetry by making the a® parameters
space-time dependent, a®(z), and

P(x) = V(x)yY(x), with V =exp(ia®(z)t;). (3.7)

As it happens for an abelian gauge theory, like QED, the mass term ma in the Lagrangian is
invariant under the transformation, but the kinetic term i@ is not.

Let us review what happens in QED. The Lagrangian for the matter field is

£ = aid — m, (3)
with ¢ (x) the Dirac field. There is a global symmetry,
() — e (), (3.9)

which implies a conservation law 9,j*(x) = 0, with j#(x) given by Noether’s theorem j*(z) =
Yy, If we promote the global symmetry to a local symmetry through the gauge transformation,

Y(z) — e @y(z). (3.10)

the derivative of ¢ in the direction of n*,
1
nto ) = li_r>r(1) E[w(:c + en) —(x)], (3.11)

is ill-defined under a gauge transformation because ¥ (x) and ¢ (z + en) transform in different ways.
One needs a field A, whose gauge transformation rule would involve a term 0,c(z) to cancel the
Jya term coming from 0,1). One can introduce a scalar function of two space-time points U(y, ),
the comparator, which under a gauge transformation,

Uy, ) — WU (y,z)e”*®)  with U(z,z) = 1. (3.12)
In general U(y, z) can be written as a phase,
Uly,z) = @) with ¢(z,2) =0, (3.13)

and we can require that ¢(y,x) be a continuous function, with

W o)ly=r = —eAu(2), (3.14)

such that when we expand ¢(y, z) in y about ,
Uz +en,x) = 1 —ieen* A, (z) + O(e?). (3.15)
A, (z) is also called the connection. Now, under a gauge transformation,

Uz + en,z) — @MU (z + en, z)e @),
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replacing the explicit form of U (z+e€n, z) and expanding the exponentials, we get the transformation
law of A, (x) (please check it!),

A(x) — Ay(w) — é@ua(x). (3.16)

Under a gauge transformation, ¢(y) and U(y,z)y(z) have the same transformation rule,

P(y) — e Wi(y),
Uy, 2)(x) — 2 OU(y, 2)e= T4y (),

Therefore, the covariant derivative,

Dt = lim 2 [+ en) — U(x + en, 2)(a), (3.17)

e—0 €

is well defined under a gauge transformation. Expanding the terms on the right-hand side, we get
(please check!)
Dy = 0,0 +ieAp. (3.18)

D, is covariant under a gauge transformation, i.e., D ¢ — em(x)D“w (please check!) and in
particular (please check!), _
[D,, D)t — @D, D, 1. (3.19)

But
[Dm Du]l/) = ierﬂ/J, (3.20)

with F,, = 0,A, — 0, A, the field strength tensor. Note that F),, is not a differential operator,
and that it is gauge invariant.

3.2.2 Wilson line and Wilson loop

A geometrical interpretation of F},, is obtained by using the comparator expanded to O(€?) (please
check!),

2 2
Uz +en,z) =1 —ieent A, — %ezn“AMn”Ay - ie%n“n”ayAu + O(é%), (3.21)
which can be written as
U(z + en,z) = exp | —ieen” A, (z + %n) +0()]. (3.22)
Furthermore,
Ulz,y) = Uly, )T, (3.23)
which implies that
0 0
w‘ﬁ(y, ) |y=o = _Biy“é(y’ )|y=- (3.24)
So,
U(z,z + en) = exp|ieen” A, (x + %n) + 0(63)] . (3.25)

Now, one can consider a square in the & — ¢ plane, figure 3.1. This allows us to construct the
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Figure 3.1: Infinitesimal square path in the & — ¢ plane.

quantity,
U(z)=U(z,z+ eq)U(z + €7,z + +ex + e))U(z + €& + €7, z + €2)U(z + €z, 2). (3.26)
Using the expansion of the comparator above, we get

U(z) = 1 —iee? (0, Ay — 0,A,) + O(%)
=1 —iec?Fyy + O(%), (3.27)

where A, is shorthand for n*A,, in the & direction. Since U(y, z) transforms as in eq. (3.12), U(2)
is gauge invariant, and so are F),,, and its derivatives.

From the gauge transformation of the comparator (3.12) for infinitesimal lengths, we have derived

the gauge transformation (3.16). However, if we assume the transformation (3.16), we can generalise
the comparator to finite lengths,

Up(y, ) = exp [—z’e /x ’ dz“Au] : (3.28)

This is called the Wilson line. The index p reminds us that ff is a path-dependent line integral.
Indeed, under a gauge transformation (please check!),

Up(y,x) — em(y)Up(y, z)e @), (3.29)
The Wilson line is a very useful quantity, which features in many studies of QCD.

For a closed path, we obtain the Wilson loop,
Up(z,z) = exp [—ie%dz“Aﬂ} ,
— exp [—zz / do‘“’Fw,] , (3.30)

where the second expression is obtained from Stokes’ theorem, and generalises what we got on the
square T — .

The QED Lagrangian must then be formed by v and D, v and by F},,, and its derivatives. The
most general Lagrangian with operators of dimension 4 is

. 1
L=l —m)p — 3 F M = Ce*PM E 5 F,,, (3.31)
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however, because of the Levi-Civita tensor e*?* the last term is odd under both P and T sym-
metries. It is possible to add operators of dimension 5 (e.g. 1ZUWF’“’¢), dimension 6 (e.g. (¢1))?
or (¥y°1)?), or higher dimensions, but these operators would correspond to non-renormalisable
interactions.

3.3 Non-abelian Gauge Theory: SU(N)

3.3.1 Local symmetry

Now, we go back to a non-abelian gauge theory, with SU(N) as the group of the local symmetry.
The gauge transformation is

Y(z) — V(r)y(x) with V(z)=exp(ia®(z)t;). (3.32)

The argument is the same as in the abelian case: One needs a field Aj, whose gauge transformation
rule would involve a term d,a“(x) to cancel the 9,a%(x) term coming from 9,.

Just like in the abelian case, once can introduce a function of two space-time points, U (y, =), which
in the non-abelian case is matrix-valued, U(y,z) € SU(N), with U(z,z) = I, such that under a
gauge transformation,

Uly,z) — V()U(y,2)V!(2), (3.33)

with V(z) € SU(N), a continuous function of a®(z), and such that if we expand U(y, z) in y about
x?

U(x + en,z) =1 + igent ATt" + O(€?). (3.34)

The properties of the gauge transformations can then be derived like in the abelian case. We only
outline them in this course as they will be examined in detail in the QFT II course. The gauge
transformation of U(x + en, z) implies that the gauge field transforms as (please check!)

apa ayga 7/
ANt — V(x) (At + gﬁu)VT(x). (3.35)
For an infinitesimal transformation,
V(z) =T+ ia%(2)t" + O(a?). (3.36)
This implies that (please check!)
a a 1 a aoc C
Al — A%+ gaua + f*e Al af 4+ 0(a?), (3.37)

where the last term is due to the non-abelian nature of the gauge field. Extending the abelian
definition of covariant derivative (3.17) implies that (please check!)

Dy = 0, —igAjt?, (3.38)
such that under a gauge transformation (please check!),

n* D,y — V(x)n"' Dy (3.39)
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Note also that for a field a® in the adjoint representation,

(Dpa)q = Oparg — igAZ(tb)acac (3.40)
= uta + g A, (3.41)

therefore, under an infinitesimal gauge transformation,
AL — A%+ ;(D#a)a + O(a?). (3.42)
Likewise, under a gauge transformation,
[Dy, Dyl — V(2)[Dy, Do]eb, (3.43)
where (please check!),
[Dy, Dy] = —igFyt*  with Fj, = 0,A7 — 0, A}, + gf“bCAZAf,. (3.44)

As in the abelian case, [D,, D,] is not a differential operator. However, in the non-abelian case
F{, has a quadratic term in the gauge field Aj, and is not a gauge invariant. In fact (3.43) and
1 — V1 imply that

[Dy, D] — V(2)[Dyy, DV (). (3.45)
For an infinitesimal transformation (please check!),
Fi,t* — Fit* +ia’Fy [t ¢, (3.46)
hence,
Ff, — Fi, — f*aF,. (3.47)
However,
Te[(F 1)) = (L), (3.48)

is gauge invariant.
In analogy with QED, we can take the Yang-Mills Lagrangian to be
- 1
Ly = P(ilp —m)y — Z(Fﬁy)za (3.49)

which is the most general P- and T-conserving Lagrangian with operators of dimension 4. It was
derived in 1954 by Yang and Mills with local symmetry group SU(2), for the isospin symmetry
between protons and neutrons. It would imply that the spin-1 gauge fields AZ were massless. Since
the vector mesons interacting with protons and neutrons were massive, the Yang-Mills model was
shelved. It was revived as QCD with local group SU(3), for the colour symmetry, and as Glashow-
Salam-Weinberg theory with local group SU(2) ® U(1) for the electroweak isospin symmetry.

3.3.2 Wilson Line and Wilson Loop

In the abelian case, we introduced the Wilson line (3.28) where the integral is path-dependent. In
the non-abelian case, the matrices do not commute at different space-time points. It is convenient
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to parametrise the path: z(7) with z(0) = = and 2(1) = y, and introduce the path ordering of
the matrices,

P(AS (2(r))t AD (2(ra))) = AG (2(71) )" AL (2(72))t°0(m1 — 72) + AL (2(72))t" A% (2(71))t°0 (72 — 1),

(3.50)
then the Wilson line can be defined as a path-ordered expansion of the exponential,
Ldem
Up(y,z,A) =P [exp [zg/ deAZ(z(T))t“H . (3.51)
0 T
Thus defined, the Wilson line has the correct gauge transformation rule (— Exercises),
Uy(y,z, AY) = V(y)Up(y, z, AV (z). (3.52)

However, the Wilson line, closed to form a loop, is not an invariant in the non-abelian case,
Up(z,2,AV) = V(2)Upy(z, 2, AV (). (3.53)

One can see this by considering an infinitesimal square in the & — g plane. One obtains (—
Exercises)
Up(z,2) =1+ z'ge2F§yta +0O(e), (3.54)

and indeed, as we know, Fy,t* is not gauge invariant. However, the Wilson loop, defined as
Tr Up(z, 2), is gauge invariant. In fact, exponentiating the infinitesimal shift above,

Up(z, 2) = explige’ Fat* + O(€”)] (3.55)
2
. a 4a g a a
=1+ ige Fo,t* — 564Fl,yF£yt P+ O(d). (3.56)
Using Tr(t*) = 0 and Tr(t"¢") = %, one finds
g9’ 4 2 5
TrUpy(z,2z) = N — T (Fgy)” +0O(€). (3.57)

3.4 Feynman Rules

We start by recalling the Yang-Mills (YM) Lagrangian,
. 1, .
Lyar = DG — m)p — (i) (3.58)

with D), = 8, —igAjjt* and Fj, = 0,A} -0, A} +g fabCAZAC, where Aj; is the gluon field. Unfolding

v
the (F, EV)Q term, we can spell out the interaction term and write the Lagrangian as

2
Ly s = Liin + GALHYt"0 = gf™(9, AL AW A7 — T pebe fee a5 AL Are 4, (38.59)
where Li;, is a shorthand for the kinetic terms of the Lagrangian.

Upon quantisation of the Lagrangian, one can derive the Feynman rules. We will not do it (it will
be done in detail in the QFT II course). We will just list the Feynman rules here, for future use.
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From the kinetic terms of the Lagrangian, we obtain the fermion and the gluon propagators, which
are a straightforward extension of the Abelian case. The fermion propagator is
B i
 F—m e
Choosing a generalised Lorenz gauge, G(A) = 9, A4 (z) — we(z), the gluon propagator is
—1 kHEY

= (1 =)= |6 b=1,...,N>—1, (3.61

g (- 0-055 Yo a (3.61)
where for { = 1 we have the Feynman gauge and for { = 0 we have the Landau gauge, however, note
that ¢ is an arbitrary parameter, and other values of ¢ have been used in the literature. Further,

note that, up to the colour index, Dg;)’ equals the photon propagator. The gluon propagator can
also be written in terms of transverse and longitudinal projectors, D4 and D}”,

J il — DZ](]C) 5z'j ,7=1,...,N. (360)

)AR(YVVVVV'\V(Q — Dgg(k:)

i

Dy (k) = 15— (D + (DY) b, (3.62)
where
DY =g — k;f L= k;f (3.63)
They are projectors, since
DD = DI DMDYN=DI DDV =o. (3.64)

Looking at the interaction term of the Lagrangian, from gAZ&’y“taw we obtain the fermion-gluon
vertex, again a direct extension of the Abelian case,

Ma
— gyt (3.65)
] C
From the cubic term —gf%¢(9, A%) A*> A¥¢, we get
1, a
g [
P E g g =R g =)+ =) (3.66)
jJ'{Sﬁ‘:GQN
v,b g™ pc

which fulfils Bose symmetry, since it is antisymmetric under the exchange of any two momenta and
accordingly under the exchange of any two colour indices.

2
From the quartic term, —Z- fabe deeAZA?,A“CA” @ we obtain

@ . o,d
p
/%

v, b

‘/'!‘ N _iQQ[fabefcde(gupguo _ guagup) + facefbde (g/ﬂ/gpa _ g,uagup)

AN

p,c

+ (g g — g )], (3.67)
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which is again Bose symmetric.

3.5 Ward Identity and Unitarity

With the Feynman rules we have, we can examine the question of the Ward identity and uni-
tarity. In QED, the Ward identity for a general S-matrix implies that by replacing one photon
polarisation with its momentum, the S-matrix vanishes (see figure 3.2). Singling out the photon

Figure 3.2: Ward Identity for a general S-matrix in QED. The perpendicular bars at the end of
each line indicate on-shell conditions for the incoming and outgoing momenta.

momentum and polarisation, the amplitude is
A= A"(k)- e, (k) — A*(k) -k, =0, (3.68)
i.e., QED is invariant under €, (k) — €,(k) +a(k)k", i.e., under A,(x) — A, (x)+ 0 a(zx), where

a(z) is the Fourier transform of a(x).

So non-transverse polarisation states do not contribute to a scattering amplitude, and thus to its
square. In order to state it more precisely, we take the amplitude squared,

ST 1A = ST ()AL (3.69)
A A=1,2

where the sum is over the physical polarisations. Suppose the photon is in the z-direction k* =
(k°,0,0, k). Its transverse polarisations are

0 0

111 1 1
elnl=—1=|.1, €l2=— - 3.70
11 VAR 12 /5 | i ( )

0 0

Define the polarisation tensor,
U= e, (3.71)
A=1,2

whose entries are U' = U?2 = 1 and U'? = U?! = 0. The other entries are obviously zero.

The non-physical polarisations are the longitudinal polarisation and the time-like polarisation,

]{0 kO
(k) = 0,0,0,@ . k) = @,0,0,0 . (3.72)
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Set the vector k* = (k°,0,0,—k°). Then k* and k* single out light-cone directions. We can
introduce light-cone polarisations and write

Fy+£ei(k) 1

m
e (k) = L — ——(K°,0,0, +kY), 3.73
O v 1 ) (3.73)
i.e. _
o it
A==, ) = (3.74)

with k- k = 2|k/2. e (k), and by extension k#, is often called scalar polarisation. Note that the
four polarisations €} and €|, are orthonormal,

et =1, |exfP=le>=0, eu;- € j=—0ij, ex-€,;=0 ij=12, (3.75)

where we represent in general the dot product as complex-valued, although the light-cone polari-
sations, €4, are real.

Let us define the non-physical polarisation tensor,

VI = el " + e, (3.76)
whose entries are V% = —V33 =1 and V3 = V9 = (0. The other entries are obviously zero. So,
1
-1
VI = e e 3 e = L e 6w
A=1,2
-1
with _ _
kFEY 4 EREY
Y 7 Hn v* - - 378
€1 € +e_€; e , ( )
thus,
- B 0
. kFEY + EFEY 1
Z et =—g""+ S A 1 : (3.79)
A=1,2
0
However, because of the Ward identity,
kA, =0 = KA - "A*=0 = A°=43 (3.80)
thus,
2
DAL = AP + Ao
A=1
= —|Aol* +A1]? + [Aa]? + | A5
=—g"AA;. (3.81)

Because of the Ward identity, in QED we may replace the sum over the physical photon polarisations
with —g"”, because the non-physical polarisation states decouple in a scattering process. This is
represented diagrammatically in fig. 3.3.
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Figure 3.3: The sum over the physical polarisations (3.79) is replaced by (minus) the full sum
(3.77).

L R

Now, let us analyse how the Ward identity works with gluons in QCD, in the simple scattering
process qq — g9,

~ap! s pf
e, e,
+ +
e L’Zl |4 i"”'t

The abelian-like diagrams yield

vb vb ¢ wya
Y+ 4Vt —F—m’ t )U(p).
(3.83)
The quarks are on-shell, as they should be in an amplitude, but let us not assume, for now, the
transversality condition k; - €(k;) = 0 on the on-shell gluons. In order to check the Ward identity,

we replace €} (ka) with ko, fig. 3.4,

iM% (ke (k) = (ig)2el (ke (k2)o(p) (’V”ap—ki—m

Figure 3.4: Replacing the polarisation of one gluon with a scalar polarisation.
In the abelian diagrams, we get

. UV % * ~ a Il a
iM{'yey, (k1)ka, = —gzeu(kl)v(p’) (’y“t Fot® + %thik - m’y“t > u(p),  (3.84)
2

i
p—ky—m
where on the second term we used momentum conservation. Then we add and subtract (p —m) to
the first term, and (31)’ + m) to the second term, and use the Dirac equations,

{9” —mJu(p) =0, (3.85)
o(p)(p’ +m) =0,
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and we get
iM{es (k) = —g%es () o(p') (—in" 1,11 w(p)
= —g*f€ (ky)o(p)) vt u(p). (3.86)

In an abelian theory, the right-hand side would have vanished. Thus, as we know, in QED MY (ky) =
My, (k1) is such that M" (k1) - k2, = 0. In QCD, we also need the gluon self interaction,

iMY" e}, (k1)e, (k2) = igey, (k1)ey, (k2)v(p') ot u(p)

—i
X ﬁgf“bc [(k2 — k1)P g™ + (k1 — k3)"g"" + (ks — k2)"g""] . (3.87)
3
Now, as before, we replace €},(k2) with ko,
. UV % * ~ C 1 aoc
iMyg" €y, (k1) ko, = g€y, (k1)o(p') vt u(p) 29/ P [(ka — k1)Pkb + (k1 — ks) - kog"? + (ks — ko) k5]
3

1
= g° [, (k1) Ot u(p) o (k1 + k)" kY + (kS — kD)g"” — (k1 + ks) kY]
3

k
aobc _x 1 ~ C
= g*f € (k) O a R = Kbl + (k5 = BDJtu(p), (3.88)
3
where we used momentum conservation, ko = —(k; + k3), for the 3-gluon vertex in the second

step, and explicitly contracted ~* in the last step. Now we use again momentum conservation
k3 = —(p+p') and the Dirac equation o(p)(p + p')u(p) = 0. Thus we get finally

1

iMLE € (k) ko = g f“bce;(kl)?@
3

() [k ky + (k3 — k)]t u(p). (3.89)
We may distinguish three cases:

1. If the first gluon is real, i.e. it is on-shell k% = 0 and its polarisation is transverse k; -e(k1) = 0,

then
iMy" e, (k1)ka = g% F "€, (k1)o(p 7"t u(p). (3.90)
This, summed to the abelian diagrams (3.86), yields
i(MY + M3" e, (k1)kay = 0. (3.91)

Diagrammatically this is represented by fig. 3.5,

Figure 3.5: Fulfilment of the Ward identity in case 1.

i.e., the Ward identity is fulfilled if one gluon polarisation is scalar and the other gluon is
real (provided the couplings of the 3-gluon vertex and of the gluon-fermion vertex are equal.
Analogously, fig. 3.5 holds if the couplings of the 3-gluon vertex and of the 4-gluon vertex are
equal.)
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2. If we replace €,(k1) — ki, i.e., the polarisation of both gluons is scalar, then from the abelian
diagrams and the 3-gluon vertex we get, respectively,

iM{S k= —g? f0(p) ) i tCu(p),

iMY ki, = g f0(p )y tu(p), (3.92)
such that, fig. 3.6,
(M + M)k, = 0, (3.93)
["t
- l'!I-
¢ T
hl

Figure 3.6: Ward identity if both gluons have a scalar polarisation.

i.e. the amplitude q¢ — gg with production of two gluons with scalar polarisations vanishes.
Properties 1. and 2. are generalisable to any number of gluons: if n gluons are produced, out
of which m gluons with scalar polarisations, with 1 < m < n, and the other (n — m) gluons
are real, then the amplitude vanishes.

3. If the first gluon is on-shell, k¥ = 0 but its polarisation is not transverse, then

iM{" e, (k1)kzy = g° f* *(kl) () (kiKY + B3y ]tu(p), (3.94)

k‘2

which, summed to the abelian diagrams (3.86), yields

k) s o gyteu(p). (3.95)

’L(M{?QI + M?I;W)GZ(kl)kQV = 92fabc k?Q’

In order to understand the physical relevance of this result, recall the light-cone polarisations,
(3.73). As polarisations for the gluons of g7 — gg, we choose €/ (kz), which is proportional
to kb, and €" (k1). Then

ky - €* (k1)

V'ks - kok?

i(MY'5 + M), (k) (ka) = g° f2 o(p") k1t “u(p)- (3.96)

But

ki€ (k) = \/ﬁ = Vky - ki = V2K (3.97)
1 1

Replacing it in the equation above, we obtain
SO+ M) () k) = o el lez 5 Htup). (3.98)
2
Thus, the amplitude with the light-cone polarisations above does not vanish. Since eq. (3.79)
holds and we have just shown that
kA kY —1—_/%{%5) k¥kg —i—_klZ’
k1 - k1 ko - ko

kQM v My, #0, (3.99)
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this implies that we cannot substitute

Z e (kr)el (k1) Z €10 (k2)eT 5 (k2) | My M,
A=1.2 A=1.2

with g"?g”" My, M, as we did in QED. So the optical theorem seems endangered (fig. 3.7)

2 Im(M(a — b)) % Z/dﬂf/\/l(a L M= f), (3.100)
f

- ( -
Z Lu i 7 Hm}

Figure 3.7: Naive picture of the optical theorem if the first gluon is on-shell but not transversely
polarised.

i.e., we can use g"” in the propagators on the left-hand side only if we keep all four polarisations
on the right-hand side (even the non-physical ones).

3.6 Feynman Ghosts

Let us examine the optical theorem in more detail. The Cutkosky rule prescribes that we replace
the gluon propagator with the cut propagator,

Lk,
00900
k p l
e, — z% = | — ig,u, (—271)5(K?). (3.101)

So from the amplitude iM*” e, (k1)e; (k2) of ¢ — gg and the squared amplitude integrated over
the final-state phase space,

]_ d4k‘1 d4k’2 _igup _iglja‘ . ny . /pa'
2 / Qrient K2 K2 EME) M), (3102)

where M'?? is the amplitude for 99 — qq and 1/2 is a symmetry factor, we get the imaginary part
using the Cutkosky rule,

:2/ d*k, 5(k2)d k‘Q 5(k2)(zM )gupgl/a(iM/po) (3.103)

(27r) (2m)4
1 d3k d3k : v a1 po
- 2/ (27r)321E1 (27r)322E2 (M) gpupguo (LM 77). (3.104)
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Recall that g" = e“ el =y A=1.2 el A\€7 - The pieces with transverse polarisations are what
we expected to ﬁnd In addition, we know that

iMy el (k1)e (k2) =0
iMuVEi(kl)Eli(kg) =0 (3105)
iMy el (kr)ef (k) = 0,
so the only piece left over to analyse is
1 * g*x
I+, 2 /dk‘ldkﬁz[(’Lije (k?l) (k‘g))(zM Gp (]ﬁ) (k‘Q)) + (k‘l — k‘g)], (3106)
. - d*k : .
where we used the short-hand notation dk = m Using the explicit result we got for
T
iM, e (k1)e* (k2), we can write
7} 7. 11 2 rabe El‘ -~ c 2 rabd ‘EQ‘ — d, (.1
Ti- =5 [ diadky || g7 f* = 0 (0 )y tou(p) g = u(@)kst"v(d) | + (k1 > k2) | -
ka3 |k |k3

Using the Dirac equation
o) (p + ¢ )ulp) = v(p) (k1 + Ky)u(p) = 0,
ie.,
o(p)ku(p) = —0(p)ku(p),
we notice that the second contribution in eq. (3.107) equals the first. So we get

YA :/diﬁdffz <g fabcj% (p/)}/altCU(p)) ( g fabdj% (q)thdv(q/)> (3.108)

2|3 1’3

If we postulate the existence of a ghost particle, the Feynman ghost, which couples only to gluons
and whose Feynman rule is

p, 8
/i

b s ~ gt (3.109)

'h

where the ghost is a fermion which transforms with the adjoint of SU(N). Then, the amplitude for
a g pair annihilating into a pair of ghosts is
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A"l ) e

Ih

7

k3

= o ul). (3.110)
3

nghost = igf) (p')yutcu(p)

And likewise,

Ve . —1 a v
iMgpos = ZQU(Q)%tdv(Q’)p(gf b (—kE))
3

= gL o)kt (o) (3111)
3

In addition, for a ghost loop we get a factor (-1), the ghost being a fermion. Thus,

.jff..w»< =~ [[akudis (£ o eu) ) (~o* ko) ).

This means that such a contribution exactly cancels Z _, eq. (3.108). The optical theorem, fig. 3.8.

.

%)

I Y

Figure 3.8: The optical theorem, where to the sum of all four polarisations on the left-hand side is
added the creation of a ghost pair, in order to cancel the nonphysical degrees of freedom.

The bottom line of this section thus is that either we use the Cutkosky rule 72?:” — —igh¥ (—2mi)5(k?)
and include ghosts to cancel the nonphysical degrees of freedom, or we square the amplitude using

only transverse polarisations.
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3.7 Faddeev-Popov ghosts

In the previous section, we had to postulate the existence of a fictitious particle, that we termed the
Feynman ghost (Feynman called it the “dopey” particle) in order to restore the optical theorem.
A more formally correct procedure is to quantise the gluon field using the functional integral,

/DAeis[A] with  S[A] = /d% [—i(FgV)Q] (3.112)

Like in QED, one finds an infinite set of equivalent gauge configurations that must be integrated
out. This is done through the Faddeev-Popov procedure!, which introduces some Grassmann fields
¢q(x), which belong to the adjoint of SU(N), and which couple to the gluon field through the term,

(Dyuc)a = Ouca + gf Al e (3.113)

The fields ¢, (x) are called the Faddeev-Popov ghosts and they induce an additional term in the

quantised Lagrangian,
Lynost = —C* (076 + gf*o" Ab)c", (3.114)

which leads to the Feynman rules for ghosts,

p
e T
@b 1 (3.115)
p
(2}
?’;\ 0000, 1, b = — g fabepp
A0 p, b = —g fpH (3.116)

So we realise that the Faddeev-Popov ghosts are the “dopey particles” we introduced previously to
restore unitarity in the optical theorem.
Finally, the quantised Yang-Mills Lagrangian is
1
2¢

where the third term on the right-hand side is the gauge-fixing term, also to be described in the
QFT II course.

L =il —m)p — i(F;fy)2 (8,AM? — 20"(D,¢)", (3.117)

!This procedure will be studied in detail in the QFT II course.
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Chapter 4

Renormalisation of Yang-Mills theory:
UV Divergences

4.1 Renormalisation of the Yang-Mills Lagrangian

The quantised Yang-Mills Lagrangian, we displayed at the end of the previous chapter, contains
only operators of dimension 4, like the QED Lagrangian. Thus, it can be renormalised, i.e. the
ultraviolet (UV) divergences, that appear in the loop diagram for high values of the loop momentum,
can be removed by a finite number of counterterms'. In addition, gauge invariance constrains the
UV divergences to be no more than logarithmic. Using gauge invariance, the Yang-Mills Lagrangian
has been proven to be renormalisable at all loops by ’t-Hooft and Veltman.

Like in QED, we write the Yang-Mills Lagrangian in terms of bare fields and spell out all the terms,

" . a 7. a 1 a a aoc a cv
Ly nr =o(id — mo)ibo + goAlgthot*y*1ho — Z(a“A”O — 8y A%)? — gof (0, ALy) 2 A Af
1
2Go

As in QED, we shall find that the gluon self-energy is transverse, thus the gauge fixing term is
?ol‘f renormalised ﬁ(@uAga)Q = Q—IC(GMA“a)z, and therefore it can be ignored in the discussion that
ollows.

(8, ALY)? — G20,0"cd — go f22E0, ABVCS. (4.1)

14

2
_ %fabCfaedAzoAcoAgﬂAgV _

'Renormalisation will be studied in detail during the QFT II course.
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We rescale the fields in the 2-point functions, given in the Kallen-Lehmann representation,

p
= . Z2 . 1/2
a, b, v = ZqQ T ieg 5ab + fZTL. = AOa = Z3 Aa (43)
g . ZS . 1/2
P b =i St fin == (25) e (4.4)

Relations like 1y = Z21 / 21/1 express the bare field ¥y in terms of the renormalised field ¢ through the
counterterm Zo = 1+ O(a;), which is defined as an expansion in the strong coupling constant as,
but whose coefficients contain infinities (UV divergences). These divergences manifest themselves
as poles in € when we consider dimensional regularisation (DR) which has d = 4 — 2¢ space-time
dimensions. In terms of renormalised fields and counterterms, the Yang-Mills Lagrangian becomes

Ly ar =20 (i — mo) + goZaZy* A%ty — izg(auAg — 0,A%)? — goZ3? F(D,A) AP AV
~ gfzg fabe paed Ab Ac Ane Avd _ 75209, 00 — g9 Zy'? Z5 fC 8, APV (4.5)
We may write the counterterms as
Zy =146y, Z3=1+03, Z5=1+05, (4.6)

where the 0’s are the O(a;) terms which contain the UV € poles. Then, as in QED, we may fix the
bare mass in the fermion propagator and the bare coupling in the quark-gluon vertex in terms of
renormalised ones,

Zomg = Lo Lyym = (1 + 52)(1 + (5m)m, (47)
902273 = g7y = g(1 + 6). (4.8)

Likewise, we may express the coupling of the 3-gluon, 4-gluon and ghost-gluon vertex in terms of
the renormalised ones,

G023 = 9739 = g(1 4 6%, (4.9)
%723 = 9" 2" = (1 +6)%), (4.10)
0 Z523)% = 975 = g(1+ 65). (4.11)

Beside Z5,Z3 and Z§, there are five counterterms, 7y, Z,,, Zlgg, ng, 77, and only two parameters,
go and my.

Note that egs. (4.9) and (4.10) imply that gnggZé/2 = ngg, so we can write the relations among
counterterms,

VY G ngzg/f

90 Z 739 A Z9
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This can be rewritten as 5
Zy 73 _Z§_Z19

7= 39 e T g
These are known as the Slavnov-Taylor identities, and are valid at all loop orders. They provide
three more relations among counterterms. They can also be written as

(4.12)

by — 61 = 05 — 85 = 63 — 059 = 639 — 619, (4.13)
which can also be checked from the explicit calculation of the one-loop relevant diagrams.

In terms of the expanded counterterms, the YM Lagrangian can be written as

I 1 a ~a a 1 a I 740 A2
Lyy =) —m)e — 2(F,)* — "Dy’ i(aﬂAﬂ )2 4+ (i62@ — (81 + d2)m)eh + go1ept* A%
53 a a\2 39 pabe a\ Apb pqve 2 5119 abc pade pb pc Apd pre
- Z(aﬂAV - 8VA[1,) - 951 f (8NAV)A A — g Tf f AMAVA A
— 056°0,0"c* — g&f free o Al c” (4.14)
The Feynman rules for the counterterms are
L,
p oV
— > . v prp a
D090 -®9090 - 7 —ip” <9“ - p2> 530 (4.16)
~ gttty (4.17)
L,
_________ @eorrnn ~ IP2050%° (4.18)

2
£

|
=
%
=}
RTTTTTT

e E (4.19)

(4.20)

Notice that the first three diagrams are the same as in QED, up to the colour factors.

A quantum field theory is renormalisable if only a finite number of Green’s functions diverge,
although UV divergences can be found in those Green’s functions at all orders of the coupling
g. This implies that only a finite number of counterterms are needed to renormalise the theory.
In particular, that quantum field theory is super-renormalisable if in those Green’s functions UV
divergences can be found only up to a certain order of g. Conversely, a quantum field theory is
non-renormalisable if the number of Green’s functions with UV divergences is not finite.
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We want to examine the conditions under which QCD is renormalisable, as a function of the
dimensions, d = 4 —2¢ of space-time in dimensional regularisation (DR). In order to keep the action,
S=] dzL, dimensionless in natural units i = ¢ = 1, the mass dimension of the Lagrangian is
[£] = p?. The kinetic terms of the gluon field, (9A)2, implies that the mass dimension of A
is [A] = ,u%. Likewise, the kinetic terms of the fermion field, 0v, implies that [¢] = ,u%.

Accordingly, the interaction term, g1 At), implies that the mass dimension of the coupling constant
4—d

is[g]=n7.

From the UV power counting of loop diagrams in d-dimensional QCD, the superficial degree of
UV divergence is (— Exercises)
d—4 d—4 d—1 d—2 d—2

D=dt 5=V +——Vig— 5Ny~ 2N, (4.21)

where

e V' = the total number of vertices of a loop diagram;

e V), = number of 4-gluon vertices;

N, = number of external quarks;

N

4 = number of external gluons;

N, = number of external ghosts.

It generalises the case of d-dimensional QED, for which the superficial degree of UV divergence is

d—4 d—1. d=2

D=d — N, N 4.22
+ 2 14 2 € ) v ( )
where
e N, = number of external electrons and positrons;
e N, = number of external photons.
Note that the case d = 4 is special,
3
D=4- §Nq — Ny — Ng, for QCD, (4.23)
3
D=4- §Ne - N,, for QED. (4.24)

Increasing the number of N’s the Green’s functions will become finite, but the ones which have UV
divergences will have it at all loops, since the superficial degree of UV divergence D does not depend
on the number of vertices V', thus both QED and QCD are renormalisable in d = 4 dimensions.

For d < 4, the V terms in eqgs. (4.21) and (4.22) have a negative yield, thus given a Green’s function

which at a given loop has UV divergences, it will become finite increasing the number of loops, and
thus of vertices, so both QED and QCD are super-renormalisable in d < 4 dimensions.
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For d > 4, the V terms in egs. (4.21) and (4.22) have a positive yield, thus given a Green’s function
which at a given loop is finite, it will display UV divergences increasing the number of loops, and
thus of vertices, so both QED and QCD are non-renormalisable in d > 4 dimensions.

Thus, for
d<4 super-renormalisable
d=4 ;, QED/QCD are renormalisable . (4.25)
d>4 non-renormalisable

Recall that the mass dimension of the coupling constant is [g] = ,u%, i.e. it equals the coefficient
of the V terms with opposite sign, thus we can also say that for a coupling constant

negative mass dimension super-renormalisable
g with ¢ dimensionless , QED/QCD are renormalisable . (4.26)
positive mass dimension non-renormalisable

In QCD, the 1-particle irreducible (1PI) functions with D > 0 are

The degree is superficial, because the symmetries of the theory may lower it (so the values above
represent an upper bound, thus the worst case).

4.1.1 Quark Self-energy and Chiral Symmetry

For example, the full quark propagator is

_ - = >+ + —UD-ED— +.

S(p)
S L (—ix LI
o e
:lﬁ—ml—y

1

et (4.27)
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So the full propagator has a simple pole at p = m + %(p), in agreement with the Kéllen-Lehmann
representation = p’_Z—fn The 1PI quark self-energy (D=1) is

-1 lp) = =-.D: - % +~&ff-

We may expand it about p = 0,

—iX(p) = Ao + Arp + Aop® + ... (4.28)
with L
Ap = ——— (—i¥ : 4.29
nl dp (=i%(p)) - (4.29)
But
d_ 1 o (4.30)

dpp+k-—m  (p+k-m)?
d
so each " yields one factor of k in the denominator, thus it lowers D by 1, so Ag has D =1, A,

has D =0, A,, with n > 2 has D < 0. Then —iE(p) o coA +ciplog A + finite, with A a UV cutoff.
However, this implies a mass shift ém o A which is forbidden by the chiral symmetry: if the
quark is massless m = 0, it stays massless after renormalisation, i.e., at most dm o mlog A, thus
Ag = 0 and the 1PT self-energy must be

—i%(p) o< (com + c1pp) log A + finite. (4.31)
In other words, D = 0: chiral symmetry protects the quark self-energy from linear divergences.

4.1.2 The Gluon Self-energy and Gauge Symmetry

The full gluon propagator is

MZW + A-A-++-~

The 1PI self-energy (D = 2) is

XD = TR) = O+ (D v

the tensor structure of II,,(¢) is such that it may contain only g,, and g¢,q,,

"y

H,uu(‘]) =aguw + bQuqy- (4'32)
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But the Ward identity implies that
@™ (¢) =0 = ag +bi’ep =0 = a=-bg (4.33)

" (q) = (¢*¢" — ¢"¢")TI(¢?). (4.34)

Note that since II,,,(¢) has only 1PI diagrams, it cannot have a pole at ¢®> = 0. Using the projectors
(3.63) introduced for the gluon propagator, we can write the 1PI self-energy as

i, (q) = ig* DY (¢)11(q?), (4.35)

with II(¢?) regular at ¢> = 0. We see that the 1PI self-energy, which naively could have behaved
as A2, is at most logarithmic in A = D = 0. In other words, the Ward identity, i.e., gauge
symmetry protects the gluon self-energy from quadratic divergences.

Finally, the full gluon propagator is (— Exercises)

. qu.9v
—q <g/u/ - q2 > G
Q09 Q 000 ~ — q2[1 — H(qQ)] - ZC (q2)2 5(117' (436)

Note that

e only the transverse part is renormalised, however, since II(¢?) is regular at ¢®> = 0, the full

propagator still has a pole only at ¢> = 0, with residue Z3 = and the gluon stays

1 11(0)’

massless;

e the longitudinal part is proportional to the gauge-fixing term ( and is not renormalised. So,
it must be (o = Z3(¢. This implies that %(6,114’5“)2 = %(5@4*“”)27 so no counterterm needs
be associated with the gauge-fixing part of the Lagrangian.

Finally the ghost self-energy (D = 2) is ... ). But one of the two ghost-gluon vertices,

associated with the external ghost lines, carries the external ghost momentum. So D can never be
larger than 1. In fact, it turns out that the ghost self-energy has at most a logarithmic divergence, so
........ @ ...... D =0 (— Exercises). Like for the fermion self-energy, the chiral symmetry prevents

the massless ghost from acquiring a mass, and protects the ghost self-energy from having power-like
divergences.

To recap, we have seen how the symmetries of the Lagrangian protect the quark, gluon and ghost
self-energies from having power-like divergences. In SU(2)®U(1), there is nothing to protect the
Higgs-boson self-energy (which has D = 2) from having quadratic divergences. This is known as
the fine-tuning problem (because one has to tune finely the terms in the coefficient of the quadratic
divergences to make them vanish). Supersymmetry, and some New Physics models, provide the
additional symmetry which protects the Higgs-boson self-energy from having quadratic divergences.
Unfortunately, no evidence has been found in Nature for Supersymmetry or those New Physics
models.
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Let us examine the other 1PI functions which are potentially divergent. The 1PI functions with
external ghost lines are suppressed by one power for each ghost-gluon vertex which has the momen-

tum of an external ghost. Furthermore, also the 3-gluon vertex has an external gluon momentum.
So

00000 /*O
S
%

;

To recap, the 1PI functions with non-negative D are

we A, —(— e Q-

£

g

Yo, J e

€ QQW&S (v

3 g !
3 f
3 2
>

They all have D = 0, so in the Yang-Mills Lagrangian, there are no more than logarithmic diver-
gences.

4.2 On-shell prescription

As we said above, the quark self-energy in the Kéllen-Lehmann representation is

R Zs

= zm + finite (4.37)

We absorb the residue Zs by writing the bare field 1y in terms of the renormalised field 1, 1y =
Z21/ 2¢. We can relate ¥y and the bare mass mg to the renormalised ones through the counterterms
Zy =1+ 69 and my = Z,,m = (1 + §,,)m. However, the operative definition of d2 and §,, depends
on the renormalisation prescription. One may choose to renormalise the quark self-energy at the
on-shell point, p = m, e.g. choosing

P .
> ]
Tpomrid, (4.38)
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in terms of the renormalised fields. This is the on-shell prescription. Since the full propagator

1
e — impl le at ¢ = by . (4.38) implies that
. R as a simple pole at p = m + X(p), eq. (4.38) implies tha

by
=, (4.39)

Z(P)‘,;:m =0 and @ . -

Since the renormalised 1PI quark self-energy is

. —D— ¢ ——
_Zz(p) =

= —iSo(p) + i(5ap — (52 + Sm)m) (4.40)
dXg

— (Zo(]zﬁ)\ﬁ_m +(p—m) W

the bare 1 PI quark self-energy must fulfil

+0((p— m)2)> +i(b2pp — (02 + 6m)m),
p:m

4z,

5 = 0y (4.41)

Yo (p)! pom = —mdm, and
;yﬁ:m

The bare 1 PI quark self-energy may be obtained from the one in QED by including the suitable
colour factor. In DR, and in Feynman gauge ¢ = 1, one finds

re-—494) md — (d — 2)x
—i¥o(p) = —ig*Cp (d/22)/ dx ( )z -, (4.42)
(47) 0 [—p2x(l—xz) +m2(1 —x) + p22]®" 2
where we keep a fictitious gluon mass p? as an infrared regulator. Then expanding about € = 2 — >
we find (— Exercises)
5 = 2 s [ = (0w (T2 5 v ) + fimite + O(6) (4.43)
2=~ Croij | - g | ;- VE inite € .
Qg 1 m? .
O = _3ECF5Z’J' [e — <log (471) + 7E) + finite + (’)(e)] . (4.44)

Since the mass counterterm is (Z,, —1)m = md,,, as m — 0, md,, vanishes in agreement with chiral
symmetry; but o and §,, display a mass logarithmic divergence. Thus, the on-shell prescription,
i.e. choosing to renormalise the quark self-energy at the on-shell point, p = m, is valid as long as
m does not vanish.

4.3 Off-shell prescription

For massless theories, it is convenient to use an off-shell prescription due to Georgi and Politzer,
and renormalise the 1PI functions at a point outside the physical region. e.g. choosing

E(p) |p2:fM2: 0, (4.45)
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where M? is space-like. The choice of the renormalisation scale M is arbitrary.

Taking eq. (4.42) in the limit m — 0, we obtain the self-energy of the massless quark, in DR and
Feynman gauge (( = 1),

re-4 !
— iSo(p) = ig*Cr (75)@1 - z)p(—;ﬂ)%?/ dewd (1 —2)272, (4.46)
(4m)2 0
whose solution is
rE-4rErE-1 ;
—iXo(p) = ig’Cp 2/ _ 22/ A2 (d—2)p(—p*)272. (4.47)
d ami  T@-1) y
At the renormalisation point, p> = —M?, the counterterm may be defined as
dx
y = —2 : (4.48)
dp p2=— M2

which can be easily computed using

d d_ d_

= (pp)i?) = L= (= D)(=p) 2
P

which allows us to write the counterterm as

2
%=—JWOF@fd—baM%+mQ- (4.49)
2

Since we are interested in subtracting the UV divergences, the precise definition of the finite terms

of 85 is immaterial: one may define d, to equal just the pole part of =0 as it is done in the Minimal

dp
1
Subtraction (MS) scheme, 9 = —Z—SCFf(MQ)*G, however, since the term
T €
re-4 r(1
PC2) _ (myer( = am L+
(4m)5 -2 ‘
1
== + log (47) — v + O(e) , (4.50)
in eq. (4.46) is ubiquitous in loop computations in DR, it is more convenient to subtract
S = (4n)T(1+¢) =1+ e((4r) —vp) + O(), (4.51)
as well, and define
S,
5y = —%Cpf(MQ)_G, (4.52)

as it is done in the modified Minimal Subtraction (MS) scheme?.

Since we are ultimately interested in computing finite quantities, to be compared with data, the
procedure of subtracting the UV divergences may seem arbitrary, which yields a finite remainder
dependent on the procedure. However, it is not so: physical observables do not have UV divergences.
So, if those physical observables are in a one-to-one correspondence with a loop integral, that
integral cannot have UV divergences. If they are the result of a combination of loop integrals,
those integrals are renormalised through a UV renormalisation procedure, but the combination of
the regulated integrals, i.e. of the finite remainders, does not depend on the procedure, to the
desired loop accuracy.

*Note that in the literature S. is often defined also as S = %, which is equivalent to eq. (4.51) to O(e).
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4.4 The Renormalisation Group Equations

We shall now work out the systematics of how Green’s functions, or correlators, are renormalised
in massless theories, under a change of scale. We shall do it first in a scalar theory like Ap™, which
displays the basic features, and then straightforwardly extend it to QED and QCD. For a massless
scalar field ¢, the propagator in the Kéllen-Lehmann representation is

Z

=it fin (4.53)

A Green’s function in terms of bare fields is,

Gy (@1, m) = {QUT (po(@1)--po(an)) 2) (4.54)
depends on the bare coupling Ay and a UV cut-off A. The renormalised Green’s function,
G (@1, ey wn) = (Q T (1) () |2)
=772 G (a1, .., ), (4.55)
depends on the renormalised coupling \, defined at a scale M?.

Let us do a change of scale M — M + dM. Accordingly, the renormalised coupling A and field ¢
change as
A— A+, o — (1+dn)ep. (4.56)

Under the shift M — M + § M, the renormalised Green’s function changes as
G™ — (1 4+ ndn)G™, (4.57)
but G = G (X, M), so the total differential can be written as

(n) (n)
LS e S iy nénG™. (4.58)

(n
da oM oA

Let us introduce as dimensionless parameters, the shift in the coupling 8 and the shift in the field

strength -,

oA )

Thus we get the Callan-Symanzik equation,

0 0
M—— — M) (21, . 2n; A, M) = 0. 4.
The renormalised Green’s functions do not depend on the cut-off A = 3,+ do not depend on A.
8,7 are dimensionless = 3,7 do not depend on M. This implies that they only depend on the
renormalised coupling, § = B(\), v =y(A).

Repeating the procedure above in massless QCD (QED) we get the Callan-Symanzik (CS) equation,

P 9 .
Mo +6(g)5g +ng2(9) + ngy3(g) | G (21, . w05 9, M) =0, (4.61)
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where n, is the number of quark (electron) fields and n, is the number of gluon (photon) fields.

The simplest CS equation is the one for the quark (electron ) 2-point function,

6

o TPl )*+272( )| GEO(p) =0, (4.62)
where to O(as),
G20(p) = + b —— -
Z o) + Sidaps 4.63
= Zﬂ( o<p>>p ; zpp (463

We note that to O(as), the 8 term does not contribute which gives the shift in the coupling, and
is always smaller by at least one power of the coupling. The only dependence on M is in Jo, so the
CS equation becomes

0 1
i.e.,
1 0
Y2(9) = §M87M52’ (4.65)

to the lowest order in «g, which yields the shift in the quark (electron) field strength due to a
change of scale. In eq. (4.49), we computed the counterterm for the massless quark field. In order
to stress the role of the UV cut-off A, we rewrite it as

oh A2 )
such that o
Y2(9) = ECF- (4.67)

For a scalar field, analogously to eq. (4.65), we get

() = M aﬁﬁ (4.68)

to the lowest order in \.

It is possible to extend this beyond the lowest order, by considering the relation between bare and
renormalised fields,

_1

p(p) = Z(M)~2p0(p)- (4.69)

Under the change of scale M — M + dM, the field strength changes as ¢ — (1 + dn)p. In terms
of the bare field, it will be p — Z(M + 5M)_%g00. So

M\»—A

Siip = [Z(M +6M) ™2 — Z(M)~ 2],

(550
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ie.,

D=

on = <1+1825M> -1,

Z OM
1107
=————0M. 4.71
27 0M (4.71)
Therefore the shift in the field strength is
on 1M 0Z
1= M = S g aar (4.72)
which, though, is valid to all orders in the coupling. Likewise, for an electron or a quark field 1,
1M 0%,
] 4.73
V2 2 Z2 an ( )

to all orders in the coupling.

oA
Analogously, the shift in the coupling, 8 = M SIT keeps the bare Green’s function Gy untouched,
which is independent of M. But Gy = Go(\g, A), so we can also write the shift in the coupling as

)\
B = Mo " (4.74)

Also this relation is exact, i.e., valid to all orders in the coupling. In massless QCD (QED), it is

dg

Blg) = Mo7r (4.75)

go,A

Now, we want to provide a solution of the CS equation for the 2-point function. For the sake of
simplicity, we shall do it for a scalar 2-point function,

+ 3 + O— + -..

(~i%0(p)) p + ;2(@'52192) p (4.76)

with

2 ? o2 —-p . 1
G! )(p) = ]? + ? (Zp Alog (W) + fm.) ? (4.77)
In general, we can say that
: 2
¢ —-bp
G (p) = 7 <J\42> ) (4.78)



which fulfills the CS equation

M£4 + B()\)aa)\ +29(\) | GP(p) = 0. (4.79)

Setting P = \/—p?, we can trade 9/0M with /0P (which you may check by fixing z = —p?/M?),
such that

0 0

@)= = @) —9¢(2
M 737G (p) = =P 556G (p) = 2G7 (p).
We rewrite the CS equation as
pd B(A)ﬁ +2-29(N) | GP(p) = 0. (4.80)
oP oA

For a free-field theory, 8 = v = 0 and solving the CS equation one finds that (please check!)
G®@ (p) = % Fixing t = log <> = —log <p>’ the CS equation,
p

M M?2
& B2 - 20| 6P (p) = 0 (481)
ot O ’ '
has solution .
G (P,\) = GA(P,\)) exp (—2 | atn -0, Am) , (4582)
0
where \ is the solution of the RGE,
d - _
SAPN) = BV, (4.83)

with boundary condition A(M, \) = A (Please check the validity of the solution by differentiating it
and setting P = M). X is called the running coupling constant, and it is given in terms of the
constant A at a scale M and of the logarithms log (P/M). Pulling exp(—2 J dt) out of the solution
for the 2-point function, we can also write

GO (P, ) = ;Q(A(P, A)) exp (2 / t dt’y(A(P’,A))) . (4.84)

0

G()\) may be computed by matching the perturbative expansion of G (p) in X to the one of
G®@ (P, \) also in \. The advantage of G(®)(P,\) above is that it organises the perturbative series
in terms of a running coupling and that it resums (large) logarithms log % into the exponential.

For a fixed point, A = \*,

@) i . p2 Y(A*)

so v(\*) modifies the scaling dimension of G(?), and it is thus also called anomalous dimension.
The running of \ in eq. (4.84) is determined by eq. (4.83). For a given theory, in order to understand
how the coupling evolves, it is then paramount to compute the 8 function. Since the coupling occurs

in the interaction vertex, we want to analyse how the coupling in an interaction vertex is modified
under a change of scale, and in order to do that we need to determine the CS equation for the
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vertex. Let us consider then a general theory with a dimensionless coupling A in an n-point vertex,
with up to n different fields. For simplicity and without loss of generality, suppose the fields to be
scalar. The Green’s function of the vertex is

"'Ll( ":
Pt . P+
L ‘-r \
G(n)(plv 7pn) =

= [—M — iBlog (_A;) — 0y — i)\znj <Ai log <_A;2) >] H o (486)

i=1 i =1 b5

where the last term represents the 2-point functions of the n fields. The CS equation of the vertex
is

)| G™(p1,...ipp) = 0. (4.87)

0

Since the only dependence on M is in ) and 5 7,, we can write the CS equation as

Mm 6A—>\Zéz + B(A +AZ% (4.88)
. . 1.0
to the lowest order in . Using v(\) = fMa—Méz we obtain

B = 6?4 < O+ Zéz> (4.89)

This yields the shift of the coupling due to a change of scale, to lowest order in A.

In massless QED, the Green’s function of the electron-photon vertex is

Ak g A A

G (p1, p2, p3) (4.90)
The CS equation for the 8 function becomes
0 e
Ble) = Mo (—651 tedy + 553), (4.91)

where 03 is the countertem of the photon 2-point function, and §; is the counterterm of the electron-
photon vertex. d; is gauge dependent, just like d2 (which we derived in the Feynman gauge).
However, in QED the Ward identity implies that do = §; to all orders of a. As we established in
the previous lecture, only the transverse part of the photon 2-point function is renormalised, which
does not depend explicitly on the gauge-fixing parameter . Can it depend implicitly on ¢ through

its residue Z3 = ? In other words, is the 1-PI photon self energy,

1 —TI3(0)

F@r (O 4 GO+ O+

= il (q) = i DY ()1(¢%), (4.92)
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gauge invariant? At one loop, it is trivially so, since the fermion bubble consists solely of fermion
propagators. At two loops, it is not so obvious, since the photon propagator inside the bubble has
a gauge-fixing term. As we shall see, the § function is directly related to physical quantities, so it
must be gauge invariant, and thus so is ds.

The off-shell renormalisation prescription on the full gluon propagator is

H(q2)|q2:—M2 =0 = (53 = Ho(q2)‘q2:_M2 . (493)
At one loop,
4 €2 A?
03 =—= 1 — ' 4.94
3 3 (an)? og<M2>+fm, (4.94)
or 2 g
4 e —
§3=—-——5— in MS 4.95
3 3(4m)2 e n ’ ( )
so the § function becomes
a e 4 €3
= M2 (75 ) == _. 4.96
ple) = Mz \3%) = 3amp (4.96)
Then the RGE for the running coupling é is
de 4 &
— == 4.97
dt 3 (4m)?’ (4.97)
for )
P 1 —p
t = log (M) =5 log <M2> . (4.98)
The solution is (please check!)
1 1 1 —p?
=== - 1 4.
22 1272 B <M2> ’ (4.99)
which can also be written as o
a(p) = N (4.100)
3 M?
Thus, the QED coupling & grows stronger at larger momenta, i.e., at smaller distances.
4.5 Renormalisation of the Yang-Mills Theory at One Loop
Just like in QED, in massless QCD the Green’s function of the quark-gluon vertex is
/K +/é? ¢ } * A f /<
1) _ \
G (p1,p2,p3) = : (4.101)
thus the functional form of the CS equation for the g function is the same as in QED,
Blg) = Mi —01+96 +1(5 (4.102)
9)=49 oM 1 27T 593 ) .
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In order to compute the § function, at least at lowest order in agz, we need to determine the
counterterms d1, do and d3 at one loop. However, in QCD §; # Jo and we do not expect that any
counterterm be gauge invariant, only their combination to make the S function be so, as we shall
see.

In eq. (4.47), we displayed the bare self-energy for a massless quark. Including in it the dependence
on the gauge-fixing parameter ¢, that becomes

re-4
—i%o(p) = ig’Cr W(p(—p%g‘? + fin. (4.103)
At the renormalisation point p?> = —M?, the counterterm is
dx d
5y = 220 — _%eour (2 — > C(M?)272 4 fin. (4.104)
dp ey 47 2

The precise definition of the finite terms of ds is immaterial, since they do not depend on M. In
MS,

_ %o S 2y
0y = = -Cr(~ (M?*)~e. (4.105)

Just like the photon self-energy in QED, the gluon self-energy is also transverse, because of the
Ward identity. It can be written as

D 2 D () TH(¢) b, (4.106)
WAV
with II(¢?) regular as ¢*> — 0 and DY = g — % At one loop, there are four diagrams which

contribute to the gluon self-energy,
Nwovw + "“"'G/,:}“" + W\ﬂﬁv&‘,—"““:—\}m

In particular, we are interested in the UV-divergent part, which in DR and including the gauge-
fixing parameter ¢ is (— Exercises)

d
@D s el (275) [(13C) 4
= g Pr (@) (—g2)28 [\6 2 Camglim| (4107

where n ¢ is the number of quarks circulating in the loop. We note that the matter part is obviously
gauge independent, but the gauge part is not. So the counterterm is

aT(2-9) [(13 ¢ 4
In MS,
o, S, _ 13 ¢ 4
= 2= M) (=2 ) Ca— ¢ : 4.1
% 4T € (M) [( 6 2) Ca 3 fnf] (4.109)
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Finally, the renormalised quark-gluon interaction vertex is given by

/%\/5\

igt®TH(q?) = igt MO F (¢%) + igt®yH6y. (4.110)
The counterterm is fixed by the off-shell prescription,
e ap =0 = 01=—08F(d)| oy (4.111)

The 1PI quark-gluon vertex at one loop is

A ACA

The result of the one-loop computation is (— Exercises)

ity Fy () = 9 [CCF + —Cc ] o L= %d)’ (4.113)
"y (M2)>%
thus,
m [CCF . 31—4 A] (;42)_252 (4.114)
In MS,
51 = Z‘; S; (M?)~ [(CF 43t CCA] . (4.115)

As expected, we see that §; # §o. However, the “abelian” part of §; equals Js.

The S function is

2 T(2-4
Sg) = gm0 9 T 2~3) [—40F+40F+3 C0A+2[(B—<>OA—4fan.

OM (4r)? (MQ)Q_% 6 2 3
(4.116)
Note that the gauge-fixing term cancels, and we get
3
g 11 4
=— —Cy— = . 4.117
B(9) a2 [ 5 Ca—3 f”f} ( )
Thus, the § function is negative!
Likewise, in MS we get,
o ¢ S, o _.1[11 4
= — — (M — | =Cx— =T 4.118

which agrees with eq. (4.117).
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4.6 The [ function of QCD and Asymptotic Freedom

In the previous lecture, we established that the § function of QCD at one loop is

g3
Blg) = —Wﬁo, (4.119)
with 1 5
fo =5 Ne—gny, (4.120)

where we used that Ty = 1/2 and C4 = N.. Since N, = 3, as long as ny < 33/2, the 3 function
is negative. This has deep implications. The running of the coupling is determined by the RGE
(4.83),

d_ : 1 —p’
Substituting our expression for 5(g) above, we get
1 1 B —p°
which can be inverted. With ag = %, it yields
ay=— s m—_ (4.123)
1+ —Oas log | —
4 M?

Thus, the coupling becomes weaker at larger momenta (i.e., at smaller distances), implying that
for Q% — oo, the interaction strength vanishes. This property is called asymptotic freedom. A
summary of several measurements of the dependence of a, on a scale Q? is provided in fig. 4.1.

If we define da
Qg
Blas) = ————= (4.124)
dlog <—p)
M2
then B(as) = %B(g). Using eq. (4.119), we obtain
T
_ Bo ~2
=252 412

Note that in Sec. 4.1 we established that in d = 4 — 2¢ dimensions the mass dimension of the bare
coupling constant gg is M€, such that we can write g = gM €, in terms of the renormalised dimen-
sionless coupling g. Then the 8 function (4.119) contains a term from the explicit differentiation
of the mass dimension,

— ag — BO -3
=Ml =g - : 4.126
Likewise? o ;
_ A _ _
Blas) = M5 = el s (4.127)

3 . . — . — a&
®Note that in the tutorials, B(d) is defined as B(as) = M 555

. A» Which differs from eq. (4.127) by a factor 2.

65



Sept. 2013

v T decays (NLO)

® Lattice QCD (NNLO)

a DIS jets (NLO)

0 Heavy Quarkonia (NLO) i
o e'e jets & shapes (res. NNLO)

¢ 7 pole fit (N3LO)

v pPp—> jets (NLO)

Q)

03}

= QCD ox(M) = 0.1185 + 0.0006

10 Q [GeV] 100 1000

Figure 4.1: Running of «g, from S. Bethke, G. Dissertori and G. Salam, “Quantum Chromody-
namics”, in: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38 (2014) 090001.

Recall that in DIS, the interaction between the electron and the quark is electromagnetic. While
this occurs, the strong interaction between the partons in the proton is neglected (Parton Model).
The typical time of the electron-quark interaction is the inverse of the virtual photon energy. In

the target frame it is
1 m 2zm

Teq ™~ 4o :ﬁ:?’

while the typical interaction time of the partons in the proton, is the inverse of the proton mass,
Tp ~ % Since T,y K Tp, i.e., the electron-quark scattering is very fast with respect to the time
scales of the parton interactions within the proton, Bjorken scaling implies that during the time
Teq, the parton interactions within the proton can be neglected, i.e., the partons can be treated as

free.

(4.128)

When Bjorken scaling and the Parton Model were introduced, this was puzzling, since there were no
known field theories in four dimensions featuring a coupling that vanishes at very large momenta
(in QED and in the scalar ¢*-theory, the coupling grows with momentum transfer). Thus the
exceptional importance of finding a § function with a negative sign. This points to QCD, i.e. an
asymptotically free field theory, as the right candidate to model the strong interactions. Further
impetus came from realising that the non-Abelian gauge theories are the only asymptotically free
field theories in four dimensions.

However, the correspondence between asymptotically free field theories and Bjorken scaling and the
Parton Model cannot be exact, as the Parton Model completely ignores the interactions within the
proton, while in an asymptotically free field theory, the coupling is still there, albeit small, at any
large momentum transfer (it vanishes only asymptotically). Thus, one should see small deviations
from the Bjorken scaling (known as scaling violations) which were in fact observed. We shall come
back to this later.
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4.6.1 [-function for Different Vertices

Let us go back now to the 8 function. In QED, there is only one interaction vertex, and the CS
equation for that is the obvious candidate to compute the 8 function. However, in QCD, there are
four interaction vertices. So beside the quark-gluon vertex, we could have used the CS equation
for the 3-gluon vertex or the 4-gluon vertex, or even the CS equation for the ghost-gluon vertex.
Of course, for the self-consistency of the theory, we expect to get the same S function and it is
instructive and simple to show that in fact it is so.

The Green’s function for the 3-gluon vertex is

b A

2

Ap ) + g6 +gz (A log ( A; > - 53> , (4.129)

i=1 4

GBI (p1, pa, p3)

—g+gBlog<

with the last term representing the full gluon propagators. The CS equation for the 3-gluon vertex
is
Mg+ 8o+ 3mle)| G99 =0 (4.130)
oM ) )
Since the only dependence on M is in 519 and d3, and using the leading-order relation for the ~y
function, we have

w0 (st 3 0
Mo (ga —3953) + Bg) + 59M 5170 = (4.131)
which implies that
o (3.
Blg) = gM 577 < d3 — 0y > (4.132)

This is in agreement with the result we obtained in the previous lecture, for the 8 function of a
generic vertex in scalar theory. Using the Slavnov-Taylor identity (4.13), d3 — 5?9 = 09 — 1, we see
that the g function above is the same as the one from the quark-gluon vertex.

The Green’s function and the CS equation for the ghost-gluon vertex are functionally like the ones
for the quark-gluon vertex. Thus, for the 5 function we get

0
= 07 + 65 5 4.133
B0) = oMy (054354 3 ) (4.13)
Using the Slavnov-Taylor identity (4.13), 0§ — d5 = 1 — d2, we obtain the usual § function.
The 4-gluon vertex is quadratic in the coupling, so we cannot readily apply the result for the 3

function of a generic vertex in a scalar theory, which is linear in the coupling. The Green’s function
for the 4-gluon vertex is

.5 &5
=g +92Blog<A;>+g 54g+g2Z(A log<A;>—53>. (4.134)

i=1 i

G(4g) (p17p27p37p4)
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The CS equation for the 4-gluon vertex is

0 0
[MaM +8(9)5, 473<g>] G =o. (4.135)

Then we use the leading-order relation for the v function and the fact that the only dependence on
M is in 5119 and d3. We obtain from the CS equation,

9 2 49 2 2 9 _
Mo <g 0" —4g 53) +298(g) + 29 M 203 =0, (4.136)
and thus 5 .
Blg) = gM - (53 - 25f9> : (4.137)

Now we use the relation ggZ?? = gQng , to write another Slavnov-Taylor identity, which is not
independent from the ones we already studied, eq. (4.12),

Zs A
— =,/— 4.138
7=\ 7 (4.138)

(53 - 5#) — 0y — &1 (4.139)

which implies that

N | —

So we obtain the usual § function.

4.6.2 Running Beyond One Loop

Beyond one loop, the RGE for the coupling may be written as

das(Q2) _ 50 2 2 51 3 2 /62 4 2 ﬂ?: 5 2 64 6 2
leg (QQ/MQ) - (47_r)as(Q ) (47T)2as(Q ) (47[_)3C¥5(Q ) (47r)4as(Q ) (47_‘_)5@8(62 )
(4.140)
The coefficients 51, B2, B3, B4 have been computed. For example, we know that
34 20
B = 3031 = 3 CaTrny = ACpTrny. (4.141)

B2, B3 and B4 can be found, e.g., in F. Herzog et al., JHEP 1702(2017)090, arXiv:1701.01404, where
the 5-loop coefficient B4 has been presented for the first time.

4.6.3 [ function: Renormalisation Scheme Dependence

The coefficients 8y and S are renormalisation scheme independent. In order to see this, let us
note that the running may depend on the chosen scheme. Let us suppose that under a change of
scheme, the coupling changes as

9=2,d)g =g (1 + Z0d? + Z1gt + ) . (4.142)
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For example, from the one-loop solution, we know that

1 By Q?
Zy = > (am)? log <M2 . (4.143)
Under a change of scheme, the § function,
09  Bo o5 P o5 B2 4
B(g) —ME)M - (471')29 (471')39 (47_‘_)49 )
= —fog’ — B1g” — Bayg’, (4.144)

changes as 8(g) = 8(¢) 0

0
8—5,. Replacing the expansions of 8(g), 5(¢') and 875’ in equation (4.144),

we have
Bog® + Prg® + Pag” + ... = (569’3 + 319 + B+ ) (1 +3Z09% + 5719 + ) . (4.145)
Then we use eq. (4.142) to write the expansions,
P =g° (1 +3%Z9°% + 3(Z1 + Zg)g/4 + ) ,

g5 = gl5 (1 —+ 5Z09,2 + ) ,
g =g7(1+..).

Equating the coefficients of like powers of ¢, we obtain

By = Bo, (4.146)
B =B, (4.147)
By = Ba + 220B1 + (322 — 271)Bo. (4.148)

So we have shown that 5y and ; are renormalisation-scheme independent. The scheme dependence
shows up on the 3-loop coefficient 5.

4.7 Renormalisation of Local Operators

So far, we have considered the renormalisation of massless theories. Now, we want to consider also
mass operators in the Lagrangian. We shall do it, more generally, by considering the inclusion of
local operators (which may be mass operators my, or contact terms 1y*(1—~5) by, (1 —~5)9, or
else) in a correlator. For the sake of simplicity, let us start again with a scalar theory, and consider
an n-point Green’s function, with the insertion of a local operator 6y, which is renormalised as
0o = Zp(M)0pr. The renormalised Green’s function shall be given by

G (D1, ey Du; @) =< ©(p1)p(Pn)Oni (@) >,
= 2727, < 0o(p1)-p0(pn)bolq) > . (4.149)
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Then, under a change of scale M — M + 6 M, the renormalised coupling, field and local operator
change respectively as,

A = A+
@ — (1+0m)p
0 — (1+67)0.

The Green’s function changes as G(»Y — (1 + ndn + 67)G™Y. But G = GD (X M), so the
total differential becomes

(n,1) (n,1)
oG M oG

(n1) _
G o O o

6X = (nén + 67)G™Y. (4.150)

We introduce the 5 and v functions like in eq. (4.59) and further a dimensionless shift in the local

operator,
or

=-M— 4.151
Yo SII (4.151)
and we generalise the Callan-Symanzik equation to be
204 BTy () 26| G pza) = 0 (4.152)
M B s eees P . .

4.7.1 Anomalous Dimension of the Local Operator

Since the shift in the local operator is 6, — Z;l(M +0M)By, we can write it, just like for the field
©, as

6700 = [Zy (M +6M) — Zy ' (M)] b, (4.153)
which implies that

Zy (M)
1 07y -t
= (1 + ZgaM5M> —1,
1 07y

= —— %%
Zo OM"

So for the anomalous dimension of the local operator we have

M 0Zy

= ——— 4.154
Yo ZgaM, ( 5 )

which is true to all orders in the coupling.

If there are m local operators 6, with i = 1, ..., m, with the same dimension and quantum numbers,
the usually mix in the renormalisation procedure. Then 0) = Z; (M)#}, and the CS equation
becomes matrix-valued, with a shift matrix,

I Zg)r; .

(4.155)
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Finally, the local operator associated to a conserved current cannot change normalisation, Zg(M) =
1, which implies that 79 = 0. For example, the quark number current, 6 = ¢"1), is conserved,
since [ d32 1% = equals the number of quarks, and thus 7y = 0.

Anomalous Dimension of Local Operators at one Loop

Let the n-point Green’s function of a local operator GV (py, ..., pn; q) =< @(p1)-..0(pn)0r(q) >

be written as
+ + +
G (py, . ppsq) =
2
=gml (1 + Blog ( Aq > + 6+ Z (A log ( A ) - 54—)) . (4.156)
p
=1 7

We suppose that at lowest order the local operator, and thus this Green’s function, do not depend
on the coupling. Since the only dependence on M is in dz, and dg, the CS equation we just wrote

becomes
(59 - Z 0z, ) + Z% +7(\) =0, (4.157)

0
where we assumed that in general the n fields may be different. Using 7;(\) = 1M ——0z,, we

oM
obtain that at lowest order, the anomalous dimension of the local operator is
o) = m=2 1265 5 (4.158)
16(A) = Mo P Z; — 06 | - :

4.7.2 Renormalisation of a Mass Operator

We may consider the mass operator %ngo?\/[ as a local operator and as a perturbation of the

massless Lagrangian renormalised at point M. We write the Green’s function for the insertion of
k mass operators as

GO (D1, oo P Q1 -oes @) =< @(P1)--0(Pn)Ps (1) 030 (1) >, (4.159)
which, with obvious generalisation, fulfils the CS equation,

0

<M{9M +B(A )aa)\ +ny(\) + k?%?()‘)) G"F ({pi}, {g;} A M) = 0. (4.160)

Then, we can think of expanding an n-point Green’s function, G (p1, ..., Pn) in M2,

[e.e]

G (pr, ey pui X, Mym) = > (m*)FG™ P (py, o puiqr, s ) (4.161)
k=0
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The coefficient of (m?)* fulfils the CS equation (4.160). Further, since it is a polynomial of degree
k in m?, because of Euler’s formula on homogeneous polynomials of degree k,

imzaf =kf(z1,...,Tn), (4.162)

(in our case there is only one variable, m?), we can write the CS equation (4.160) as

0

<M8M +B(A )ai +ny(A) + Wz(A)mza‘;) GOR ({pi}, {1, A M) = 0, (4.163)

and after summing the expansion, as a CS equation for G,

<M8?\4 AR )88)\ )+ 'YsOQ(A)mza(?n%g) G ({pi}; A, M,m) = 0. (4.164)

In general, any perturbation may be added to the massless Lagrangian £,; as an operator,

L=Ly+) Cifly(z). (4.165)

The ensuing Green’s function fulfils the CS equation,

(Ma§4 +8MN5x : s P *ZW )G(”)({pi};% M, {Ci}) =0. (4.166)

We can treat the C;’s as a set of coupling-like parameters, and §; = 7y, (A\)C; as a set of S functions,
which will obey the RGE,

dé NC. ith 1= Llog (2 (4.167)
—C =, ; ==log|—=—5|. .
dt 7 e, 79 W1 2 g M2
In particular,
= Y2 (N2 (4.168)
All that we have stated about the scalar theory can be repeated for QCD. We add a mass term,
Ly, = —m(¥)p, to the massless Lagrangian £y; through the mass operator, (1), at a scale

M. 1If we consider the Green’s function of n (anti)quark fields (since (anti)quark fields occur in
even numbers one could also set n = 2n’), it obeys the CS equation,

(80537 + 80) g+ mala) 4 2oy ) GO (pidig Mom) 0. (4169

The RGE for the running mass is

W
@M with (M) = m. (4.170)
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Running mass at one loop

Specifying the anomalous dimension of a local operator at one loop (4.158) to a mass operator, we
obtain

0

’qu—MaM

(02 — dgq) - (4.171)

From eq. (4.104) we know that

5y = —Z—;CFCF <2 - ;l) (M2)22, (4.172)

where ( is the gauge-fixing parameter, and the analogous definition (4.177) in MS. Let us define
the insertion of a mass operator 1) as

o
e _ 1 at ¢®=-—M> (4.173)

In order to compute dg4, we need to compute the one-loop corrections,

x@x - [ e P i e T (g0 -0%),

i 'y 2

in an arbitrary gauge. Then, in order to compute the UV pole, it is enough to take ¢ > p, k. One
obtains (— Exercises)

wh‘l Pe: 1 F(Z—d)
¢ = g?Croij[d— (1 - _ 2. 4.175
FCrtsl=(1-0l o (1175)
Thus, the counterterm is
T(2-4¢

bgg = —d— (1= Q)] CFZ;(A;)QE;. (4.176)

In MS, s
Ogg = —[d— (1= ¢)] CF* — () (4.177)

As expected, in the anomalous dimension 7, the gauge—ﬁxmg terms cancel,

0 o o T(2- %)
Vag = M 57 (02 = 0gq) = (d — 1)CFEM87MW
T(2-—4¢
—o(d— 1)CR2s (d_2) re-3
4 \ 2 (M2)?~3
r3-4
= —2(d - 1)Cr 6%
7 (MQ)Q_E
d—4 Qg



Thus, the RGE for the running mass yields

dm L
a = Yg4(g)m
- 2
— —GCFMWL.
47

2
with t = 3 log (]\52> and m(M) = m. Thus,

dn _6Cr
m 47

m O 5(Q?) dlog (‘p

In order to solve it, let us take the one-loop running of the coupling,

d@s 50 _9 d&s

dlog (—p?/M?) 47 as
Replacing it in the RGE for the running mass, we get
dm  3Cp das

m_ﬁﬂ ds’

which can be readily integrated

0a(Q?) )

(@) = (5

M2

Bo
=——a;, = — :—Easdlog

_p2

M

).

(4.178)

(4.179)

(4.180)

(4.181)

(4.182)

(4.183)

Note that for Q2 > M?, a,(Q?) < as(M?) and thus m(Q?) < m, i.e. the running mass decreases

at larger momenta.

4.7.3 Non-renormalisation of the local operator of a conserved current

Finally, we may consider the one-loop gluon corrections to the quark-photon vertex. From the —

Exercises on the colour algebra,

§
Ag ""Fk
3

we expect that the one-loop corrections are just proportional to C'r. We can determine the UV-
divergent part of the quark-photon vertex, by using the computation of the quark-gluon vertex

(— Exercises)

/égix K&Y
-2 ’ 2 T
= Z@Qq (4€T)ZCF (

(—¢%)
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The renormalised quark-photon vertex is given by

)& A é (4.185)

iquFM(QQ) = Z'thﬂuéFle(qz) + ieQq" 01 (4.186)

The counterterm is fixed by the off-shell prescription like we have done for the quark-gluon vertex,

Fu‘qzszQ =0 = 6% = - 6Fle(q2)‘q2:_M2 . (4187)
Thus for the counterterm we obtain
2 d
g ( - 5)
0f = — Cr 4188
1 (471')2 (M2)2 g ’ ( )

which is equal to the counterterm Jy of the quark self-energy, 6¢ = d2 (as expected, since we had
seen in the previous lecture that the “Abelian” part of the counterterm d; for the quark-gluon
vertex equals ds).

Further, since there are no gluon corrections to the photon self-energy at one loop, we must have
that 63 = 0. Thus, the electric charge has no QCD corrections at O(as): at one loop, gluons cannot
make the electric charge renormalised.

More formally, we can write down the Green’s function for the quark-photon vertex,

P!
G(Qq”Y)(pl)p%Q) = /k +AE§ S

2 2
=1eQq + ieQyBlog < A > +ieQq0] +ieQ)q Z <A log < Ap ) - 52) . (4.189)

i=1 ?

The CS equation is
0
(29,7) —
[ o+ 2020 )} G 0, (4.190)

0
since at lowest order a—G(z‘m) =0, i.e., the 8 function does not appear. Using the Green’s function

g
above, the CS equation becomes

J . 19
And thus,
8 . B
M 577 (01 = 02) =0, (4.192)

which is identically fulfilled since ] = d2.

Note that in the same way as we have examined the mass parameter, we can compute the insertion
of a quark current j* = gy*q, which, being conserved, must have null anomalous dimensions. In
order to do that, we must replace the mass operator insertion 1 with +*. That is what we have
done in computing the corrections to the quark-photon vertex. In fact, we found that 07 = d2, and
so the anomalous dimension of the quark current vanishes,

0

7 (62— 01) = 0. (4.193)

Yavg = M 57
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4.8 ete~ — hadrons

We shall consider now the cross section for ete™ — hadrons as an example of a physical quantity
and we shall consider its behaviour under a change of renormalisation scale. Using the helicity
amplitudes for ete™ — pu*p~ introduced previously, we can compute the cross section for ete™ —
qq (— Exercises)

1
o

47Ta
otot(eTe” — qq) N ZQf’ (4.194)

where the factor N, comes from the sum over colours. Let us include then the one-loop corrections,

Note that both real and virtual corrections contain infrared divergences, when the gluon becomes
collinear and/or soft, and we shall come back to them. However, the divergences cancel out in the
total rate, that we quote to O(as) (please see Exercises),

47 o2

Giot = 5N ZQf (1+ % +0(a?)). (4.195)

1
The typical time of the ¢q pair creation is 7 ~ 7; on the other hand, the typical virtuality of
S
1
the (anti)quark emitting the gluon is p?. Thus the time scale of the gluon emission is 7 ~ —
pLg
If p1gy < /s, the gluon will be emitted in the far future and cannot affect substantially the hard

scattering (it only affects the details of the final states). If p |4 ~ /s, the gluon is hard and provides
a finite correction to the leading order rate. So, only high-momentum gluons contribute to the total
rate.

Since the total rate depends on ay, we must specify a renormalisation scale. We are interested in
the high-energy limit, where the quarks are treated as massless. We have already seen that in this
case, the on-shell prescription leads to mass divergences. So we would rather renormalise oy at a
large scale. However, we shall choose that scale to be time-like. This leads to infrared divergences,
which we shall discuss later. We write the total cross section as

4
owt(ete™ = qq) = oof, with o9 = —ﬂa—N ZQf, (4.196)

and f is a dimensionless function. Since the quarks are taken as massless, the only scales are
the centre-of-mass energy /s and, because of the UV divergences, a renormalisation scale M, so
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s, —= |. But the scale M is arbitrary, and physical observables, like o4y, do not depend
M
on it. This leads naturally to the CS equation,

d o) o)
M f = <M8M + B(9) g) f=0, (4.197)

without v functions, since the external legs are on-shell and are not to be renormalised. Note that
since f is a physical quantity, it is gauge independent, and so must be the § function.

Note that a physical quantity, f,4ys, which involved the insertion of a mass operator, would obey
a CS equation,

(80557 + 800) 55+ 200y ) Fnwe ()i M) = (4.198)

Then, just like 5(g), also the anomalous dimension 7, of the mass operator must be gauge invariant.

The function f in eq. (4.196) can be expanded in the strong coupling constant a,

s
7 (as(01?), W) —1+0 (M2) as(M2) + Cy (M2) a2(M?) + ... (4.199)
The RGE for the coupling (4.121) has the solution (4.123), which can be expanded as
Go(s) = as (1= Pa 08 (i) o). (4.200)
a7 M?

Since o4y is a physical observable, and thus an invariant under a change of scale M, so is f, which
implies that

S _
f(@1?), 75 ) = f (@), 1) - (4.201)
Thus we may take M? = s in the expansion of f, and using eq. (4.200) we have
flas(s),1) =14 Ci(1)as(s) + Co(1)az(s) + ...
— 1+ 01 < - @oﬁ log (A%)) + Oy(1)al(s) + 0(ad) (4.202)
S
—1+0 <ﬁ>as+02 (155) o2+ 0(ad).

which entails that

o () -0
C(A;) C’g()—f—frcllog<%>. (4.203)

Let us comment on the physical meaning of this result. In e™e™ — hadrons, the quark-photon
vertex occurs. We have seen that the conservation of the quark current implies that the anomalous
dimension of the quark-photon vertex vanishes (4.193). Further, at one loop there are no gluon
corrections to the photon self-energy d3 (non-renormalisation of the electric charge at one loop),
which implies that the solution to the CS equation for o;,;(e™ e~ — hadrons) has a constant O(a)
coefficient, C1. However, the expression for Cy implies that beyond O(as) the solution to the CS
equation contains large logarithms, due to the running of the coupling.
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s

The expansion f =) Cy(1)a}(s) converges much more quickly than f =5 C, (%) a(M?)

because the large log (s/M?) have been resummed in &(s), just like we saw for the solution (4.84)
of the CS equation for the 2 point function. So yet another example that the CS equation allows
for a better re-organisation of the terms in the perturbative series.

We can write the solution (4.122) for the running coupling as

P 1 Bo s
as(s)  ag(M?) + glog <W) : (4.204)

Suppose that we take M? so small that 1/a,(M?) becomes negligible. Then we define M? = Aéc D
as the scale where that approximate relation is an equality,

! —@10
as(s) 4w &

> . (4.205)

2
Agep
Agcp is in the non-perturbative regime, and it is usually taken to be a few hundred MeV.
Example: Suppose we want to compute the R ratio,

o(ete™ — hadrons)
R= . 4.206
olete™ = utu~) ( )

After the O(a,) corrections, we can write

R(as(s)) = Ro <1 + 0‘755) + O(ag)) . with Ro=N.) QF. (4.207)
f

If we take Agcp = 300 MeV and /s = M, ~ 91 GeV, i.e., we compute R at the Z; mass, then

s 31
log [ ——— | =2log <> ~11.5. (4.208)
(AéCD> 0.3

For 5 quark flavours, 5y = 23/3 ~ 7.66, then

M2 4
as(M:) _ ~ 0.045, (4.209)

T Bylog <MZ2/A%CD)

which is close to the measured LEP value.

4.9 Couplings With Different Numbers of Light Quarks

In the example we have just considered, we have taken the R-ratio (4.206) with 5 flavours of light
(i.e. massless) quarks. Why can we take the quarks as massless? We suppose that the quark mass
m is much smaller than the square root of the center of mass energy s = Q2. So we can take the

78



mass as a perturbation, as we have done in sec. 4.7.2 with the mass operator, and write the R-ratio
as an expansion in the quark mass,

m(@2>)’“ O (05(Q%), m(Q%) (1.210)

Q omk ’

m=0

R (as(@%), m(@) = R (as(@%) + 3 1 (
k=1

where R (as(QQ)) is given in eq. (4.207), and we have used the shorthand @ = \/@ For m <« Q,
the derivative terms above are suppressed by powers of m/Q. The R-ratio is a physical observable,
so it fulfils the CS equation (4.198), whose anomalous dimension g4, though, yields a running mass
which varies at most with powers of log(QQ): it cannot offset the power suppression of powers of
m/Q (in fact, as we have seen in sec. 4.7.2, it leads to a further suppression). So we are fully
justified in taking the quark as massless for m < . That is why for @ > m; ~ 4.5 GeV we
consider ny = 5 massless quarks, and thus the running of o for Q > my, is computed with ny = 5.
Conversely, for ) < my, the running of a;, should be computed with ny = 4.

The top quark has mass m; ~ 173 GeV. At a scale () much below 173 GeV, the effects of the top
quark are suppressed by powers of QQ/m; and we neglect them. But when @ > my, the running of
o should be computed with ny = 6. At the scales M 2= mg and M? = m?, we add a heavy quark
and the running changes slope, but we should require that in those points as(Q?) be a continuous
function of Q2. We use eq. (4.204) for the running coupling with M? = m?, and define af(Q?)
in terms of By (4.120) with ny = 6 for Q% > m?, and a; (Q?) in terms of B; with ny = 5 for
Q? < m?. Then eq. (4.204) with Q? above and below m? implies that

+ 2 - 2
Lo ! _%bg <Q2) b By, (622) (4.211)

as(mi)  ag (Q?) my as (Q?) Anm my

But 8§ — B, = —2/3, so

I | 1 Q?
e () S
ie. ‘_(Q2)
—+ 2\ Qg
8 2
6 m;

thus the running changes slope at Q? = m? through a step-function in its derivative da,/ dt, which
develops a cusp in the running of a, that makes it suddenly less steep.
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Chapter 5

Infrared Divergences

In the previous chapter, we have dealt with the renormalisation of the UV divergences, which occur
in the short-distance behaviour of the quantum corrections to the quantities that we compute in
a field theory. In renormalisable theories, like QED and QCD in four dimensions, UV divergences
may be consistently put aside through the renormalisation procedure, and are in a sense harmless.
In this chapter, we shall deal with the behaviour of QED and QCD when infrared (IR) singularities
occur. By IR singularities, we mean the soft divergences which occur when the momentum of one
gluon or two or more partons become vanishingly small, and the mass divergences which occur
when the momenta of two or more partons become collinear. Differently from UV divergences, the
IR divergences are physical singularities, related to specific kinematic limits of particles involved in
scattering processes, and cannot be put aside. They can be canceled, though, for suitably defined
physical quantities, which are thus termed infrared safe.

We shall see that the operator product expansion (OPE), which as a short-distance expansion
benefits from the renormalisation techniques that we have developed for the UV divergences in the
previous chapter, is also very useful, as a light-cone expansion, to analyse the collinear divergences
which occur in DIS. Although the collinear divergences are of a very different nature from the UV
divergences, what they have in common and allows using for both an OPE is that they are localised,
the UV divergences in the space-time and the collinear divergences on the light cone. Instead the
soft divergences, which we will deal with anecdotally in simple specific cases, are not localised in
space. Thus, their systematic analysis is more difficult, and beyond the scope of these lectures.
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5.1 Final States in e"e~ — hadrons

In the previous chapter, when we discussed the O(ay) corrections to the cross section for ete™ —
hadrons, we said that both real and virtual corrections

contain IR divergences, when the gluon becomes collinear and/or soft. However, the divergences
cancel out in the total rate. We argued that it is so because the typical time of the ¢q pair creation
is 7 ~ 1/4/s, while the time scale of the gluon emission is 7 ~ 1/p 4. Thus, if p; 4 < /s, the
gluon is emitted in the far future and does not affect substantially the hard scattering, while, if
P1lg ~ v/, the gluon is hard and provides finite corrections to the leading-order rate.

We should now substantiate those statements. Firstly, what about computing the O(a;) corrections
to eTe™ — qq, by just considering the O(ay) corrections to the quark-photon vertex? The quark-
photon vertex behaves just like the electron-photon vertex that you studied in QFT I, in that it
displays an IR divergence, when the loop momentum vanishes. In order to expose it, one can
add a fictitious photon mass u, like we did for the quark self-energy and write the vertex in the
limit of small loop momentum £k, then the O(a;) corrections to the electron-photon (or the O(as)
corrections to the quark-photon) vertex are (please see Exercises)

=g (m(22) )

4m? d
where 8 = (/1 — %, €=2— 3 and m is the quark (or electron) mass. The expansion in e displays
q
the IR logarithm log (q2 / ,u2). Further, in the small mass limit,

1 1 2
nlligo 3 log <1—_Fg> = log (;) , (5.2)

and the O(ay) corrections to the vertex become

§F1(¢%) = —%log <§;> <1 + log <ZZ>) + fin. (5.3)

The second logarithm log (q2 / mQ) is due to a mass singularity or collinear singularity.

5.1.1 Soft-Gluon Emission

As we said in the introduction to this chapter, differently from the UV divergences, the IR diver-
gences cannot be put aside through a renormalisation procedure: they are there to stay. Let us
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then examine the emission of soft gluons from the quark-photon vertex (or of soft photons from
the electron-photon vertex),

) (ierm) + (—ierﬂ)migtw> w()e k), (5.4)

iM=a(p) (i

where, like for the vertex corrections, we keep a quark (or electron) mass. As k — 0, we may just
keep the O(k") term in the numerator, and simplify (p + k)2 — m? = 2p - k,

ptm p+m
M -

Mo = galp) |~/ ier) + (ier) S0 ). (5.5)

Use Dirac equation to write

u(p)¢(k)(p+m) =u(p)[(—p+m)f +2p-ef =ulp)2p- e (5.6)
Thus, the soft-gluon emission factorises

M = =g (A L) aippet eyt 57)

Now, we consider soft-gluon emission in e™e~ — hadrons. In order to simplify matters, we just take
the virtual photon creating a qg pair. Neglecting the soft gluon in the momentum conservation,
*q—p—p — k) ~6*(q—p—7p), the rate for soft-gluon emission factorises into the non-radiative
rate times a soft gluon factor,

pe(k) pek)|

p-k Pk

o Tr(t9t%) / ( d3k (5.8)

N. 27)32k0

dosopt(v* — qqg) = do(v* — qq)g

The averaging over colour is done because an N, factor already appears in do(y* — gq). Then,

Uk p p/ pl/ p,y
= S et (k) (R) <p T gk) (p . k> , (5.9)

i

where the sum is over transverse polarisations. However, as we know in the case of one gluon only,
we can use the Ward identity and replace >, €'/ .(k)e'l% (k) — —g"” and we obtain

p-ek) poe®)|* L pu P PP
p-k Pk g pk p-k)\pk p-k
2p - p/ m? m?2

TRk RE R

(In case you are not convinced, you can check that you get the same result by using eq. (3.79)). So
the rate for the soft-gluon emission becomes

(5.10)

A3k ( 2p - p/ m? m?
(

27920 p-k)(p"kf(w)f<p'.k:>2>' (5:11)

dosori(v" = qag) = do(v* = ¢4)g°Cr / (
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The phase-space measure is

(2m)32k0 872 27
As k* — 0, the gq pair yields two back-to-back particles. We may go to the rest frame of the ggq
pair, and approximate the kinematics as,

p= (p0707075p0)7 p/ - (p070707 _Bpo)v (513)

2 4Am?2
-2~ 1-2 =5, (5.14)
Py q

2 2
9 p = ¢? — 2m? = 4p? <1—”;>,
q
p -k =poko(l — Bcosh), (5.15)
p' -k = poko(1+ Bcosh),

3 0.0
'k ik dﬁdcos@. (5.12)

with

Then,

where (p + p')? ~ ¢%. So,

2m?
42<1—>
2p-p/ _ Po e
p-kp' -k pEk3(1— B%cos?0)’
4 om2\ 1 1 1
=2\l ]5 5.16
k%( q> >2<1—Bcose+1—|—50089>’ ( )

after partial fractioning. Further,

m? B m? B 4m?
(p-k)?  pgkg(1—Beosd)?  ¢kg(1 — Bcosh)?’
m? _ m? B 4m? (5.17)
(p' k)2 peki(1+ Beosh)?  ¢2k(1+ Beosh)?’ ‘
So we can write the integral as,
/ A3k 2p-p B m? B m?
(2m)32k0 \p-kp' -k (p-k)* (0 -k)?
1 VAR ! om?\ 1 1 1
= 4/ — deosd | (1) 2 +
872 Jun kY J 4 q> ) 2\1—Bcosf 1+ Bcosb
2 2
m 1 om 1 ] (5.18)
¢ (1 —PBcosh)2  ¢2 (1+ Bcosh)?

The integral over cos @ is easily done, and the upper limit on k" is obtained from taking p and p’
at rest, then Max(k®) = \/¢q2 — O(m). Thus,

d3k 2p.p/ m?2 m2 B 11 q2 . 1 148
/ (271')32k0 <p‘ kp' -k o (p- k)2 o (- k)z) =525 (log (M%{) + on) (5 log (15)( 1>)
5.19
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So the rate for soft-gluon emission becomes

. . A 2 ) 1 1+
dosoft (V" — qqg) = do(v* — QQ)%CF (log <MQ%R> + fm-> (ﬁlog <1_g> - 1) , (5.20)

which displays an IR logarithm, log (q2 / ,u%R). Further, the dependence on § is exactly the same
as for the electron-photon (quark-photon) vertex, and at m — 0, we get a collinear logarithm,
log (q2 / m2). Had we worked out the soft-gluon emission in d = 4 — 2¢ dimensions, we would have
obtained,

2

douop(s” = aag) = ot a2 Cer( (;2) (Jre(155)-1). 62
R

So, if we take the sum of the O(ay) corrections to the quark-gluon vertex in the IR limit of small
loop momentum and the rate for soft-gluon emission,

dosort(v* — qag) +2Re(6F1(¢?)) do(v* — qq), (5.22)

we see that the IR logarithms cancel (in fact, we know the sum above when computed exactly for
the total cross section o(eTe™ — hadrons), has a finite residue: a/m).

5.2 Semiclassical Theory of Radiation

A few remarks are now in order. Including the leading piece of the O(«) corrections to the electron-
photon vertex, we may write

' o 2 2
Fi(¢?) ~ —iey* (1 ~ 5 log (:12> log <Z2>> , (5.23)

which is negative and, as p? or m?

exponentiates,

vanishes, infinitely large. Beyond O(«), this contribution

2 o a 7 ¢
Fi(q°) ~ —iey" exp —%log ) log 2)) (5.24)

2

and vanishes as p? or m? vanishes.

We may think of it as yielding the probability of not emitting photons. As the photon energy goes
to zero, so does that probability. In fact, this is an expected behaviour: from the classical theory
of radiation, we know that the angular distribution of soft photons is the same as in the rate for
soft-gluon emission (5.11). Also, we know that a charged particle moving in a force field radiates;
the radiation intensity per unit frequency, I(w), becomes independent of the frequency w of the
emitted radiation, as w — 0 (see section 15 of Jackson’s “Classical Electrodynamics”),

dI
lim — = 0. (5.25)



In a semiclassical approach to the theory of radiation, by the correspondence principle, we interpret
I(w) as the mean number n(w) of photons emitted times the energy fuw of the single photon,

I(w) = hwn(w). (5.26)

Then, I(0) ~ hiwn(w), and we see that the number of photons emitted in the interval, wy < w < wy,
diverges logarithmically as wg — 0,

/0:1 dw n(w) =~ I(;S) log <:;> . (5.27)

Hence, we may expect that the probability of emitting infinitely many photons is finite as w — 0
and conversely, that the probability of emitting any finite number of photons vanishes as w — 0.

In particular, in the semiclassical theory of radiation, it was known that the probability of scattering
of an electron in a Coulomb field with emission of a single photon in the interval wy < w < wy
diverges as wg — 0, a result known as infrared catastrophe. This problem was solved by Bloch
and Nordsieck in 1938, in the way described above. This is mirrored by the IR behaviour we have
observed.

In the quantum theory, we may say that if A is the energy resolution of our detector, photons with
energy smaller than A are not observable. Then, the probability of creating a photon with energy
below A is given by,

A% \©
A" > s = 40" > ) 500 (o) (Gros(755) 1), 2

and the probability of not observing a photon with energy below A is given by,

(14 2Re(6F1(¢*))o(v* = qq) + /do’soft(W* — qq7) .
EO<A

. ~ a. A% /1 1+7
=o(v" = qq) (1 + p logq—2 (Blog (15> — 1)) ,  (5.29)

where the O(a) correction is finite, although negative, since log (A?/¢?) < 0. For many soft
photons, the O(«a) term in eq. (5.29) exponentiates, and vanishes as A — 0. Thus, we see that in
QED the Born cross section, or any low-order correction to it, may be a very good approximation.

5.3 Jets in e"e” — hadrons

In order to continue our study of the final-state structure, and understand better the nature of the
collinear singularities, we introduce the definition of a jet, as a cluster of particles whose invariant
mass does not exceed a fixed value J2. For a 3-particle final state,
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we have 3 jets if all invariants s,,/, sk, 5,/ are larger than J 2. we have 2 jets if at least one of them
is smaller than J2. We introduce the dimensionless parameter, y = J2/s, where s = (p + p' + k)2,
and we study the 2-jet phase space. Let us suppose that the quarks are massless and that

spp < J* = 2p-k=2p"k"(1 — cosh) < ys. (5.30)

Let us suppose that the gluon energy is negligible. Then,

0~ \2[ = k%1 = cosh) < yv/s. (5.31)

Then we have two options,

3 ko > y+/s
<z’>{k°<yf @l s (5.32)

—1<cosf<1 1——<cos€<1

(i) corresponds to a soft gluon, (ii) corresponds to a hard collinear gluon. Of course, sy < J?
yields the same contributions. Let us recall from the previous lecture that the rate for soft-gluon
emission, in the massless quark case, is

. .20 Vs k0 dcos
dosose(7v" — 4a9) = do(7" — qa)— CF/O / [y (5.33)

which features a soft singularity as k% — 0 and collinear singularities as # — 0, 7. Since the integral
yields the same result in the two hemispheres, we can define the O(ay) corrections to the 2-jet
rate by doubling the outcome for one of the two hemispheres. Fixing the Born cross section as
oo = o(ete” — qq),

1

L 5.34
000'2 jet (5.34)
_day, /ngko ! dcosf +/ﬁdko/l dcosf /f dko/ dcosd

r 0 KO Jo 1—cos?0  J, 5 KO Ji Ly 1—cos26 1—cos26

where the last term is the virtual contribution of the quark-photon vertex, in the soft-gluon and
massless quark approximation. We may combine the first and last terms and obtain,

1 dag Vs dk® 1 dcosf Vs qrd ! dcos@
- T2—jet = Cr|— 70 T o2 T 70 T _ cos2f (5.35)
00 yvs kY Jo 1—cos*0 yvs K 1_%51—6059
and combining these terms,
1 4o Vs k0 1_yk\6g dcos@
—O02—jet — — CF/ O/ T 9" (536)
o) T oz KV Jo 1—cos?6

Now

/1_%5 dcosd 1/1 yk\ofd p 1 . 1
—_— == cos
0 1—cos?6 2 ), 1—cosf 1+ cosb

_ _710g <y\[) Ffin (5.37)
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So,

1 20 V5 qk0

—02—jet = aCF/ =0 (log <yf> + on)

0o T u/E k

As
= ——Crlog*(y) + O(log(y))- (5.38)
Thus, in the soft-gluon approximation, the 2-jet rate is
Qs

02-set = 00 (1 = ZCrlog(y) + O(log(y)) + O(a?)) . (5.39)

Since,
Otot = 02—jet T O3—jet + Td—jet + -y (5.40)

we may get the 3-jet rate by subtraction,
o
O3—jet = ao?st log?(y) + O(log(y)) + O(a?). (5.41)

As y becomes smaller, 03_je; > 02— jet; this signals that the approximation is not good enough and
higher-order terms are necessary. Eventually, as y — 0, the logarithms log(y) must be resummed.

5.3.1 Sterman-Weinberg Jets

We now give an alternative definition of jets, perhaps less practical, but physically more clear and
in fact, historically the first definition of a jet: an event contributes to the 2-jet cross section if we
can find two cones of opening angle § that contain all the energy of the event, excluding at most a
fraction € of the total energy (Sterman-Weinberg). We distinguish three contributions,

e S . p
g, I .

a) the virtual cross section contributes to the jet cross section, irrespective of the value of ¢ and
J; b) soft-gluon emission contributes to the jet cross section, when the energy of the soft gluon
is k0 < €y/s; c) collinear-gluon emission contributes when k° > €/s, but the emission angle with
respect to the (anti)quark is less than 4.

The contributions are

20 V5 Q0 dcosf
0o == 00— CF/O / T cos? 9’ (5.42)
2a Vs dk:o dcosf
& C — _ 5.43
o= F/O KO /11—008207 (5:43)
20 Vs g0 1 dcos@ cos(m=0)  qcos
=00 g deost _CesY | 5.44
e =00 F/\/g kO [/COS§1—60520+/_1 1 —cos20 (5.44)

Note that for e =1, or for e =0 and 8 = 0,7, o + 0. = —04.
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Then the 2-jet cross section is

02—jet = 00 + Oq + 0p + O¢

2006 Vs qg0  peosd) dcos 6
=oo |- 7rCF kO 1—cos?0
€V's cos(m—9)
4
= 0y (1 _ 2 Crlog(e)log <g>> ) (5.45)
T

after expanding cosd ~ 1 — % + ...

As you may have noted, there is an overlapping region in phase space, where the gluon is both soft
and collinear. If we regulate the divergences in dimensional regularisation, in d = 4 —2¢ dimensions,
the IR divergences will show up as 1/e poles. In particular, the emission of a gluon which is both
soft and collinear will yield a 1/¢? divergence in the phase-space integral, while a gluon which is
soft but emitted at a wide angle, or a gluon which is collinear but hard will yield 1/e divergences.
As we will see, a very important feature of the IR emissions is that they are universal, i.e., they do
not depend on the specific scattering where they occur. This is crucial when we compute IR-safe
cross sections, and wish to organise the cancellation of the divergences in an efficient way.

5.4 Infrared-safe Cross Sections

In the previous lecture, we have seen that the soft and collinear singularities cancel in the total
cross section for ete™ — hadrons. In fact, this is a general feature of the scattering of non-coloured
partons, so leptons and photons, provided the production cross section is defined inclusively, i.e. the
final state F' is produced, F' being an ensemble of jets and/or heavy particles, allowing though for
the production of additional radiation X. We call the inclusive cross sections defined so, infrared
safe. To be concrete, suppose that we want to consider the inclusive cross section for ete™ —
3 jets. In the measurement, we count in all events with at least 3 jets, which pass our selection
criterion, supposing that in any event there is additional undetected radiation. In the computation,

\ (
¥ :
Figure 5.1: ete™ — 3 jets: O(as) corrections.
we consider final states with 3 particles that pass our selection criterion and form 3 jets; final states
with 4 particles which either cluster into 3 jets or form 4 jets; final states with 5 particles..., and
so on. To each order in a one must include the appropriate virtual corrections, in order to cancel

the IR divergences.

When the scattering includes coloured partons, i.e. quarks or gluons, in the initial state, IR
divergences still cancel in the final state for inclusive cross sections. However, mass singularities
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Figure 5.2: ete™ — 3 jets: O(a?) corrections.

survive, which are associated to the collinear emission from the initial-state partons. We want
to consider then the parton evolution associated to the collinear emissions in QCD. As the same
pattern of collinear emissions occurs also in massless QED, it is easier to consider it first in this
case.

5.5 Parton Evolution in QED

In sec. 4.2, we saw that the quark (electron) self-energy, computed in an on-shell renormalisation
scheme, displays a mass logarithmic divergence when the quark (electron) mass vanishes. In sec. 5.1,
we saw that the same occurs with the virtual corrections to the quark-gluon (electron-photon)
vertex, and with the emission of a soft gluon (photon) out of that vertex. That mass logarithmic
divergence, of O (a log (%—22)), will yield contributions of O (a” log™ (%)) in the case of the

emission of n collinear photons. We wish to examine how this happens.

5.5.1 Weiszacker-Williams Photon Approximation

Consider the collinear splitting on an electron on its way to a high momentum-transfer scattering,
displayed by the shaded blob. The mass divergence occurs when the exchanged photon or electron
is almost on shell, i.e. when the denominator of the exchanged propagator ¢> or k? vanishes.
Let us see how to deal with the polarisation of the exchanged particle in the numerator of the
propagator. In the electron case (diagram on the right-hand side), the numerator of the propagator
F=>,u*(k)u*(k) will be made of on-shell spinors u®(k) when k* — 0, as we shall see later.
In the photon case (diagram on the left-hand side), the numerator of the propagator is given by
eq. (3.77), g = 67[6;* + e;ej* > eiuej’fl}, thus in principle one must take into account all the
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- oy " : " . : “?i)'
photon polarisations. But €} (q) = N so the contraction of ¢/ (¢) with the amplitude
q
9

yields zero by the Ward identity, and the contraction of €*(q) with ¢ ~* yields zero by the Dirac

equation, ¢ = p—k = u(p)gu(k) = 0, thus we can consider only transverse polarisations in

_,L'g,u,z/ i Zz 6iluelfu
2

the propagator 7 =
q q

, as if the exchanged photon were real.

€] .ﬁ
Consider the vertex o , where the photon is virtual, but almost on shell. We take the
momentum p = (p,0,0,p) for the incoming electron, and the parametrise the momentum of the
outgoing electron as k = ((1 — 2z)p, —p/1,k*). The requirement that the outgoing electron be on
shell k2 = 0 implies that
al

k= (1 — — L Lot 5.46
i.e.,
. Pl
k= ((1 —2)p, =1, (1 —2)p— 2(1—2’)p> . (5.47)
By momentum conservation, the photon momentum is
ri
g=p—k= <zp,]5}_,2p+ 2(1—2)p> : (5.48)

Note that the photon momentum is off-shell by

z
1—2z

¢ =-pi -

Pl +0(l),

pi 4
= — (@) )
T—. (r1)

Note also that the photon virtuality is space-like, as it is appropriate to an initial-state collinear
emission.

On the massless electron line, helicity is conserved, so we may consider the amplitude,

iM = ur(k)(—iey")ur(p)el . (a), (5.49)
. . . . . 0 ot .
As we have seen in the — Exercises, in a chiral basis v = Gn o ) We can write ur (k) =
e (6(R) —5
k+ < 0 ), with £(k) a 2-spinor (k) = f+ . So

aubiuse) = VT 0 e w) (0 ) (0)). (5.50)
= VREPRE (R ). (5:51)

The transverse polarisation has no zero component, so
€4 (k)a"€(p)eL,(a) = €F (k)a'€(p)el (a). (5.52)
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So the amplitude is

iM = (—ie)y/2pV/2(1 — 2)ps™ (K)o '€ ()€ (a). (5.53)
For our parametrisation,
. o
) =(0).  ew=|"20-2p) (5.54)
1
The transverse polarisation must be such that € (¢)-¢ = 0 and €’ -e; = —1, so we can parametrise
the polarisation as
1
el =—(0,1,44,¢€%). 5.55
LR,L(Q) V2 ( ) ( )
Then,
eir-q=0 = —(p—ip2) = (z2p+O(p)) =0, (5.56)
and so,
z __ _ﬁ 3
€ = o + O(p7). (5.57)
Thus, we get
* 1 . pL
E'liL(q) = ﬁ <0, 1,'L, _zp> . (558)
and analogously,
1 . ph
¢ (q) = —= (0,1, —1, —i> . 5.59
"r(a) /2 < D (5.59)
Now, let us consider a R-handed photon,
T(k)o'é(p)e’ = &M (k <01 —io? — J‘U3> , 5.60
§"(k)o"s(p)elr(q) \/55 (k) o ¢(p) (5.60)
but
1.2 _ 00 _
o —ic* =20, =2 1 o) and a1&(p) =0,
S0,
, , 1 pY D1 1 0 0
+ k % i% — I 0 S R o 1
e Wo'eeat =2 (<52 1) (o %) ()
PL
= ) 5.61
Voo (5.61)
Thus,
_ . Pl
ur(k)y*ur(p)el gu(q) = v/2pv/2(1 — 2)p—=
V2zp
2(1 -z
_VAZE) . (5.62)
z
Finally, the amplitude is
. _ _ V21 —-2)
iM(e, = e VR) = —ze(z)pr (5.63)
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For a L-handed photon,

€ (DS (o) = 540 (o8 +i0 - oo*) (o) (5.64)
with
0'1+’L.0-2:20'J_:2((0) é)
So,
. pL oy _pL (O
<01 +io? — Zpa?’) E(p)=2 (0> " <1) , (5.65)
and thus,
2
& Wo'sern@ = 5 (5 1) (m)
zp
R U
= 507 (5.66)
So
(k) ur(p)et 1, (a) = v2pv/2(1 - 2) \}iz(lpjz) (5.67)
and the amplitude is /s
iM(e, = e L) = iez\/12—7sz . (5.68)

By parity invariance, we obtain the same result if all the helicities are reversed. The squared
amplitude, averaged over initial helicities, is

1 3 226t 14 (1 - 2)?

- E M — = , 5.69
2 [Me e )| z2(1—2) z (5.69)

hel

where the factor 1 in the numerator of the second fraction comes from e; — e} yr and e — epr,
while the (1 — z)? factor comes from e; — e vg and e — ep7VL.

Now we can compute the cross section for the scattering eX — eY. Let us assume that X be
massless, and take its momentum as px = (Fx,0,0, —Ex). Then

1 d3k 5

where s = 2p - px = 4pFEx, and where dIly is short-hand for the Y phase space,

dgky. 4cd
[y = —_— P, +k— — . 71
dITy |Z| @r)72E, (2m)%0 % i T Px — P (5.71)
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The amplitude in eq. (5.70) factorises as

1
IM(eX — eY)|? = 5 D [(M(em = e_'y)|2(q2)2 IM(yX = Y)] (5.72)
hel
Now, d3k = d?p| pdz = mp dpi dz, and we can spell out o,
1 Wpdzdpi 1 _ o] (1 =2)? / 2
o(eX —eY) = / — M(e™ —e dlly (M(vX — Y)|°.
(5.73)

Note that s,x = 2¢-px + O(p?) = 4pExz + O(p? ). Neglecting the O(p? ) contributions, we can
set

1
(VX 2 Y) = o - /dHy\M(fyX —Y)]? (5.74)
Y
such that
_ [dzdpf 2(1—2) |1 _ _ 2
o(eX = eY) = / e |2 ; Ml > eNR|lorX 5 V). (5.75)

Now we can substitute the amplitude and we obtain

s d 2 1 1 1— 2
oeX —»eY) = il PL dZMO'(’YX —Y), (5.76)
21 2 pi 0 z

which exhibits a logarithmic mass singularity. This is also known as Weiszacker-Williams (WW)
photon approximation.

The cross section for the eX — ~Y scattering can be computed accordingly.

Parametrising the momenta of the incoming electron and of the X state as for the eX — eY
scattering, we take the photon momentum as

q=(2p,P1,q°), (5.77)

and the on-shell condition, ¢? = 0, yields

, i
q= <2p, P, 2p — 2Zp) : (5.78)
By momentum conservation, the outgoing electron momentum is
2
R (RE TS ey (5.79)
which is slightly off-shell,
k* = it +0>(t). (5.80)

z
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However, to lowest order, the spinor £(k) and the transverse polarisation €] (¢) do not change,
so the amplitudes M(e; — e;yr) and M(e; — e;~vr) are the same as the ones computed in
egs. (5.63) and (5.68) for o(eX — €Y'). The cross section is

B 1 dq 2
oeX =»7Y) = 5 dpEx / )20 /dHy|/\/l(eX —7Y)|%, (5.81)
with 1 1
2 _ 1 - — N2 2
IM(eX = ~Y)]? = 2Zw(e — e )| G IM(eX = Y)|2 (5.82)

hel

Note that sex = 2k -px + O(p%) = 4(1 — 2)pEx + O(p%). Neglecting the O(p? ) contributions, we
can set

1
o(eX =Y) = o /dHyM(eX —Y)]? (5.83)
eX
such that
apdzdp? 1 _ _ 22
o(eX = 1Y) = / Wi > M e )P P (1—2)o(eX =Y). (5.84)
hel

We substitute the amplitude, and obtain the same result as for the WW photon approximation,

5 d 2 1 1 1— 2
oleX »Y) = @ i dz +(1-2) oleX —Y). (5.85)
21 Jo2 pi 0 z

Because (1 — z) is the momentum fraction carried by the electron, we set 1 — z = x and we may
interpret,

« s\ 1+ a2
(@) = 5 log () (5.86)

m?2) 1—z’
as the distribution of an electron within an electron. At zeroth order, one has only the electron
which has not interacted, féo) () = 6(1 — z), so we would write the distribution as

2
o) = 61— ) + 5 10g (55 11+_“; . (5.87)

However, this expression is divergent as « — 1, which corresponds to the emission of soft photons,
and does not conserve probability, which is expressed by

/1 dzfe(x) = 1. (5.88)
0

We lack the contribution of the virtual photons; they must contribute a piece with the same final
state as the Born term, and yield a negative contribution, which lowers probability. Thus we write

folz) = 6(1 — 2) + %log (%) (1 +a? — As(1 —g;)) . (5.89)

l1—=z

1 1+x2

We must choose A by requiring that fol dz fe(z) = 1. However, in / dz T we would still have

-
a divergence at x = 1, so we must define the integrand as a distribution. Namely, for a smooth

function f(z) we require that
/1 dx& = /1 de_ (5.90)
o 0

1—$>+ 1—=x
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Then 5 1 5 1
1 -1
J Py e B PP | 1)
( 0 0 2

1—z)4

and the requirement that fol dzfe(x) =1 yields A = —%, so the electron distribution is

folz) = 6(1 —2) + % log (%) ((ffji n 25(1 - x)) : (5.92)

which is properly normalised, but still singular as * — 1. We may expect then that the region
x — 1 is highly sensitive to the emission of many collinear photons.

5.5.2 Splitting Functions in QED

We may consider then a double emission, and we suppose that po| < p1].

L
®,5

A7 3

Then the relevant denominators are displayed in the diagram above. From the integral over the
transverse momenta, we obtain

2[5 dp?, [Pirdp?, 1 2
()" [ [ e () o
27 2 Py 2 Py 2 \ 27 m

m

m

If conversely, p1; < pai,

we obtain

G [ [ = G e ) oo

m by
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We see that the double logarithm, and the largest contribution, corresponds to a strong ordering
of the momenta and so of the virtualities. This can be generalised to a multiple emission,

where p1| > pa; > ... > p,1, which yields the contribution,

L) g (). (5.95)

We may think of probing the electron distribution at larger and larger momenta, and thus at smaller
and smaller distances, since Ar ~ pll and so we may of probing how the distribution f.(x,Q?)
changes as we increase Q2.

Analogously, in the eX — eY scattering, we may interpret

gdpil—k(l—z)Q
2r p? z

: (5.96)

as the probability for an electron to emit a photon, which carries a fraction z of its momentum,
such that the photon distribution is given by

2
£, @7+ AQY) = [, Q%) + -2 / o’ / a:P0) ()] (', Q)0(a'z — )
B a AQ2 0) x
- f,y(SU, QZ) 622/ P Pfy?—e(z)fe (;’ Q2> ) (597)
where we introduced the splitting function,
P o(z)=—PW (z) with PO ()= M. (5.98)
v 27T 'y<—e e z

Note that we integrate over the momentum fraction z’ of the electron distribution and the mo-
mentum fraction z of the photon emission, with the constraint that the product 2’z must yield the
momentum fraction x of the photon distribution.

We say that a function f is the convolution,

f=h®f, (5.99)
of the functions f; and fs if
(@) = [ oy drafifon) fala)de - m1az). (5.100)
Then the photon distribution is a convolution,
a AQ
(@ +AQ%) = £,(Q%) + o PO, fe. (5.101)
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We may differentiate the equation for the photon distribution (5.97) and get an integral-differential

equation,
af, (2, Q) dz
2 s (0) 2
Q 8@2 27.[./ P P’y<—e( )f ( Q ) (5102)
which describes the evolution in Q2 of the photon distribution. As a convolution,
9£,(Q?)
Q* (;QQ = —P§ie ® fe. (5.103)

The convolution notation is often very convenient for formal manipulations.

Likewise, in the scattering eX — ~Y that we examined previously, we can write an evolution
equation for the electron distribution,

Ofe(z, Q%) Ldz x
2 @ az 5(0) T 42
Q 8Q2 27.[. /z > Pe(—e(z)fe (ZaQ ) ) (5104)
with splitting function,
1+ 22 3
PO = ———— + —6(1 —2x). 1

The initial conditions on the distributions above may be given requiring that

e =0(1— )

fv( ) 0.

To complete the evolution equations we take the splitting of a photon into an eTe™ pair,

e
AAAN "
? X

We parametrise the momenta as p = (p,0,0,p) and k = ((1 — 2)p, —p., k*). The requirement that
the outgoing electron is on shell, k2 = 0, implies that

2
k= <(1 —2)p,—p1, (1 —2)p— 2(1pjz)p> : (5.107)

such that the exchanged propagator of momentum,

2
Py
—p—k= + L 1
q=7p <zp7m,zp 20 Z)p>7 (5.108)

has virtuality,
2

2 [
=——. 1
q 1> (5.109)

We must compute the amplitude,

iM = ar(k)(—iey")vr(p)eiu(q), (5.110)
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with spinors,

k* P

ur, (k) = Vit <5(Ok)> with  £(k) = (‘;fi) = (201 fz)p : (5.111)
20 Sy (A

vr(q) = \/qj( 0 ) with  €(q) = iﬁ = 21219 : (5.112)

Note that

ar(k)v*vr(p)eiu(q) = v/22pyv/2(1 — 2)pE™(q) U”f (k)eru(p)

= /22pV/2(1 — 2)pé Tt (q)0' & (k)€ (p). (5.113)
For a L-handed photon, ¢/ (p) = %(0, 1,—1,0), so

()’ e(k)eLL(p) = =T (@) (0" —io®)&(k)

*

\2
(5 )0 (T
4

i

= 5.114
(1—=2)p (G114

For a R-handed photon, €| ,(p) = f((), 1,4,0), one gets

1 pi
! € 5.115
£5(q)o"e(k)e' p(p) = B (5.115)
and we obtain the amplitudes,
2z(1 —
iM(yL = efef) = —ielz(_zz)pj, (5.116)
2z(1 —

iM(yr — epe}) = ieZ(ZZ)pJ_. (5.117)

By parity invariance, we obtain the same result if all the helicities are reversed. The squared
amplitude, averaged over initial helicities, is

1 — 2 2¢°p7 2
§Z|M(’y—>e el Zm(z + (1 - 2)7), (5.118)
hel

and repeating the same procedure as above, we may interpret it in terms of a splitting function,

Pocy(z,0) = %Pe(f)_)v(z) with PO (2) = 22+ (1 - 2)% (5.119)

In order to conserve probability, we must consider, though, also the option of the photon not to
split,

! 2
/ dz [+ (1—2)%] = 3 (5.120)
0
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and we obtain the splitting function,

o . 2
Py (z,a) = %PW((QV(Z) with PO (z) = —30(1—2). (5.121)
This completes the set of QED splitting functions,
1+ 22 3
(0) - - L2851 =
Pe(—e(z) (1 _ Z)+ + 25(]‘ Z)’ (5122)
1+ (1—2)?
PO ()= LS (5.123)
PO (z) =22+ (1—2)% (5.124)
2
PO _(z) = —30(1=2), (5.125)
of the Gribov-Lipatov evolution equations,
Ofe(z, Q%) Q?) dz x
2 (0) (0)
@) o M [0, (5 (2.07) + P20 (£.02)] (5.126)
Of(x,Q a [(tdz
QQB(QZ) = / Z{Pé%(z)fv (5.0%) + PO [£ (2.@7) + e }
(5.127)
(5.128)

where, the splitting functions being even in the electric charge, we used the fact that the splitting
functions for the electron and the positron are the same, Py e(2,a) = Py (2, ). Further, the
evolution equation for the positron has the same functional form as for the electron,

Ofe(x Q ) Ldz
Q2 8Q2 27.[./m 7 [ e(—e( )fe( 7Q ) 6(—'7( )f'y( Q ):| 9 (5129)
where we used the charge parity,
Psz(z,a) = Pere(z, @), (5.130)
Peeny(2,0) = Perry (2, ) . (5.131)

When integrated, the Gribov-Lipatov evolution equations yield the electron, positron and photon
distributions as a function of Q?, with f;(z,m?) with i = e, &, as initial conditions.

Writing the evolution equations as

fe(z, Q% + AQ?) (5.132)
= 1@+ S [ [P0 (2.07) + PO, 05, (5.0

felz, Q% + AQ?) (5.133)
=fe<x,Q2>+;rAQC§2 ;dz[ PO (2.@%) + PO, ()5, (5.07)] |

fr(2,Q* + AQ?) (5.134)
- R+ 20 | d{ PO (5.@7) + PO 1 (2.@7) + 5 (5.07)] }
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we find that using the conservation of probability,

1
/ dzP¥ _(2) =0, (5.135)
0

with Pe(f)_)e(z) as in eq. (5.122), the net electron number is conserved,

1
/O dz [fe(z, Q%) — fo(z,Q*)] = const., (5.136)

i.e. the integral (5.136) does not depend on @?. Likewise, we find that the total momentum is
conserved, i.e. it does not depend on @2,

1
| o 170,01 + fola, Q%) + £y (2,Q%)] = const. (5.137)
0
provided that (please check!)
1
/ dzz (PO, () + PO, () = 0. (5.138)
0
1
/ dz 2 (P§(27(z) + 2Pe(<°_)7(z)> ~0. (5.139)
0

Note that in the splitting beyond the leading order, also the P.. z(z, o) splitting function can occur,
with P z(z, ) = Psrc(2z, ) by charge parity. Then the Gribov-Lipatov equations for the electron
(5.126) and the positron (5.129) must be generalised accordingly (see Tutorial).

5.6 Parton Evolution in QCD

5.6.1 Splitting Functions in QCD

The procedure displayed above for the evolution equations in QED can be followed likewise for
the evolution equations in QCD, but for the fact that one cannot simply get rid of the light-cone
polarisations in the gluon propagator through the Ward identity, so it is best to use a physical
gauge. The outcome for the splitting functions is then the same as in QED, if one includes the
colour factors. From the quark self-energy, we know that

AN Z(tata)ij:CF(sij- (5.140)

Thus, summing (averaging) over the final (initial) colours, the colour factor for the splitting is Cr.
Analogously, from the gluon self-energy,

O~ Tr(tatb):TFaab. (5.141)
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So summing (averaging) over the final (initial) colours, the colour factor for the splitting is Tr.
Thus, we obtain the QCD splitting functions,

1+ 22 3
PW(z) = Cp ((1_2)+ +50(1 - z)) : (5.142)
2
PO ) = op A (5.143)
PO (z)=Tr [+ (1-2)% . (5.144)

Like in QED, we must consider the case for which the gluon does not split into a gq pair, in order
to conserve probability. Thus, we obtain

2
ng(o) — _gTan(s(l —2), (5.145)

where we have considered the splitting of the gluon into ny quark flavours. But the gluon can also
emit gluons, so the full P, splitting function is (see Tutorial)

1—
Pg([g))(z) =2Cy S S z(1— z)} + <

11 2
M-, 53

6 3

Tan> 5(1—z). (5.146)

Because of charge conjugation invariance and SU(ny) flavour symmetry, the splitting functions Py,
and Py, are independent of the quark flavour and are the same for quarks and antiquarks,

Pyig = Pgig = Pag, (5.147)
Pygi = Pygi = Pyq- (5.148)

If we write the splitting functions as expansions in g,

Qg Qg 2
Pyq(2) 7]3(0)(2)4-(—) PO() + ..., (5.149)

T oog w9 2
these properties are true to all orders in a.
The splitting function Py, is diagonal only to leading order,

Qg O\ 2
Poiq;(2) = géiqu(?(z) + (ﬂ) P (2) + ... (5.150)

Further, beyond leading order also the splitting function P4, appears. However, because of charge
conjugation invariance,

Piiq; = Prig; (5.151)
Poia; = Paigj (5.152)

hold to all order in .
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5.6.2 DGLAP Evolution Equations in QCD

The splitting functions drive the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution
equations, which to leading order in «y are

Y e [ [0 (2.07) o ()] 159
i L e G R I ) S RRT |
q

where the sum is over the quark flavours and for brevity we fix f,(z) = ¢(z) and fy(x) = g(x).
Just like for the positron in QED, the evolution equation for the antiquark has the same functional
form as for the quark,

U [ rpon(E) e rpn(Ge)). o

These are (2ny + 1) evolution equations, where ny is the number of quark flavours. Of course, they
may also be grouped in matrix form, in the (2ns 4 1)-dimensional space of quarks, antiquarks and
gluons. That is more convenient when one goes beyond the leading order,

{gi(z, Q2)} 1z qu'q]' Pqu?j Fyg {Qj (x/z7 QQ)}
@ |6 @ | = [ S Pay Pasy Pao | ({0 (2/2.0) (5.156)
g(z,Q?) * Poq;  Peq,  Pog 9 (x/z, Qz)

where, using the charge conjugation invariance and SU(ny) flavour symmetry, the splitting function
matrix simplifies to

qu'q]' qu@j qu
Pra; Pag; Pag | - (5.157)

Pyg  Pygq  Pyg
Just like the RGE for the g function yields how the coupling evolves with a change of scale, the

DGLAP equations tell us how the parton distributions evolve with a change of scale, and together
with the RGE for the g function they are the most important equations in QCD.

Just like in QED at leading order, the net quark number is conserved,

1
/ dz [¢(z, Q) — q(z,Q*)] = const., (5.158)
0
since .
/ dzP¥(z) =0, (5.159)
0
while the total momentum is conserved,
1 s
/ dz x [Z (qi(x7 Q%) + Gi(x, Q2)) + g(x, Qz)] = const. , (5.160)
0 i=1
provided that (please check!)
1
/ dzz (Pq(§>(z) + Pg(g)(z)> ~0, (5.161)
0
1
/ dzz (ngg)(z) + 2anq(§>(z)> = 0. (5.162)
0
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5.6.3 Factorisation of Collinear Singularities

Just like for the electron distribution in QED,

1 B S
FD () = §(1 — ) + log (W) Poco(z, @), (5.163)
we may write the quark distributions as

2
¢V(z) =6(1 — z) + log (%) Pyy(x, ), (5.164)

where for the lower limit of integration in k%, we use an infrared cut-off A? instead of the electron
mass. As we know, the cut-off A2 signals that in f dpi / pi we have collinear divergences as pi — 0,
and we know that we cannot get rid of those divergences combining real and virtual contributions.

In sec. 2.6, we wrote the DIS cross section as,

do
dz dy

— ZWQQﬁ{ [1+ (1 —y?)] Fa(w) — y*Fr ()}, (5.165)
where the structure function F(x) was given by

Fy(x) =) welq(=). (5.166)

From the DGLAP equation, the evolution of the quark distribution is

) 2 s [td

where we used the variable change ¢ = x/z in order to swap the variables of P4, and f; and we
neglected the Py, f, contribution, so we get a homogeneous equation in ¢(z, Q?).

Integrating the evolution of the quark distribution, we may write the corrections to the structure
function as,

Fy(2,Q%) =Y ze? [qo(x) n % /: ng [log <f§) pY (g) +C <”£>} qo(C)} . (5.168)

where the bare distribution go(z) is the ¢(z) of the Parton model formula, which is to be determined
by the measurements, and C' (z/() keeps the finite non-collinear-enhanced corrections into account.
We may think of absorbing the collinear singularities into go(z) at a factorisation scale pr and
define a “renormalised” distribution ¢(z, u%),

o) =ai)+ 52 [ o (BE) P9 (£) 40 (2)] w109

such that
2\ 2 1d< 2 z Ag Q2 OWE
A @) = Lo [ aci [p(1-7) e () A (7)) e
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The distribution ¢(¢, ,u%) cannot be computed, since it contains collinear singularities, but it may
be determined from DIS data, since

(x Q2 er q(zx Q2 (5.171)

Note that we have defined ¢(z, u%) in such a way as to absorb completely the finite terms C (x/()
of Fy(z,Q?). Fa(z,Q?) being a physical quantity, it cannot depend on the arbitrary scale u%, i.e.

0
M%WF2(Q7> Q%) =0. (5.172)
HE

In fact, if we differentiate the right-hand side of the equation for Fy(x, Q%) above, we obtain that
eq. (5.172) implies that

2 8(1(%#%«“) _ dC T 2
MFW 27r C <C) q(¢, 1), (5.173)

which is the evolution equation of the quark PDF. So eq. (5.172) is identically fulfilled.

Now that we understand the basic features of the evolution of the parton distributions, we consider
the full evolution equation of the quark distribution, including the F,, splitting function,

2 1
P [ S(2 (Jucnsrp () o

Integrating the evolution of the quark distribution, the corrections to the structure functions are

St o & [ E o () (5) e ()] o
[ ()0 (1) e (2] mof ] 0

where C, and Cj; account for the finite corrections.

We define the distribution g(z, u%) at the scale pp as

o) =)+ 52 [ df{ og (42) 29 (£) +.04 ()] wto
T e M

where the finite contributions C’é and C’; need not to be the same as C; and C,. In fact, there
is an arbitrariness in how we define the finite parts when we absorb the collinear singularities in
the distribution ¢(z, u%) By specifying the finite parts, we define the factorisation scheme we use.
Then Fy(z,Q?) becomes

s En () 2 () () o)
+9(Cp ) 5 <10g <fi> Py <<> +(Cy - c;)) } (5.177)
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5.6.4 DIS and MS Schemes

In the MS scheme, in the quark distribution, we absorb only the pole and the usual log(47) — vg,
which appears in any one-loop computation. Thus Cy = C; = log(47) — v and we define,

Cy — Cl = CMS, (5.178)
Cy—Cl = CMS, (5.179)

Previously, we used implicitly the DIS scheme, for which C[J = Cy and C’!’J = Cy. As we have seen,
the DIS scheme is chosen in such a way that

(z,Q%) = Zme z, Q). (5.180)

5.6.5 Singlet and Non-singlet Distributions

In convolution notation, the DGLAP evolution equations are

0% P, P, P (2
J 5
, 0 {QZ(Ng)} q:iq q:q; q9 {qj (Mg)}
HE g2 {@(MQF)} = | Pag; Pag; Pag | ® [ {7 (sz)} : (5.181)
F g(/’[/F) qu qu ng g(MF)

SU(ny) flavour symmetry implies that we can write the P, splitting functions in terms of flavour
singlet (S) and non-singlet (V) quantities,

Pyg; = 6ijPgq + Py (5.182)
Py, = 0Py + Po. (5.183)
As we know, at leading order,
Py = psO — p29 — . (5.184)
At NLO, Pq‘é , PS and PS contribute, however,
pS® = po). (5.185)

Note that if you take the difference of the evolution equations for two different quark flavours
(please see Exercises),

? o
W (05— 47) = Paq ® (gi — 4;) + Pgg ® (@i — 1)- (5.186)

At leading order we obtain a homogeneous equation,

0 o
2 oy s

PO ® (g; — qj), (5.187)

and of course the same is true for two antiquarks. Since Pq‘g(o) = Pq(g) is a non-singlet splitting
function, ¢; — ¢; is termed a non-singlet distribution, at leading order.
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However, a non-singlet distribution to all orders of «y is qj — q;.r, where qf = q; + q;. It yields the
homogeneous equation (please see Exercises),

)
M%W(q;*qj): (Pgg+ Pog) @ (a7 = @), (5.188)
F

while the distribution ¢;” = ¢; — ¢; yields the equation,

0 _ _ _
u%@qi = (P~ P) @ a; + (Pyy = Py © 3 a5, (5.189)

which is homogeneous at NLO.

Finally the singlet combination,

(z, 1) Zqz > 4+ @), (5.190)
7

yields an evolution equation which is coupled to that of the gluon distribution (please see Exercises),

e <E(“§’)> = <Pq% 2y Fag > ® <Z(“§”)) , (5.191)
ot \9(kp) Pyq  Pyg 9(1F)
where
Ppa = Pyq + Pyg + 1 (Poy + Pra). (5.192)
It is convenient to introduce the 5 combinations,
1T =ut —dt,
2t = (ut —st) + (dF —sT),
3=t —et) +(dt —ct) + (sT —ch), (5.193)
47 = (ut = b))+ (dF —bt) + (sT —b1) + (¢ —bT),
57 = (ut —tT) + (dt —tT) + (sT =) + (¢ —tT) + (b7 —tT),

which, as we have seen, are non-singlet distributions to all orders in as. Then knowing these 5
combinations, plus the 6 distributions ¢;” and the singlet distribution X, one can solve the DGLAP
evolution equations for the 12 individual quark and antiquark distributions.

5.7 Evolution in Moment Space

In order to solve the evolution equations, it is convenient to take the Mellin transform of the parton
distributions, which are called moments,

1
q(N, Q2)2/0 dxa:Nflq(x,QQ). (5.194)

The moment of a splitting function is called anomalous dimension,
1
Yij (N, as) =/ dz 2N Py(z, ). (5.195)
0
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The advantage is that by taking the Mellin transform of the evolution equation, the convolution
is reduced to a simple product. Let us show it, at leading order, on the non-singlet distribution

V =4q —qj,

@ oV (N.Q) —“S/ do o 1/ Cr0ev (L.07)
1

T

o« € x\N-1 5 1 N-1p(0)
=5 [TV Ee) [ me. e
ie.
2 0 2
@ 3Q2V(N @) = A VN, Q). (5.197)
At fixed as, it is easy to solve this equation,
Q2 2;'Ytgq)(N)
v = v (%) . (5.19)

Since the distribution V' is dimensionless, we might expect that it is scale independent. Instead, we
see that its moment scales like powers of 2, hence the term “anomalous dimension” for Yaq(N). If
we include the one-loop running of as (4.205), with Sy as in eq. (4.120), we can write the evolution
equation (5.197) as

dlogV(N,Q?) 2

(0)
dlog(Q?/A2%) — pBylog (Qz/Az) g (V) (5.199)

which integrates to

%
o 2A2 “Bo
VWQ%ZWMﬁ%ﬁi%&D

2,

(6% 2 0
:V(N,M2)<a:((g2))> o 7 (5.200)

which will yield the scaling violations of the parton distributions, and so of Fy(z, Q?).

The usual distribution in x is obtained by taking the inverse Mellin transform,

dN

V(l‘,QQ):/ 5t VN, QY), (5.201)
C &7

where the integration contour C' in the complex N plane is parallel to the imaginary axis and to
the right of all the poles of the integrand. The inverse transform is usually done numerically.

For the non-singlet distribution V' = ¢; —¢;, we need to compute the anomalous dimension %52) (N),
using eq. (5.195) and the splitting function (5.142). We need the integrals,

! N-1 1
d - = —
/0 z z N’

/1 LN-1 1 N-1_ > I S 1 5202)
dz:/ A /dzzlz— - 5.202
o 0 -2z = Jo — i

1—2z)4



where ZN ! 1 = Hy_1 is the harmonic number, and we get (please check!)

3 1 Y1
WN) = Cr <2+N(N+1)_2;i>' (5:20)
Note that
fyég)(l) =0= /01 dqu(g)(z), i.e. conservation of probability, (5.204)
19 @) = —5Cr, (5:20)
%52) (3) = —%CF- (5.206)

The harmonic series diverges logarithmically,
lim (Hy — log(N)) = 7, (5.207)
N—o00

then as N — oo,
WO(N) ~ —2Cplog(N). (5.208)

At leading order, the other splitting functions are given in eqgs. (5.143), (5.144) and (5.146). Using
eq. (5.195), the corresponding anomalous dimensions are (please check!)

N2 4+ N+2
O (N) =T 2
Yag (V) ENINF (N +2) (5.209)
N2 4+ N+2

O (N) = TN T2
Vo (N) = CF NOVE-1) (5.210)
~FO(N) =20, L, = - - § — 7Tfnf (5.211)
99 N(N —1) (N+1)(N+2

From the Mellin transform, we see that moments at large IV are most relevant for the x — 1 region.
Using eq. (5.208), as N — oo the moment of the non-singlet distribution (5.200) behaves as

—4Cp log(N)

(6% 2 0
oo (242)

_AOF oo ase?)
— V(N2 )N (MQQ)). (5.212)

Now, suppose that as # — 1, the non-singlet distribution behaves as V(x,Q?) ~ (1 — )%~ L. Its
Mellin transform is

/1 dz :L'N_l(l o x)a—l _ ?((%)5_(2)) N—o0 (a];al)!. (5213)

Then using eq. (5.212), we see that in the x — 1 limit, the non-singlet distribution behaves as

: oy q g o2 )
Vi(z,Q%) = V(z,p*)(1—x) : : (5.214)
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Since the one-loop running of «a; is given by eq. (4.205), the exponent in eq. (5.214) grows like
log (log (%)), thus as x — 1 the non-singlet distribution V (z, Q?) decreases as the scale increases.

Likewise, one can show that as z — 0, V(z, Q?) increases as Q? grows. In fact, the scaling violations,

OF:
2__ are negative (positive) at large (small) z, as we see in fig. 2.3.

dlog Q?’
In moment space, the evolution equation (5.191) for the singlet and the gluon distribution is, at
leading order,

9105 Q? \ov.@2) ) ~2r (L, 00 [ \g(v.00) )

with the entries in the anomalous dimension matrix given by egs. (5.203), (5.209), (5.210) and
(5.211). Requiring that det(M — ~I) = 0, we find the eigenvalues,

(0) (0)
— 2n
det | 147 (0) ! (OJ)‘ng =0 = (Vg = 7)(Yag —7) — 21 Yqg7gq = 0. (5.216)
Vga Yog — 7
So
1 2
V£ =5 [Yog Ve £ \/(799 — Yaa)* + 81 VagVga | - (5.217)
Let us take, for example, the second moment, N = 2. Then the evolution equation becomes
2 _4 ns 2
0_ <2(2,Q2)> _ X < 30F :%f> <2(2’Q2)>, (5.218)
alOgQ 9(27Q ) 27 §CF -3 g<27Q )
where we have taken T = 1/2. The eigenvalues are
T(2)=0
{7_( ) =0, , oy (5.219)
7@ =-(3Cr+ ).

The eigenvectors are

vy = (ﬁ%?) e — (]1>. (5.220)

by
In the eigenvector basis, @ <g>’ ie.

L1 (20 M%)) Xty
ac ’ = | ¢ : (5.221)
<nf —1> (9(1#%) TE—yg
the anomalous dimension matrix M is diagonal, 71 = QMQ ™",
0 Y+yg s (0 0 ) Y+g
a9 | 4C = — 4 n e, . (5.222)
So the eigenvector,

0*(2) = 2(2,Q%) +9(2,Q%), (5.223)
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is independent of Q%. But
1
0°(2) = [ dox [2(.0%) + 90, Q)]
0

1
= /0 drx!Z(qﬁqi)@@?)w(x,@) , (5.224)

i.e. O%(2) is the total momentum and consistently it does not depend on the scale Q?.

The evolution equation for the other eigenvector,

4C
07(2,Q%) = —3(2.Q%) - 9(2,Q"), (5.225)
ny
has solution,
( 2) 27;(2)
0~ (2, 2:0‘2,2<as“ > ° 5.226
2.Q%) = 0-.) (2 (5.220)
Since the argument behaves like log (Q2 / A2) and the exponent,
277 (2 3Cr+
LN (5.227)
BO ?Nc - gnf
is negative, O~ (2, Q?) vanishes asymptotically as Q% — co. So
»(2,Q? 3
(2,0 ny _ =y, (5.228)

9(2.Q2)  1Cp 16

as the scale Q%2 — oo. But %(2,Q?) (9(2, Q2)) is the momentum fraction carried by the quarks
(gluons) and they are in the relation,

16 3ng

N UL 5.229
16+3n, "7 16+3n, (5.229)

by

which for ny = 6 is roughly 1/2 each, which is experimentally observed.

5.8 Operator Product Expansion

In sec. 2.2, using unitarity and the optical theorem, we related the DIS cross section to forward
Compton scattering, and thus to the hadronic tensor (2.4), expressed as the matrix element between
proton states of the product of two electromagnetic currents. Other examples are the hadronic ten-
sor of eTe™ — hadrons, expressed as the matrix element between vacuum states of the product of
two currents; or the product of currents in the low-energy (Fermi) approximation of weak interac-
tions. All of these examples display a product of currents where, as we have seen in sec. 2.8 for the
hadronic tensor W/, one wants to separate the parts of Feynman diagrams which carry a large
momentum (transfer, in the case of DIS) and can be computed perturbatively in an asymptotically
free field theory, from the parts which carry a small momentum (transfer) and must be extracted
from experimental measurements.
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If the operator product J#(z)J"(0) were analytic in x#, its Fourier transform would decrease
exponentially as g — co. The leading terms in the limit ¢* — oo stem from the singularities of the
operator product J#(x)J"(0) as z* — 0. Let us then consider in general the product O (z)Oz2(y) of
two operators, taken at different points in space-time. In 1969, Wilson conjectured that as x — y
the singular part of the product O1(z)O2(y) is given by a sum over local operators,

O1(2)0a(y) = Y Cia(x = y)Only), (5.230)

where C7y(x — y) are singular functions. Using translation invariance, we can just write this
operator product expansion (OPE) as

O1(2)02(0) = Y~ CTy(x)05 (0). (5.231)

Dimensional analysis hints that C7,(z) behaves like x9n=91=% as x — 0, if d, = [0,] is the
dimensionality of O,, in powers of the mass. Since d,, increases adding more fields or derivatives to
Oy, the strength of the singularity of C7,(x) decreases for operators O,, of increasing complexity.

5.8.1 Renormalisation and CS Equations of the Coefficient Functions

The OPE is just about operators. Thus, in applying it to a matrix element (o] O1(x)O2(0) |5) it
will yield the same functions C7, for any states |a) and |3). In particular, if we take the product
of two operators in a Green’s function,

Gr2(2; 91, s Ym) =< O1(2)O02(0)p(y1) - 0(Ym) >, (5.232)

taken in the limit x — 0, and with fields at fixed points y1, ..., yn away from the origin, the OPE is
independent of the fields ¢(y1)...¢(ym). So we can expand the Green’s function for small z through
the OPE,

G12(Z; Y1y ooy Ym) = Z Cl5(x)Gn(Y1y -y Ym) » (5.233)

with
Gn(y1; - Ym) =< On(0)o(y1) .- (ym) > - (5.234)

So the dependence on z is all in the functions CT4(z). In momentum space, we are interested in
the behaviour as ¢ — oo. The Fourier transform of the operator product is

/ d*z 701 ()02(0) = Y~ Cly(q)0n(0), (5.235)

where C74(q) are functions of ¢* that as ¢ — oo decrease more and more rapidly for more and more
complicated terms in the series.

Besides the naive dimensional argument that the functions Cf,(z) behave like z%~91=92 as 2 — 0,
we expect that we have renormalisation effects since the functions Cly(z) will be multiplied by
scale-dependent renormalisation constants. It is then convenient to write the OPE at some scale
M,
O1(2)[ 5 02(0) |5y = > Clo(, M) 0, (0)] 5, (5.236)
n
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where also the functions CT, depend on M, since they must offset the operator rescalings.

In the renormalisation of local or mass operators of sec. 4.7, we considered the Green’s function
and the related CS equation for the insertion of one or more local operators. The Green’s function
of the product,

G123 Y1, -y Yms M) =< O1(2)O2(0)(y1)---p(ym) >|m, (5.237)
must then obey the CS equation (4.152),
8
8M + B(g )f+m7+'yl+72 G12(x; Y1y ey ym; M) =0, (5.238)

where 1 and 79 are the anomalous dimensions of the local operators O; and Os. Further, in the
OPE the Green’s function of each operator O, (0)|,,,

Gn(Y1; s Ymi M) =< Op(0)p(y1)--p(ym) >|nr (5.239)

will obey the CS equation,

0 0
[MaMJrB( )g+m7+7n] Gn(y1, - Ym; M) = 0. (5.240)

Inserting then the OPE for G2 (5.233) in the CS equation for G2 (5.238), we obtain

ZK a+6()a>012(} +Cy, < 0 +B(g)§g>Gn+(m7+71+72)0?20n]:0

- oM
(5.241)
Using then the CS equation for Gy, (5.240), this becomes
0 8 n

n

Since the Green’s functions GG, are linearly independent, this implies a CS equation for the coeffi-
cient functions C7,,

0 0
(81557 + 8(0) g+ 1+ 72 = 0 ) Cllas ) =0, (5283
From the dimensional analysis, we can write

1

012($ M) |33|d1+d2 dn

C(zM), (5.244)

with C(zM) a dimensionless function. In analogy with the solution (4.84) of the CS equation for
the 2-point function, we write C(zM) as

C(xM)=C <g <;>> exp (/}DMdlog(M’)(’yl + 92 — ’yn)> , (5.245)

with C(g) a dimensionless function of the running coupling at a scale 1/x. Using the one-loop

o
running (4.205), and parametrising the anomalous dimensions as v = —s’y(o), we can write the

2
exponential as
M? dlog (M) 2
(0) 0) _ (0
P (/12 2 Bolog (M2 /A2) (17 + 7 W) | (5.246)
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so that

“/§O> +w§0) _'77(),0)

CxM)=C <g (i)) (W) K : (5.247)

Note that this is in agreement with the running mass at one loop (4.183) of the mass operator in
section 4.7.2, which had anomalous dimension, v, = g‘—;'y(gg) = —-3CF35:.

As outlined in sec. 4.7, if there is a set of local operators O¢, with the same dimension and quantum
numbers, they usually mix in the renormalisation procedure. Then 06 = Zg (M )Ofw, and the
anomalous dimension becomes a matrix, eq. (4.155), and the CS equation for the Green’s function
becomes matrix valued. If that is the case for the operators O, of the OPE, the CS equation for
G, becomes

S < ——+B(g )— + mv) + %p] Gp(y1, - Yym; M) = 0. (5.248)

Repeating the same derivation as above, we obtain a matrix-valued CS equation for the functions
C?Qv
0 0

Mm + B(g )7 +71+ ’)/2] O (z; M) — CFy(a; M) ypn = 0, (5.249)
and even more in general also the operators O; and Oy might be part of sets of local operators
with the same dimension and quantum numbers. However, if like for the hadronic tensor in DIS,
the operator product is the product of two (conserved) currents, J*(x)J"(0), their anomalous
dimensions vanish and the CS equation for the functions C7} becomes

0 0
Mg + 8(6) | Chlas ) = Cly(ai My 0. (5.250)

5.8.2 OPE of the Hadronic Tensor of DIS

Let us now evaluate the hadronic tensor (2.4),
WH = / d'z " (P| T (J*(2)J"(0)) |P) ,

as the OPE of the two currents. The leading contributions come from products of currents with
quarks of the same flavour and we will then sum over the flavours of the quark currents, weighted
by the quark square electric charge (later we will comment on the OPE of currents with quarks of
different flavours). Thus to leading order, we consider the product,

_ _ _ 1 L _

V()" (0) = Y(2)v" ¢ (2)(0)771(0) + (@) v ()b (0)7" % (0) + ... (5.251)
The contractions yield singular terms as =z — 0.
Taking the Fourier transform of the contraction,

i+ q

T Yap, (5.252)

/*xﬂﬂm> b () (0)774(0) = Py
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where the derivative acts on the quark field to the right. This contribution has the structure of the
diagram on the left-hand side of fig. 2.5. In the short-distance limit, ¢"* — oo, we can expand

1 1 1 o [2ig-0—92\"
_ — 29979 2
@+a P20+ Q? anz:%( Q2 ) | .
where % - 5 P

Zggé - qéf =1, (5.254)
while 52 5o
P

o LQQ <1, (5.255)

so we neglect the 92/Q? term. In unpolarised DIS, W*" is symmetric under p <+ v, so we can
symmetrise the product of v matrices in the numerator using

1
5 (PP +49PH) = g'00" gy — gHaP. (5.256)

Then, in the numerator we obtain
YH(i0") + 4" (i0") = g™ (id) + AMq” + 7" — "¢ (5.257)

(i) on the quark field vanishes because of the Dirac equation; y#¢”, v ¢* vanish because of current
conservation. Thus

0 € @) (@) (O 6 0) = —ith (7 (i0”) + *(i0) — ) = 5 (2L 0",
/ v ¢! (v gl 9" ) QQ;)( o )

(5.258)
The diagram on the right-hand side of fig. 2.5 differs from the one on the left-hand side by swapping
1 and v and the points « and 0. Its Fourier transform is obtained from the one above by replacing
q <> —q. So the sum of the contractions is

/d4ac e {1#(:6)7“@(0)7“1&(0) + Tlﬂ(x)’yuiﬁ(x)w(o)’wl/l}(o)]

=it (10 - ) 5 3 (PG ) e e 6250)
n=0

which has only an even number of terms in ¢*. {u...v} labels symmetrised indices. All terms
in the OPE contain the operator, 171 (i0"2)...(i0"" )+, with an even number of indices. We can
order the operators that contribute to the OPE of the two currents according to the irreducible
representations of the Lorentz group to which they belong. When we take the matrix element
(P|...|P), we will get powers of the proton momentum P*, and the only Lorentz-covariant functions
are the totally symmetric tensors, P#*1...P#~. But these do not constitute irreducible representations
of the Lorentz group, since they may be decomposed into symmetric traceless tensors. For example,
from the symmetric tensors X and X**P, we can construct the tensors,

N 1
N 1
X0 = X — oo (¢ X7+ g X 4 g XS (5.261)
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whose traces vanish, X,/ = 0 and X,/ = 0. Solving eqgs. (5.260) and (5.261) for X*” and X***, we
decompose the latter into symmetric traceless tensors. So, the only operators that can contribute
to the spin-averaged proton expectation value, (P|T{J"(z)J"(0)}|P), are the totally symmetric

traceless tensors, Olmn - " which are obtained by symmetrising the operator ¢y#1 (i0#2)...(i0 )y

over fii....;tn and then subtracting terms proportional to g##i for each (u;, ;) pair so that the
operator above is traceless over all pairs of indices.

Further, the currents J#(z)J"(0) are invariant under colour gauge transformations, while the op-
erator Yy (i0"2)...(10" )1 is not. We can make it gauge invariant by replacing each factor (i0*)
with the covariant derivative (¢D*). This introduces terms proportional to the coupling g, which
do not modify the OPE coefficients.

Finally, the symmetric traceless spin-n operator for quarks of flavour f is

O;cn)’“'““” _ @f’Y{“l(iDM) o (z’D“”})i/)f — traces. (5.262)

For example, for n = 2 we obtain
O _ Lowipy wapipny - Lo,
PI =y |5 (MiD” +4iDR) — gD . (5.263)
where the last term vanishes because of the Dirac equation.

Using egs. (5.261) and (5.263), the OPE of the product of the two currents J#(x).J"(0) begins as

: _ 1 2¢2iq- D
i/d4x e JH () J¥(0) = ZQ?’[Z}JC@ (27“1’D” + 29YiDH — g‘“’ngQ> (o
f

=5 @2 [;20}2)“” - g“”(zq‘(‘ggg“Q)Of)“l“"’] +. .. (5.264)
7

where the ellipsis indicates terms with n > 4. In fact, one can work out the whole OPE,

i/d4a:eiq'xJ“($)J”(0)

@ (@)

n=2

0 (2¢MY) .. (2¢M72) () 2¢") ... (2¢") (n
— ZQ?‘Z |:4( q ) ( q )O( VUV - o —2 _g,uy( q ) ( q )O; )Ml...un:| ’ (5265)
f

where the sum runs over the even values of n.

5.8.3 Light-cone Expansion and Twist

In order to determine the hadronic tensor W“V(q, P) through the OPE, we need to evaluate the

operators of the spin-averaged proton expectation value, (P|T{J*(z)J"(0)}|P), and so the spin-
: (n)

averaged matrix element of the operators O P

(P|Otin | P) = A% PF_PH™ — traces, (5.266)
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where A? are dimensionless coefficients. The factor 2 comes from spin averaging. In order to see
it, take n = 1. Then,

1 _
(PO | Py = (P| g4y | P). (5.267)
Then average over the proton spin,
1
(PIOY" |P) = ST (49") P, - Ny = 2P" Ny, (5.268)

where Ny is the charge of the conserved flavour current, which is the net number of quarks of
flavour f,

A}:Nf:{i ;ZZ . (5.269)

The canonical energy-momentum tensor, which is obtained by Noether’s theorem, is neither sym-

metric nor traceless, but it can be cast in a symmetric and traceless form, which for a massless
-1

quark is

1- - 1
T = 59 (7"iD" +4"iD") ¢ — g pilpp — FHOOFY @ 4 19" (F3,)” . (5.270)
Thus, if we ignore the pure gauge part, terms of O(g) and use Dirac equation in the energy-

momentum tensor above, O](cz)“ " in eq.(5.263) equals the contribution of the quark of flavour f to

the energy-momentum tensor,
2 - . .
05£ Jw 51/)]0 (Y"iDY +~YiD*) b = T;f” ’ (5.271)
and then A? is the fraction of the proton momentum carried by the quark of flavour f.

Finally, taking the matrix element of eq. (5.265) between proton states, we obtain

W (g P) = i / d'z ¢ (P|T(J*(2)J* (0)) |P)

> (2¢ - P)"2 > (2¢- P)"
=33 8P“P”27( g-P) A?}—2ng( ¢ P)" g (5.272)
7

@y RCRI

n=2 n=2

where the sum runs over even n, and all the trace terms in the operators O;n)” bl (5.262) have

been neglected, since they replace terms like P#PY by g"’m?. In fact, contracting with ¢#q”, we
get m2Q?, to be compared with (2¢ - P)2. Since x = Q?/(2q - P), then m?Q? < (2¢ - P)%.

In the OPE of the product of two currents J,(z).J,(0), if the mass dimension of an operator is

[O;n)] = d, its coefficient C7, has dimension [C7,] = 6 — [O](cn)} . Since in the Fourier transform we

have the volume dz, the coefficient C?, behaves like (1/Q)%2. This is the dimensional analysis in
a truly short-distance expansion where z# — 0. However, in DIS we are actually taking Q% — oo.
Fourier transforming

1q-x 1 1
/d%eq 2 7o (5.273)

le.g. see the analogous QED energy-momentum tensor in sec. 19.5 of Peskin-Schroeder’s book.
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we realise that this is a light-cone expansion for which 22 — 0, without necessarily having

z* — 0. Since the matrix element of an operator of spin n carries n factors of momentum P* which
appear in the combination (2q . P/Q2)n, the coefficient CT, behaves like (1/Q)d_"_2, and it has
dimension,

[Clal =6—1, (5.274)
where
t= [O;")} _n, (5.275)
is called the twist.
Note that O( = oy ED )y, = 74" has t = 2, and in fact all 0;2)“1"'“" have twist ¢t = 2.

Accordingly, thelr coefficients C7, are not suppressed in 1/Q. They are called leading-twist
terms. In the operator product of two currents of different flavour, @y*ud~y”d, the OPE starts with
operators of dimension 6 and spin 2, so they have twist ¢t = 4, and their coefficients behave like
1/Q?. They are higher-twist terms and are suppressed in DIS with respect to the leading-twist
terms. As we shall see, the OPE implies the factorisation picture of the Parton Model, which is
valid at leading twist.

Comparing the OPE of the hadronic tensor W** above to the expression of WH = 2mrmy, WH
(2.18) in terms of structure functions, we obtain

(2¢q - P
— Z Q3 Z 7, (5.276)

4 (2q - P)™
mpZ@fZ q@M 7 (5.277)

which fulfils the Callan-Gross relation (2.93). It is not surprising that we obtain the Callan-Gross
relation since we deal with OPE of fermionic currents, however, it is remarkable that we obtain it
without any input from the Parton Model.

Using instead the Parton Model relation (2.91) between the structure function W5 and the PDFs,
dof xff(:r)ch = %‘f Im W (P, q), we can write the PDFs ff(x) in terms of the OPE of the hadronic

tensor WHY,

5.8.4 Analytic Structure of W, and Coefficient Functions as Moments of PDF's

We have derived th% OPE of W supposing that Q2 — co, however, as we know w = 2¢- P > Q2
2q - P

w at fixed Q?, in the w complex plane (fig. 5.3). We know that the DIS cross section is proportional
to the discontinuity of WH” and thus of W, which must be computed along the branch cut for
w > Q2. This corresponds to the s-channel process. Further, we know that W is invariant under
q + —q, thus Wa(—w,Q?) = Wa(w,Q?), which implies that we must have also a branch cut for
w < —Q?. This corresponds to a u-channel process. Since —Q? < 0, there are no singularities

such that z; =

< 1, in the DIS physical region. We can view W5 as an analytic function of
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_QL ig

Figure 5.3: Representation of w in the complex plane with branch cuts extending from Q2 to oo
and from —Q? to —oo.

associated to the ¢ channel. We may then consider the contour integral,

E w
dw 1 9
e 2 L) (a9

)

on a contour around the origin. The residue of I,, is given by the w”~? term in Wa(w, Q?) (5.277).

Then
4m

1
f

™

However, we can also deform the contour, so that it becomes an integral over the discontinuities
(see fig. 5.4). Since DiscWa = 2iIm W5 (2.84), and the two branch cuts yield equal contributions,

Figure 5.4: Representation of w in the complex plane with branch cuts extending from Q2 to oo
and from —Q? to —oo and a specific contour.

we can also write

© dw 1 )
Inzz/Q — ——2iIm Wa(w, Q). (5.280)

2 2T W

Changing variables to = = Q?/w,

Lz w

I, =2 < > 2i Im Wy (w, Q?)

0 27

= / dz wr™ 2 Tm W, (5.281)

Now, we use the Parton Model relation between W5 and the PDFs fr(x) (2.91), rewritten in terms
of w,

Im Wy = 2% S wfp(2)Q3 (5.282)
So, )
4 1 o
I, = 7:7’(@2)”1/0 dz 2" Zf:ff(x)qj;. (5.283)
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If we equate it to the expression of I,, obtained on a contour around the origin (5.279), we obtain
that

1
?:/0 dz a1 fi(z), (5.284)

i.e., the coefficients of the proton matriz elements of the leading-twist operators of the OPE of WH
are the moments of the parton distributions. More precisely, since the DIS cross section is

do 2ra’s 9 9

0= [ 0] Senoat 5259

7

where the quark and antiquark of flavour f contribute equally, by f¢(z) we mean fjf (x) = fr+ f 7

5.8.5 One-loop renormalisation of quark leading-twist operators

As we saw in egs. (5.243) and (5.250), in the case of a product of conserved currents, J*(z)J"(0),
for which the anomalous dimensions vanish, v; = 9 = 0, the anomalous dimension of the coefficient
function CTy, or A? above, is —,,, where -, is the anomalous dimension of the operator O;cn) (5.240).

So, the anomalous dimension of an operator is equal and opposite to the one of its coefficient
Qs _(0)

function, YA = Vo) = ~Yn- Then, with one-loop running of oy, and fixing YaAp = 5 AT the
f s
CS equation of A% (5.250) implies that A} scales like
i} 0
nio) = (1B(@/A) ) (log (@F/A%) 7 (5.256)
d log (2/A?) log (12/A?)

Let us define the quark leading-twist operators to be

PA = M Pr2 PHr_ traces at p?=—-M?, (5.287)

which is understood to have zero momentum inserted into the operator, to be symmetrised over
the n indices, and to have all the trace terms subtracted.

Then, in order to compute the anomalous dimensions, one needs the counterterms for operators
rescaling. At one loop, we need to compute terms like,

& AR A

(5.288)
We consider first the diagram on the left-hand side, which we evaluate in Feynman gauge,
LY\ dk i i —i
=1 = igtiy” — A ER? kR gty ——— 2
e = 1= [ Gaiae RS e R
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In order to get the correct scaling dimensions, we will evaluate it in d = 4 — 2¢ dimensions, but at
every step we will neglect the O(e) corrections, since we are only interested in the 1/e pole. We use
the identity (easy to check)

VAP = =297 4 O(e) (5.290)

SO
A%k fAyrkee ki g

I =2ig° CF/ i (22 R (5.291)

Then we use Feynman parametrisation,

n—1

= /1 dedyé(l —x —y) "y (5.292)
0 (@D1 +yDy)" "’ '

1
DD}

which in our case is

1 ! . 2(1 — x)
(k2)2(p — k)2 /o ‘ [e(p — k)% + (1 = 2)(k2)?)°

_ /1 dz 2(1 - 2) .. (5.293)
o [(k—azp)?+a(l—2a)p

As usual, in integrating over d?k, we shift k& = k' + ap such that the denominator has no linear
dependence on k’. Then (k' 4+ ap)*2 ... (k' + xzp)#» will appear in the numerator. Upon integrating
over d?k’, because of the integration range, only even powers of &k’ in the numerator will contribute,
and these will yield gHi*/ terms, which will be removed when subtracting traces, unless the indices
pi or pj; are contracted. Let us rename k' as k. The only left-over terms in the numerator are
FAyH1kHi and fy#tf. Upon integration, the former yields 4#i~#1, which upon symmetrising over s
and p; yields g#t#s, which can be traced away. So we are left with

! d% oy
I =2ig° dz2(1 — z)a" ' ph2 . ophn 294
with A = —2(1 — 2)p?. Now
d?%  kVk° i g T(e) 1
= — — 5.295
/(27r)d (k2 —A)3  (4m)2—¢ 2 T'(3) A¢’ ( )
and
YAy, = —(d — 2)yH (5.296)
SO ) . ©
g n—1 I'(e
I =2Cp—"5— dx (1 — Hiphz o phn — ———— 5.297
e R S i = T
where as usual we neglect O(e) corrections. Then we use
! I'(2—el(n—e) 1
dz (1 —z)' 2" 17 = = o 5.208
/0 v(l—z) e Tn+2—20  nm+l) (€) (5.298)
% 2C r
L= ) Sy (5.299)

" dn n(n+ 1) (4m)=<(—p?)
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Using S. = (47)°T'(1 + ¢€) (4.51), this can also be written in the MS scheme as

20 S,
= L 2 (—p?) T ytphe L pin (5.300)

=2 SE
! dr n(n+1) €

The additional contributions (centre and right in eq. (5.288)) are due to the gluon field in any
covariant derivative iD* = i0F — gAH*t® of the operator (5.262) being contracted with the gluon
on the external legs. This yields the contributions in the centre and right of eq. (5.288) with an
index j ranging from 2 to n. We compute the first contribution,

=1, = oy B R (gt gt phitt | phn
2 /(%) igt®y kﬂ (—gt"g"0)p P e

PA pw
ddk M oy kR R platt | phn
=ig*Cp / . 5.301
) — b7 (0300
We may symmetrise over j; and jp; using eq. (5.256) as
1
= (YPyPARI o i Pt ) k?p = (gHiPyHs 4 ghiPylt — gHIH A P) k?p~ (5.302)

2

Then the last term can be traced away, and we are left with

dek LR RS pRitL | phn
I =2ig® : .
2=21g CF/ (2m)1 2o — k)? (5.303)

where the symmetry over p1 and pj, as well as any pair of indices, is understood. We use Feynman
parametrisation (5.292) with n = 1. As above, we shift & = k' 4+ zp the integral over k, and we
get (k' 4 xp)*2 ... (k' + zp)"-1 in the numerator. Upon integrating over d?k’, we retain only the
even powers of k', which yield g#i#s terms, which are removed when subtracting traces. So the only
left-over term is

I, = 2i g> Cp ™ pH2 pn /1dij1/ d'k !
r ! ;
= —2¢°Cp 1 (62)76 R pH2 L phin / dea?TAE. (5.304)
(4m) 0
Then we use .
. (1 — 1
SO o
L= %20r (9 HLUpH2 | phn (5.306)

Tan j (m)e(—p P

and finally we sum over the insertion j from 2 to n.

The right-most contribution in eq. (5.288) yields the same result as in eq. (5.306), which together
with eq. (5.299) allows us to write the sum of the three terms of eq. (5.288) as

1 "1 L'(e)
I = —QC _ =2 | L A2 phn 5.307
i a1 2,22 il @mye(—pr)e 7 PP (5307)
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Thus the counterterm is

n

Qg 1 1 I'(e
b0, = i 2CFr nnt 1) —QZ;]. W)E&wg)e»- (5.308)

In sec. 4.7.1, we saw that the anomalous dimension of a local operator at one loop is given by

eq. (4.158), in our case

0
Y0, = M2 (5~ 80,) . (5.300)

where the counterterm Jy of the quark field is given e.g. in eq. (4.104), with ¢ = 1 in Feynman
gauge. Then

n
Qg 2 1
=20 [1- ——— 44 -
105 T g “VF w1 " ;j

n

s 3 1 1
SR ol e R— ) 5.310
2 F |2 T Lt j;j (5:310)

where in the second line we wrote the anomalous dimension in such a way as to make more readily
contact with sec. 5.7.

As we stated above eq. (5.286), the anomalous dimension of the coefficient function A? is Yay =
f

n
s () . (0) _ 3 1,5t
YAy =S Yans  with oy =20k D+ T D) 2;]. : (5.311)

such that with one-loop running of a;, A% scales like in eq. (5.286). Note that up to a factor 2 due
to the different normalisation, this agrees with the anomalous dimension of the non-singlet splitting
function (5.203) we computed from the evolution equations, such that the scaling of A’ (5.286) is
in agreement with the scaling of the moment of the non-singlet parton distribution (5.200).

That is not the end of the story. There are also gluon twist-2 operators,
OfmH—tin = FIY(iDH2) | (iD#n=1)Fhn — traces, (5.312)

where F#1” is the field-strangth tensor, and which is understood to be symmetric over the indices
W1 ... ty. Upon rescaling, the gluon twist-2 operators mix with the quark twist-2 operators. In

fact, terms like,
. :‘ 5

will yield the 744(n) quark-gluon mixing. Terms like,

A

9
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will yield the 744(n) gluon-quark mixing. Finally, terms like,

Py Sl

will yield the 744(n) anomalous dimension.

The outcome for the leading-order anomalous dimensions 'Y@'(]Q) (n), and the way they mix, is the same

as what we obtained in egs. (5.209)-(5.211) from the DGLAP evolution equations, with anomalous
dimension matrix given by eq. (5.215), so we will not re-compute it through the OPE. However,
while the computation of the anomalous dimensions ’yi(;) ) (n) through the parton evolution picture
of sec. 5.7 is valid only at leading order in «y, the OPE is more general and allows one to extend
the computation beyond the leading order. In this way, the higher-order terms in

g s\ 2 g\ 3
Yij(n) = %’yi(jq)(n) + <%> ’yz(]l)(n) + <%> ’yz(f)(n) +..., (5.313)

have been computed through 7(2) (n). Further, it was the OPE that showed first that an asymp-

?
totically free field theory was needed in order to explain the scaling behaviour of DIS.

Finally, note that also the total cross section for ete™ — hadrons can be related to the forward
scattering for eTe™ — eTe™,

1
owt(eTe” — had) = 2—Im./\/l(e+e* —ete), (5.314)

s

. . N eg§w~
whose amplitude can be expressed through the hadronic part of the vacuum polarisation i VR
which can be written as the matrix element between vacuum states of the product < 0|.J#(z).J"(0)|0 >
of two currents J* = Zf Qs vy of quarks, leading to an OPE.

5.9 Coherent Branching

So far, we have provided a somewhat general and systematic discussion of the collinear divergences,
and how they arise in parton evolution. The soft divergences have been discussed specifically in
sec. 5.1.1, in the context of a virtual photon decaying as v* — ggg. In this section, we will extend
that discussion, leading to the concepts of angular ordering and colour coherence, although
we will fall short of a general and systematic discussion of the soft divergences, which is beyond
the scope of the present course.

In Sect. 5.5 and 5.6, we have shown that in the limit of a collinear emission from an incoming
parton, we can write the scattering for the production of, say, (n + 1) partons as,
s dp?
dopi1 = dan—s% dzPyy(2), (5.315)
27 p?
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where the collinear emissions are ordered by the (space-like) virtuality of the propagators ~ pi.
Likewise, in a time-like branching, in the limit of a collinear emission of two final-state partons,

we can write the cross section for the production of (n + 1) partons as,

Qs

dpi_
doni1 = dan%g dzPup(2), (5.316)

where the time-like splitting functions are, at leading order, the same as in the space-like case (only
the indices are chosen differently, e.g.

fﬂ Pq} M ® ???—

i

so the space-like Py, equals the time-like Pyg). The only important difference is in the evolu-
tion, which in the space-like case evolves by increasing virtualities, while in the time-like case by
decreasing virtualities.

5.9.1 Eikonal Current

In sec. 5.1.1, in the context of a virtual photon decaying as v* — qgg, we showed that in ¢g
production, soft-gluon emission factorises (eikonal approzimation), eq. (5.7),

Mgt = g (28 = A agpye iertyue).

In fact, this can be generalised to an eikonal current which represents the emission of a soft gluon
out of n partons,

Jh(k) = zn:ﬂp;"e(:), (5.317)
i=1 i

where we associate a colour charge T; with the emission of a soft gluon from parton ¢, such that if
the emitted soft gluon has colour ¢, then

T, = Tf o). (5.318)

and we define the operation of T; on an n-parton colour space as,

< iy ey Qp, C|Ti‘bl, ey by >= 5a1b1“'T;ibi"'6anbn7 (5319)
with
tab quark
.= e, =—t5 ifiisa { antiquark . (5.320)
@ fach gluon

124



Then T? = C;, with

| CF (anti)quark
Ci —{ O } for a { eluon . (5.321)

For v* — qgg, or more in general v* — n partons plus a soft gluon, the sum of the colour charges
of the n partons vanishes, so |1,...,n > is a colour-singlet state and colour conservation becomes

n
> T, ..on>=0, (5.322)
=1

or for short

n
d T;=o. (5.323)
=1

By squaring the eikonal current (5.7), in sec. 5.1.1, we computed the rate for soft-gluon emission
(5.11). Neglecting the fermion mass, it reduces to

d3k 2p-p’

T e (5.324)

dosost(v* — qqg) = do(v* — fiq)gZCF(

Using the phase-space measure (5.12), with solid angle, dQ2 = dpdcos @, eq. (5.324) becomes

Qs diko @217'17/(]{0)2

dosore (V" — qdg) = do(v" — qq) %CF W 2m pky (5.325)

whose integral over £° yields an IR logarithm.

Let us generalise eq. (5.325) to the emission of a soft gluon out of the production of n partons,

as dk0 dQ &
Ao = dony 55 ]z_:l CiiWij , (5.326)

with Cj; a colour factor and W;; a radiation function,

(k‘o)Qpi . pj 1 — cos 91']'
Wi = - , 5.327
T (ps - E)(pj-k) (1 —cosbi)(1—cosb) ( )

and the sum Z?j:l is over all pairs of partons (4, 7). In the soft-gluon emission (5.326), we choose
the colour factor as C;; = —T; - T}, such that in the 2-parton state, v* — ¢¢,

T; =T7 = Cp, (5.328)

and

T2+ 17
T,+15=0 = -T,-T;= — = Cr, (5.329)
in agreement with eq. (5.325). In this case, there is only one radiation function W4 to be computed.
This occurs twice in the sum Zij and that explains the factor 2 in the radiation function of
eq. (5.325).
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5.9.2 Angular Ordering

Let us examine the generic radiation function (5.327), It has collinear singularities as 7 is collinear
to k (i||k) and j||k. Since they are localised in space, it is better to disentangle them in Wj;, so
that we can deal with them one at a time. This can be done in many different ways. We set,

Wy =wi+wil, (5.330)
with . ) )
[¢]
W.i=— (Wi, — . 5.331
K 2( ]Jrl—cosﬁik 1—0059jk> ( )
Note that Wl[;] has a collinear singularity only as i||k. To see it, we make VVZ[;] explicit,
[4] 1 1 — cos 07;]' 1 1
[ N b |
W” 2 [<1 — cos B 1 — costjy + 1 — cos 0,
1 1 cos 0;;, — cos b;;
=-———|1 - 2. 5.332
21—(:089%( + 1 —cos b ) ( )

As j||k, I/Vl[;] has no collinear singularity. Further, Wi[;-] has angular ordering. In order to see it,
we may take parton i as reference and write the orientation of the other momenta with respect to
parton ¢ using Euler angles. If the angular integral of the soft gluon is dQ2 = d cos 6,1 dy;i, we may
average over the azimuthal angle of the soft gluon with respect to parton i. We obtain (please see
Exercises),

1

™ dir - i ———— i O < 0

/ Aokl _ J T cosye - F S (5.333)
0 2m 0 if 0, > GU

So the integral contributes only if the soft gluon k is emitted in a cone centred on line ¢ and with

opening angle 0;;.

In displaying angular ordering, we did not use colour and in fact this feature of soft emission is
common to all gauge theories, and so both to QED and QCD. In QED, it implies the suppression
of soft-photon emission from eTe™ pairs when the emission angle  is larger than the opening angle
of the pair, 6.+.-, and it is called Chudakov effect. It means that wide-angle soft photons cannot
appreciate the detailed structure of the ee™ pair. They only see the net charge of the eTe™ pair,
which is zero.

5.9.3 Colour Coherence

In order to see how angular ordering works in QCD, let us consider soft-gluon emission out of a
3-parton system. We can write the sum over radiation functions as,

W = -1 -ToWiy =11 - TsWi3 — T - T3Wos. (5.334)

Colour conservation implies that
T +1Tr+ 15 =0. (5.335)
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Then,
— 2T Ty =T+ T5 — T2, (5.336)

and likewise for (1,3) and (2,3). So
W = % [TE(Wig + Wiz — Wag) + T5 (Wia + Wag — Wig) + T (Wis + Wag — Wia)] . (5.337)
Now, use Wig = Wl[é] + W1[2] and cyclic permutations. Further, introduce the functions,
will = - (W[” wli),  ana Wl = (W[Q] wi). (5.338)

Note that WQ[;)] has no collinear singularity in direction 1, and likewise for Wl[?’;] in direction 2. Then,
with a bit of algebra we can decompose W as,

1 2 3 3
W=z [l i) w5 (vl - el
2 2 y 1 3 3
w13 Wi+ W -l - 5 (i) - wf)
|
+ T2 [Wz[é] G+ 5 (Wl[f;} + WQ)} . (5.339)

Now, we study the configuration where 019 < 013, 023.
(
o
7

We can approximate the direction of 1 or 2 by the common direction (12) in any function which is

not singular in the direction of 1 or 2. That is the case for W[g] WQ[‘?, W[l] and Wl[? So we can

write,

W~ Wi =W, and W~ W (5.340)
and the radiation function (5.339) is reduced to
2 3 1, ril2
W= TEWL + T3W + 13 W([1}2)3 + Wi+ W1[3}] : (5.341)
Now, define
12 1 2 1 2
Wias = Way + W3 ~ 2wy ~ 23, (5.342)

which has no collinear singularities by construction. After azimuthal averaging,

T Ao, = (2] 0 a1, < O12
= 1 if .34
/0 2T W13 —_— ! { 019 < O, < 93 } ’ (5 3 3)

1 — cos Oy,
/ Mo ] if { O <o (5.344)
0 2T 2 —_— 912 < Hlk < 013 ’ ’
1 — cos 01}
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For 015 < 095, < 053 and 615 < 01, < 613, we have

01 = o = O(12)k- (5.345)
Then, we can say
2 dp1oyk = (12] # for 0(19), > 012
/0 o Wiz = Cos 0(12)k (5.346)

for O12)r < 012,
Further, the system (12) has colour charge,
T(12) =T +1,=—-1s. (5347)

So we can finally write

~ 27771 211712 217713l 2 (12]
i.e. the partons radiate proportionally to their colour charge squared. For emissions within the
cone (12), O < 612, 7 = 1,2, they sum incoherently. For 6;; > 612, partons 1 and 2 yield a coherent
contribution, proportional to their combined charge squared, as if it came from an internal line of
momentum p(2y = p1 + p2.

These features extend to more emissions, leading to a coherent parton branching, which is a tenet
of any modern parton shower Monte Carlo. In collinear emissions, the evolution variable is the
virtuality, in coherent branching the evolution variable is the opening angle, 1 — cosf. Then the
basic formula for coherent branching is
asd
do,i1 = don;CC dz Py (2), (5.349)
T

with ( =1 — cos#.
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Chapter 6
Epilogue

In sec. 5.4, we introduced inclusive cross sections as an example of infrared-safe quantities, i.e.
quantities for which the soft and collinear divergences cancel order by order in perturbation theory,
and we made the specific example of the production rate for eTe™ — 3 jets, up to the O(a?)
corrections.

It is good then to have a formalism that deals with soft and collinear divergences to all orders of
perturbation theory, and that enables us to tell that for a given infrared-safe quantity, the infrared
divergences will cancel at any order in perturbation theory, although in practice we may be able to
compute explicitly only a few lowest orders. Such a formalism is founded on the analytic structure
of the Feynman integrals, which occur in the scattering amplitudes. Due to lack of time, we will
not discuss it in the necessary detail, so we will just outline its most important tenets.

6.1 Analytic Structure of Feynman Integrals

In Euclidean space and for non-zero masses, Feynman integrals are analytic functions of the external
momenta. When continuing to Minkowski, branch points occur, which are often associated with
particle thresholds. Of course, any on-shell momentum is at threshold for the emission of (zero-
momentum) soft partons, and any on-shell massless line is at threshold for the production of
collinear particles. So we may see soft and collinear singularities as special cases of singularities of
Feynman integrals in the complex plane.

Let us consider then an n-point function. It is a function of the Mandelstam invariants {Q?} formed
by the n external legs, and by their masses {m;}. In d = 4 —2¢ dimensions, we can write a one-loop
Feynman integral of the n-point function as

dk ¢ 1
IV ({4}, {QF} {mi}) = evEe/ I (6.1)
=1t
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and diagrammatically

with
Dy =k —mi+i
D; =10 (k,{pi}) —m; +ie i=2,..,n,
and
i_l —1 for outgoing momenta
E(k,pi}) = K+ > mpl, nj = . . (6.3)
= +1 for incoming momenta.

In general, we also have a numerator F ({Q?},{m;}), but for the sake of simplicity we set F =1,
i.e. we take a scalar integral. We introduce the Feynman parametrisation,

n

L N(Shn 1 B1- X )
57 = ey H/ D({aih b {pr = (04

=1

with

D({xi}vkv {pr}) = szDz (65)
=1

So, basically the one-loop Feynman integral behaves as
~ 11 /dxz (1- le /dde (2} b, {pr})~ S, (6.6)
lines %
It is easy to extend the treatment to an f-loop Feynman integral, and say that it behaves like
i~ 1] / d;6(1 — fjm) I1 / d'k;D({i}, {k;}, {pr}) ™ =", (6.7)
lines i i=1  loops j

with D({x;}, {k;},{pr}) as in eq. (6.5), but with

D; = 622({]{:]}, {pr}) — mz2 e, with eﬁ({k]}V {p}) = Z Uijkf + Z NirDy (6.8)
7 r

and matrices 7;; and 7;,, which are specific to the multiloop configuration.

Now, we must find the position of poles and branch points of Ir(f) as a function of the external
momenta {p;}. Take I as a function on (n + ¢) complex coordinates ({z;},{k;}). Singularities
arise from zeros of D({z;}, {k;},{pr}), but not all zeros yield a singularity (remember that we can
contour deform the integral in the complex plane, and in particular isolated poles can always be
avoided by contour deformation). E.g. take,

I(w) = /Zb dzF(z,w), (6.9)
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with z € ({«;},{k;}). w are the remaining variables: w € ({z;},{k;})/2. Then no poles on the
contour means that I(w) is an analytic function of w. Even with a pole &;(w) on the contour, there
is no singularity in the w plane if the contour can be deformed away. Singularities occur when
contour deformation cannot avoid a pole. This can happen in two instances:

1. Suppose that the pole migrates to z, or zp, say that (wg) = z,. Then the pole is at an
end-point of the integral, and I(w) is undefined.

2. Two (or more) poles &(w) and &;(w) merge at a point & (wo) = &;j(wo) on either side of the
contour in the z plane.
2,

This yields a “pinch” singularity at w = wg. In the w plane, that can be shown to be a
branch point.

6.2 Landau Equations and Pinch Surfaces

In general, we can say that D({x;}, {k;}, {p-}) vanishes on sets of points {Z, k} which define pinch
surfaces in ({x;}, {k;}) space. Now, suppose that z = k;, the j-th loop momentum. D is indepen-
dent of k;, only if x; = 0 for every line 7 in loop j. Otherwise, D is quadratic in k;. D is analytic
in the k; plane, except at

D= w(t;({k;},{p-}) —mi) =0. (6.10)

lines i

The k; contour is trapped if the two k; roots of D = 0 merge. This happens at

oD

— =0. 11
o 0 (6.11)

D=0
Using eq. (6.8),

2
ap
8!@8237332 wi | | ik + ) mapr | —mi
J r

lines i

=2 ) (zill)mis. (6.12)

lines i

So, for E? = m?, for every loop j that includes line ¢ we must have that

> (il = 0. (6.13)

lines i

For ¢? # m? we must have that
Xr; = 0. (6.14)

The two conditions above are known as Landau equations.
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Suppose that line ¢ goes on-shell, E? = mf Take Azl = y;¢!" as a space distance. Take two points
in this space, and suppose that their distance is z} — xf = y1£}. Take the set of momenta ¢4, ..., ¢,

and use them to connect the points a, b,

n
xy —ah = Zyiﬁf. (6.15)
i=2

For the distance l‘g — zk to be well defined, we must have

gl + (—yi)th = 0. (6.16)
=2

This is fulfilled if we choose the y;’s to fulfil the Landau equation (6.13). If the line 7 is off-shell,
(2 # m?, Landau equation (6.14) requires that x; = 0. Then we have the following picture (known
as Coleman-Norton picture): draw a reduced diagram of a pinch surface by contracting all off-
shell lines to points. The other lines are on-shell and correspond to soft or collinear singularities.

For example, a set of on-shell massless lines with finite energy and with momenta ¢!" all proportional
to a light-like momentum p*, e , q; = a;pt, with p?> = 0 form a jet of collinear particles,

whose reduced diagram is I A set of on-shell massless lines with vanishing momenta,

),

¢ =0, form a soft subdiagram, whose reduced diagram is

P
The most general pinch surface for ete™ — qq ’éﬂ"\&f generates the reduced diagram,

t.-

Note that there must be at least two jets, since the invariant mass of a jet is zero while the invariant
mass of the final state is positive. To produce another set of jets, one would need another hard
vertex at a later time. However, the two jets move in different directions, and can never meet at a

later time (a reduced diagram for such a case would be ““2® | with Landau equation z1 ¢4 —xof5 = 0,
with no solution unless ¢ = k¢4, with k a constant, which is not an allowed singular point). Jets
only interact through zero-momentum particles. So there can only be one hard vertex, and to every
final-state particle of momentum p!', it corresponds a jet of total momentum p!'. Thus, for massless
particles in eTe™ — hadrons, the reduced diagrams is described by collinear and soft divergences,
as in the picture above.

er

In DIS, — , the reduced diagram is
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where there is at least the incoming jet, made of the proton constituents, and possible one or
more outgoing jets out of the hard interaction with the lepton. However, through an infrared
power counting (that we will not display here: you can find it in section 13.4 of Sterman’s An
Introduction to Quantum Field Theory),

A, 7

P IF' x_'P

)

it can be shown that the leading pinch surface is provided by the reduced diagram of forward
Compton scattering.

From the infrared power counting, it can also be shown that for massless theories without vector
fields, pinch surfaces with soft lines are power finite, thus scalar theories like ¢* in 4 dimensions or
3 in 6 dimensions, have no soft divergences.

6.3 KLN Theorem

For a given theory, let D(Ey) be a set of states with energy, Ey — e < E < Ey + €, and let P;; be
the probability density for a transition from state i to state j. Then, at any order of perturbation
theory,

P(Eye)= Y Py (6.17)

is free of singularities in the massless limit. This quantum mechanical statement can be proven and
it is called Kinoshita-Lee-Nauenberg theorem, or KLN theorem.

So, if one sums over a degenerate set of particles within an energy window, e.g. over the collinear
particles within a jet or over the set of all soft particles, KLN theorem ensures that the cross section
will be finite!.

If we apply KLN theorem to cross sections with initial-state divergences, like DIS, the lack of an
averaging over the initial state results in a residual dependence on €, and so in left-over initial-state
collinear divergences, which we take care of, through the factorisation procedure as we have seen
in Sect. 5.6.3, by absorbing them in the parton distributions.

6.4 Drell-Yan Scattering

How does factorisation work for LHC processes? i.e. on scattering processes with two protons in
the initial state and two leptons, jets or heavy objects (like vector bosons or Higgs bosons or top
quarks) in the final state?

'From a KLN perspective, it is somewhat a coincidence that in QED, soft-photon divergences cancel by summing
only over final states (cf. Bloch-Nordsieck dealing of soft photons in Sect. 5.2).
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As an example, let us take Drell-Yan scattering,

i.e. let us consider the production of a lepton pair in a ¢¢ annihilation in the collision of two
protons, A and B. Let us set the momenta of incoming quark and antiquark,

p1=z1h1, p2 = w25, (6.18)

with 21, 22 the fractions of the proton momenta. The (time-like) photon momentum is

q=x1P1 + 225, (6.19)
In the lab frame,
P = (E,0,0,E), Py=(E,0,0-E), (6.20)
then
q= ((z1+22)E,0,0, (1 —22)E) . (6.21)

In light-cone coordinates, ¢& = ¢° £ ¢%, we rewrite it as

q= (2$1E, 2$2E; OJ_) (622)
Let us set,
0 _omE @ =i =
QY = 20 = v [T (6.23)
2 Ty ’

where Q? is the squared invariant mass and Y is the rapidity of the photon. Then, the parton
momentum fractions can be found,

= QeY Ty = Qe—Y. (6.24)

I

We may reconstruct Q% and Y from the final state lepton momenta,

b= (p1,e”,pre ¥ pL,), (6.25)
with p’j, = —p1, = —pL. Momentum conservation implies that
Qe" =pi (e +e¥). (6.26)

But Y is the rapidity of the lepton pair centre of mass,

y =4 —+ y2’ (6.27)
2
and y* is the rapidity of the £~ or £T in the centre of mass,
yr=A0 (6.28)

2
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so that
=Y+y", yp=Y-y. (6.29)

Thus,

QeY =pi(eV +e ¥ )e¥ = Q =2p, cosh %, (6.30)

SO p1, Y1, Y2 let us reconstruct Q% and Y.

The parton model factorisation (2.63) implies that

1 1
do(A(P)+B(Py) — £+ X) = /O day /0 aws 3 Fr/a(01) f/5(w2) Ao (ag(pr)+az(pa) — £707),
f

(6.31)
where X accounts for any hadronic final state, and the sum is over the f quark flavours. Through

the Jacobian,
1

8(331 .TQ) 502 LQz T1T2
’ — |2Q 207 | = 6.32
B R i R (632)
we can write the factorisation formula as
do 1 n
0Py Zl’lff/A $1)$2ff/3(372)Q o(qq — 707), (6.33)
where 6 is the partonic cross section for ¢g — ¢7¢~. This may be obtained from
4 2
olete” = utp™) = —ﬂaf, (6.34)
3 s
(that we computed in the Exercises), by averaging over the initial colour,
A1 Q% o2
5 (ad + f
o(qqg — 070 = 3N, (6.35)
with 8 = Q2. Then, at lowest order, the Drell-Yan (DY) production rate is
do A Qf o?
i02dv leff/A xl)ngf/B(xg) N, (072" (6.36)
We define the variable,
Q2
T=— (6.37)

Since § = z1z2s and § = Q?, then 7 = x129. However, if initial-state collinear radiation is emitted
P

o
(before the gg annihilation) Mﬂ , then ¢ = 21 P| + 22 P — p,, and Q? < 5. Using eq. (6.37) and
x1x9 = §/s, we obtain that 7 < zjxe. Setting,

At o2

907 3N, Q25

(6.38)
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2
so that x1296(qq — £T07) = Q?Q2O'0, and z = —, we can write the DY cross section as,
5

d d
dQ2dY OZQz/ / :1:1/ ﬂfz/A (i, 13) fi /B (25, 1)

2
6 (z _ ¢ ) 5 (Y ~Liog “) Wijyes  (6.39)
2 T

T1T2S

with
Wij—yys = 5(1 — z)éij + O(OJS). (640)

In fact, replacing wij~« = 6(1 — 2)d;; in eq. (6.39), we get back the parton model formula (6.33)
(please check!).

The most general pinch surface for DY yields the reduced diagram,

VR

er

N——— ,
However, the proof of factorisation for the DY process is complicated by the soft interactions
between the two incoming protons. The proof goes through a Feynman diagrammatic analysis,
using a good deal of the pinch-surface technology outlined in this lecture. A few more details are in
chapters 13 and 14 of Sterman’s An Introduction to Quantum Field Theory, a lot more in chapter
5 of Collins’ Foundations of Perturbative QCD.
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Exercises

Typeset by: Andrea Pelloni and Armin Schweitzer
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ETH Introduction to Quantum Chromodynamics FS 2020
Eidgendssische Technische Hochschule Ziirich

Swiss Federal Institute of Technology Zurich Solutions ]_ . DI‘, Vittorlo Del DuCa.

Exercise 1. Representation of the Lorentz group

By definition the Lorentz group consist of all the transformations that leave the scalar product
xhy, = x#g,,y" invariant, in particular we are going to look at the restricted Lorentz group,
namely the group of proper orthochronous transformations:

SOT(3,1) := {A € SL(4,R) | A" g, A" 5 = gpory A% > 1}. (1.1)
a) The generators of the Lorentz transformations for 4-vectors are given by:
v _ v ISV _ i v
(‘7# )aﬁ =1 (555,8 - 55604) ) A= exp<_2‘u;wj'u ) (12)

where wy,;, is a totally anti-symmetric tensor.
Show that for a boost in the z-direction with rapidity 7 the transformation of (2%, 2®) can
be expressed as:

no i (uv) = (0,3)

o 5 _ (coshn sinhn) (2" ) B
[Aw)]%p2 _<Sinhn Coshn) <m3 o ww=g-n i (nr) =30 (13)
0  otherwise

b) The generators of the Lorentz transformations for spinors are given by:

(a1 = 30" Dz, Ay =exp( s ) (1.4
Show that the Dirac equation for a u(p) is invariant when
(A7 = Ay AT (1.5)
2

Solution.

a) The transformation matrix 7%g has as generator:

«@ ] 17N 0
t B:—%(UJWJ“) g = (77 8) (8.1.1)

Then it follows:

o « coshn sinhn
T = = . 1.2
o = exp(t"s) (sinhn cosh n) (512)
b) We start from the expression:
(yup" —m)u(p) =0 (S.1.3)
Then we apply a boost:

(o —m) ' (Ap) = (A1), 70" = m) Ay u(p) (8.1.4)
= Ay (A7 [T ] Ayp” = m) u(p) (8.1.5)

Where we used u'(p) = A%u(A_lp) This become zero if
AL [(A’l)u“%] AL =, (S.1.6)

which proves the relation.
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Exercise 2. Solution of the Dirac equation

Whenever an explicit representation is asked we consider the Chiral representation of the gamma
matrices, which is given by

0 o -1 0 1445
’y'u = (0’“ 0 )7 75 = ( 0 ]l>7 PR,L = 9 ) (16)

e N ) N ) N

where o# := (1,5) and o := (1, —&).

a) Consider the Dirac equation for positive frequencies solution, 1 (x) := u(p)e~?®. Show
that the solution for a particle at rest with normalization @ u = 2m, can be written as:

um»=¢m@), (po)* = (m,0,0,0). (1.8)

where & are two-component spinors satisfying £7¢ =1

b) Split the component of the spinor into the the chiral components of w(p)g 1, := Pr ru(p)

asu(p) = (g}i) and show that they do not mix under a boost (e.g in the z-direction).

¢) Apply a boost in the z-direction the spinor for a particle at rest and express it in terms of
the light-cone coordinates p* = E =+ p?.

d) Take the boosted solution and then send the mass to zero and give the expression for the
spinor for a spin up and spin down particle, namely & = (1,0) and & = (0, 1), respectively.

e) Follow the same procedure to find the expression for the negative frequencies solutions,
¥(p) = v(p)eP® that represent a positron with positive energy.
Solution.

a) The equation that we need to solve is (y*p, — m)u(p) = 0 for p* = (m,0,0,0), then it reduces to

(+° — Dulp) = (f _“1>u(p> ~0 (S.1.7)

b)
0

The only non trivial solution of this expression is given by u(p) x (g)
) (S.1.8)

: 3
7 v n(o
fw=2@wy>=z(o

Then,

n({l O ..n a® 0
Taﬁ_cosh2<0 1>+Slnh2<0 8 (S.1.9)

This means that £, and g do not mix under any Lorentz transformation.
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cosh(2) 1 + sinh(%) o 0 I3
V , . S.1.10
m( 0 cosh(2) 1 —sinh(2)o® ) "\ ¢ (8-1.10)
we know that when a particle at rest of mass m is boosted in the z direction with rapidity n transforms:
h
<m> — (me)s W) = met" = pi. (S.1.11)
0 msinhn
where the light-cone coordinates are defined as pi = E + p*. Using the square root of this expression one
can write: . .
|: p+ 1—2(7 4 \/pil-'—za ] 5
u (A*p") = = me*" = p*. (S.1.12)
3 3
[\/]F 1+20- + \/pTl—Qo’ :| 5
d) In the massless limit, for a particle moving in the positive z-direction, we have p~ = 0 and p™ = 2FE, giving

us that for spin-up particles only the right-handed part survives while for spin down is the left-handed.

0
£=<(1)>, m=0 = ur(p) = V2E (1) (S.1.13)

0

0

0 1
g—<1>, m=0 =  ur(p)=V2E 0 (S.1.14)

0

e) In the negative frequencies solution we have that ¢(x) = v(p)e?®. The Dirac equation new read:

(v*pu + m)uv(p) = 0.

Taking the massive momentum in its rest frame and following the same steps that we did for the positive
energies solution one gets:

(7 +1)op) = (it i)v(p) =0, wv(p) o (2) (S.1.15)

Exercise 3. Helicity Operator

The helicity operator h is defined as:

=y
ML

e

a) Show that the two chiral state up 1, are eigenstates of the helicity operator for the massless
case for the particular case of a particle moving in the z-direction.

b) Argue that the up spin £ = (1,0) is oriented in the z-direction.

Hint.  You can use that for a massless spinor particle moving along the z-axis the chiral states are given
by:

ur(p) = V2E

<
S
=

Il
ﬁ
&

(1.10)

o= O o

0
1
0
0
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Solution.

a) By acting with h = %73 the proof is trivial.

b) We can perform a rotation around the three orthogonal directions z, y and z and see that only the latter
leave the direction of ¢ invariant.

Ry .(60) = exp <—zg (‘B ;)3)) - <C°S(2) 1 —Oisin(a) o os($)1 _Oism(%) 03> (S.1.16)

This means that under such rotation the state pick up just a phase ur,r, — eq:%uR,L. In a similar way it is

possible to show that under a rotation around any other axis will lead to a change of state since £ = (1,0

is not an eigenstate of neither ot nor o2

Exercise 4. General solution for massless spinors

We want to derive the general expression for ug, 1, for the general momenta in the case of massless
particles. We start by writing down the Dirac equaiton for the problem:

(#putr) =0, ul) = (§) (1)

a) Show that we can write the following two equations:

— * + *
P —DPy -0 (P pL) -0 1.12
<_pL oF >§R ; bl D §L (1.12)
where,
pr=p"£p®,  pL=p'+ip” (1.13)

Does these equations have non trivial solutions?

b) Find a solution for £;, imposing the normalization condition 525 . = 2F, and show that it

gives:
ER — eia( V p+¢ ) EL _ i8 <_ \V p_ei¢P>
Ve )’ Vpt
where ¥ = —PL_

N

¢) Show that in the corresponding limit we can recover (1.10).

Solution.

a) Using the explicit representation given in (1.6) it’s possible to write:
@ -1—p"-oHer=0, (S.1.17)
@° -1 +p'-o)eL =0. (S.1.18)

This leads directly to the wanted expression by explicitly writing the expression for the Pauli matrices.
To show that the space of solution does not have zero dimensions we need a zero determinant. This can
be shown to be the case since we have the condition p®> =0 =pTp~ — |pL\2.
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b) The solution to (1.12) is easily found to be:

+ _ *
Er=0Cyp <§L>7 &L =0Cy < ;_L)- (S.1.19)

'R, L

Vit

From the normalization condition, together with the on-shell condition, we find that Cr, 1. =
ar, are some arbitrary phases.

where

The final expression is obtained by rewriting:

piL=\/ptp=er

Exercise 5. Hadronic Tensor

While computing the deep inelastic scattering the amplitude square can be factorized into a
Lepronic and Hadronic tensor:

2
e
WLW/(L Q)Wuu(pv q)a
with ¢ the exchanged momentum, [ and p the initial lepton and parton momentum,respectively.
Without any further information about the Hadronic vertex, we may write the gerneral form:

IMJ* =

W =Vi - g + Vo - pupy + V3 - (Puqv + qupy)

(1.14)
+ Vs (pu(b/ - quV) + Vs Quqv + Ve - €uvapPadp

Use the fact that the leptonic tensor L, is symmetric under interchange of the indices p and
v, together with the requirement of current conservation that reads:

Wy =Wuq” =0, (1.15)

to cast the general expression for W, into:

W =—W (gw— q;§”> JrKQ2 [pu—W] {pu—(q.p)qy} (1.16)

P q q?

Give an expression for W7 and W5 in terms of the Vs.

Solution. From the symmetry condition we can set V4 = Vg = 0, from the ward identity we obtain:

0="Vigy + Va(qg- p)pv + Va((q- P)aw + ¢° ) + Vaq qu (S.1.20)
=q,(Vi + Va(q-p) + Vsq®) + pu (Va(q - p) + V3q?) (S.1.21)

From this it follows that we can write everything in terms of Vi and Va:

Vs = —Va (qq'Qp), (S.1.22)
(¢-p)* W
v =V Pl - o (S.1.23)
Then the correspondence between the W; and the V; factors becomes trivial:
W =Vi (gw - ‘I;g") +Va {pp - (qq#} [pu - (qq#} : (S.1.24)
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Exercise 1. Spinor Product
Given the chiral spinors
p*
0 NG
0
ur(p) /¥ | ur(p) = \/é7+ ; (2.1)
pL
vVt 0
where
pr=p"+p%,  pL=p" +ip”. (2.2)
We define the following spinor products:
(pk) :==ur(p)ur(k), (2.3)
[pk] :==ur(p) ur (k). 2.4)
Recall that ) = ¥T7%. Check the following relations hold:
(kp)=—(pk), [kpl =—[pk]  (kp)" = [pkK], (2.5)
(pk) [kp] =2p- k. (2.6)
Solution. We start by proving the first two relations:
T k-t
(kp) = ur (k)7 ur(p) = —kiy/ Zj +puyfor
[k+ [pt (s.2.1)
= - <p1_ ijrkJ_ k*)
=—(pk)
* + * k+
v = wn(K)'5 un(p) =~k Tz + 912 == K (8:22)

By observing the explicit form of (kp) and [k p] it is clear that (kp)* = [kp]. We are then left with showing the

last relation:

k+ + . [pT . |kt
(pk) [kp] = (pl\/;+lu\/ij> <kL\/ZT+pL\/]:>

kT + .
= Ipol* o+ ki — 2Re(pukl)

=p k" +k p" —2Re(pkl)
=—-2p-k
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Exercise 2. Spinor Convention

We have seen that when a particle is massless, chirality and helicity overlap. In this case it is
enough to know the momentum and helicity of the particle to define out states. This brings up
the question of finding a more suitable basis for this kind of state.

In this exercise you are asked to prove some properties of a different representation of the
massless spinors.

As already saw in an other exercise we can contract the the momentum with the Pauli matrices

to obtain a 2 X 2 matrix:
_ pt pL
Paa = (puau)ad = < ) (2'7)
aa

pL p

a) Show det(pag) = p?.

b) Show that the above expression for massless particles can be written in terms of a two-
dimensional vector A\, as: .
(puﬁu)ad = AaAa (2.8)

We make the explicit choice for the form of the (massless) spinor A and A associated with the

momentum p:
+ +
halp) = ZF(Z) alp) = &(ﬁ) (29)

¢) Verify that indeed p,q = /\ag\a for pgg in (2.7) holds. Which additional freedom do we have
in the definition of A\, and A7

The spinor indices are raised and lowered by the totally anti-symmetric e tensor with €'? = 1
and we use the shorthand notation A(p;) := A;.

d) Show that:

i) €®(A1)a(A2)s = (pr1p2) = — (p2p1),
ii) e (M)a(Ae); = [prpa] = — [p2p1],
i) 2pf = (A1)a(6)%(A1)a,

Hint.  You can relate Tr (o*c¥) to Tr (v#~¥).
iv) 2p1 - pa = (M)a(A2)?(A2)a(A1)2

Hint. You may use the Fierz identity for Pauli matrices: (J“)aa(gu)i)b = 26362‘

Solution. Note: We are sticking to the conventions of Peskin & Schroder. In the literature you will mostly
find different conventions used.

a) Follows directly from plugging in the definitions of p* and p, in (2.2).
b) pas is a two by two matrix with rank < 2. Therefore we have the decomposition
Pai = XaXa + Hafla (5.2.4)

for some linearly indpendent vectors A and u. But for massless vectors p? = det(paa) = 0 and the matrix
has not full rank and therefore
Paa = )\a >\d

for some .
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¢) The only non-trivial part is:

P = vl = ¢ (0 + 07)) = 5 (0°F — 6°)) =
p p p
One can always redefine by multiplying A with a phase exp(i©) and X with its complex conjugate. This is
known as little group scaling.
d) i) Note that A(p)q is the positive chirality wave-function for a spin 1/2 particle of momentum p (ur(p)).
We furthermore have

Xa(P)e™ = (=X2(p), Mi(p)" = (S.2.5)

1 +\b
\/pj( pL,p ) .
Comparison with Ex. 1 shows that it is uz,(p). The identity follows directly from Ex. 1.

ii) Comparing with Ex. 1 shows that 5\[15&5 corresponds to ur(p) and Xa is ur(p). The identities are
the ones shown in Ex. 1.

iii) We have

(A)a(d)*(M\)a = (3")* (vG") s (S.2.6)
=Tr (6"5") p» (S.2.7)
= 2pt. (S.2.8)

Where we have used from the hint that 2 Tr (¢#c") = Tr (y*+") and the ~-trace can be straightfor-
wardly computed using the Clifford-algebra.

iv) We have
2p1-p2 = %(:\1)a(5’”)da(/\1)a(5\2)5(5u)bb()\2)b = (M)a(X2)*(A2)a(A1)" = (12) [12] (8.2.9)

where me made use of the Fierz identity.

Exercise 3. Optical Theorem

Probability amplitudes for scattering of asymptotic states in QFT are described by the S-matrix.
Since S connects to sets of orthonormal states, it must be unitary

Sts =1.

We may write S = 1 + T, where the transfer matriz T' describes the non-trivial scattering.

a) Show that the transfer matrix T fulfills:
(T -1 =-T'T. (2.10)

The non-trivial scattering of initial-state |¢) and final-state |f) can be written as:
(LT i) = (2m)'8 ) (pi = py) - My,

where My; is called the matriz element.
b) Show that:
My — My = (2m)*i > / I, 8% (pi = pn) Moy My (2.11)

where the sum is over all possible intermediate states.

n 4. n 4. n 3.
dIt, = [Ti= éﬂp)? 55? : (P} —m) = Iy ((;,rp)lzl 00 (p7 —m?) Op) = I éﬂp)ﬁ %El denotes the

Lorentz invariant phase-space measure for n particles of mass m;.
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Solution.
a) It follows directly from unitarity:
1=5'5= (11—in) (L+4T) =1+ T'T+iT —T). (S.2.10)
b) We start with
(T =TT 1) = (2m)* 6 (b1 — py) (Myi = Miy) (S.2.11)

Furthermore we have by inserting unity 1 =3~ [ dIl, [{n}) ({n}|

— (1T T iy == / dTL, (f| T [{n}) ({n}| T |i) (S.2.12)
=-2m)*) /dnn5(4) (psr = Pny) 8 (P = Piny) Myt My (S.2.13)
=—(2m)%0W (py —pi) > / AT My Minyi0® (pi — ) (S.2.14)

which yields the desired equation.

Exercise 4. DIS Hard Cross Section

We now want to compute the cross section between a virtual photon v* and a proton, v*P — X.
The final state denoted by X can be anything.

iMypox(@P) = X (212)

Show by means of the optical theorem that the corresponding cross section in the laboratory
rest frame is given by:

42

lq|

with A denoting the helicity of the incoming virtual photon.

oA(Y"P— X) =

h@)eX (@) Im(Wy (g, P)) (2.13)

Solution. We start by writing explicitly the cross section for a 2 — n process:

X 1 2 " P
Po>X)=——F7F75—— A | My« , = =. S.2.15
ox(y ) 1B By ir — 7] Xn:/ Pn| My pox,| U =5 ( )
The numerator can be computed by noticing that [0p — Ty = % and Ep = mp, were we used the fact that in
the lab frame the proton is at rest. The phase space for a n-particle final state is given by:
den = f[ ﬂ(%)%“) q+P— i;r : (S.2.16)
by (2m)32E; = !
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From the optical theorem one can use:
2¢%4(9)eX (@) (W) = 3 / [TdonlMyepox, ? (8.2.17)
n n
with WW = 2rmbq>.
Substituting the above expression into the definition of cross section gives us:

71'204

la

ox(v'P— X) = 4 ef(@)eX" (¢) Im(Ww (g, P)), o= ——. (S.2.18)
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Exercise 1. SU(N)

SU(N) is the special group of unitary N x N matrices (UT = U~!, det(U) = 1). The group
elements Ug in a given representation can be written in terms of generators ¢, (also matrices)
and real group parameters ay:

NZ-1
Ur=exp| i Z Q% | =1 +iagt® + O(a?). (3.1)

a=1
(a) Consider small transformations («, < 1) and show that the generators need to be traceless
and hermitian using the fact the SU(N) is the special unitary group:
UUr=1 = (th) =15, (3.2)
det(Ug)=1 = tr(t%) =0. (3.3)

Hint. Det(eX) = e"X) if Det(eX) # 0.

The generators t%, satisfy the following commutation relations:
[, 1) = i Fet5, (3.4)

where f%€ are the real and totally antisymmetric structure constants of SU(N).

(b) What are the conditions on the structure constants £ in order to have an Abelian group?

Hint. An Abelian group is a group whose elements commute, i.e. [A,B] =0
(c) The commutator satisfies the Jacobi identity,
L2, [t°, )] + [t<, [t2, °]] + [¢, [t¢, %] = 0. (3.5)
Show that this enforces the following condition on the structure constants:

fabdfdce + fbcdfdae + fcadfdbe =0. (36)

In any representation the generators can be chosen such that:

tr( ‘}{t’]’%) =Tpd™, TreR (3.7)

(d) The Casimir operator is an operator that commutes with all the generators and therefore
all matrices in the group. Show that the quadratic Casimir operator Co(R) := > tht%

satisfies:
[Co(R),t5] =0 Wb = Cy(R) = Cgr 1, (3.8)
Cr= TRZE%. (3.9)

where d(R) and d(G) are the dimensions of the representation and of the group, respecively.

(e) Show that the structure constant can be written as follows:

fFobe = ;—; tr([t%,tlj{]t%). (3.10)
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Solution.

(a) From unitarity we find
(1 +iaat™) (1 — o (t*)1) = T 4+ ica (t* — (t*)1) + O(°) = 1. (8.3.1)

because « is arbitrary we have (t*)! = %
The determinant imposes a second condition:

exp(iag tr(t?)) = 1 4 iaq tr(t*) + O(a?) = 1. (S.3.2)

meaning that tr(t*) = 0.

(b) If f°*¢ = 0 then the group is abelian. For the group to be non-abelian a non vanishing structure constant

is needed.
0=AB-BA= (]1 +ioat” — %) (11 +ifat” — @) - (11 + iBat” — @) (11 +ioat® — @)
+0(a”, 8o, ., %)
= —af(t*t® — ")
(c) trival.

(d) The commutation relation can be proven as follows:
[thtfe, tr] = if " (thth + thth) = 0. (S-3.3)

We use that f°¢ is totally anti-symmetric and that the expression inside the parentheses is symmetric
under a <> b.

Because (3 commutes with all the generators, it must be proportional to the identity, C2(R) = Cr1l. To
fix the constant we can perform the trace:

tr(Ca2(R)) = tr(3, thtk) = Trd(G), _ Trd(G)
t(Co(R)) = Crd(R). } = Cr ==y (8:34)
(e)
tr([t%,t%}t%) — ity (t%t%) —ifeTy (S.3.5)

Exercise 2. SU(N) Representations

A representation t% of the generators is defined as a matrix that acts on some vector space V.
We want now to discuss two representations that have a major relevance in QCD.

The fundamental representation t}. for SU(N) is denoted by the complex N x N-matrices
that are traceless and hermitian. In this course we adopt the normalization T = % see (3.7).

(a) Show that the Casimir operator for the fundamental representation is:

NZ -1
Co(F) :=Cfr1 Cp=—+. 3.11
2( ) F 1, F IN ( )
The adjoint representation is defined as (t% )y := —ifo¢. The value of T is fixed by imposing

the same structure constants for all representations and is T4 = .

(b) Show that t% is a representation of the generators of SU(N).

Hint.  Prove that it satisfies (3.4) and that its elements are traceless.
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(¢) The Adjoint representation can also be written explicitly in terms of the fundamental one.
th=tr@1+1t%. (3.12)
Use this result to show that Cy =T4 = N.
Hint. Useful relations involving the tensor product ® are:
(r1 ®1r2)(81 ® 82) = 1151 @ rasa, (3.13)
tr(ry ® ro) = tr(ry) tr(re). (3.14)

(d) Show that the Casimir operator for the adjoint representation is:

Co(A):=Csl, Ca=N. (3.15)
Solution.
(a) trivial, d(F') = N.
(b) For the trace we have,
tr(ts) = —if* = 0. (S.3.6)

For the commutation relation we just need to use the Jacobi identity:
([t3, tA])ea = (¢4)ce(th)ea = () ce(th)ea
— _faccfbcd + fbcefaed
— (fcdefeab + fdaefecb) + fbcefaed (837)
— fcdefeab
— ’L‘fabe(*ifeab) — ifabet;g.
(c) We start from the definition:

th=tr 1+ 1ty (S.3.8)

The we build the Casimir operator

Do) = (R @1 +2(th @ t5) + 1 & (t5))°] (S.3.9)

a a

Finally we take the traces, (note that the tr(¢*) = 0:

tr(t%)? =Tr,  tr(1) = d(F) (S.3.10)
Cad(A) = 2Trd(F)d(G) — Ca = 2Trd(F) = N (S.3.11)

since d(A) = d(G)
(d) The dimension of the adjoint representation is N? — 1, then Cy = T4.

Exercise 3. SU(3): Gell-Mann matrices

The aim is now to construct the Gell-Mann matrices. They are a possible manifestation of the
fundamental representation.

(a) Starting from the fact the SU(2) is a subspace of SU(3) we define the first three matrices

to be:
010 0 —i 0 1 0 0
=k |1 00|, #=k(i 0 0, H=k|0 -1 0]. (3.16)
000 0 0 0 0 0 0
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Prove that k123 = 1/2, due to the normalization Tr = %

(b) Using tr(t%®) = g fora =1,2,3 and b =4, ..., 8, show that

(o= () =0, () = () = — 028 (3.17)
12 21 5 11 22 2 . .

(¢) Given that SU(3) can only have two generators with only diagonal elements, and that one
is already given by ¢3, define t® as the second one and show that:

L [t 00
t=——(01 0]. (3.18)
2V3\g 0 —2

(d) Prove that ¢4 cannot have any diagonal element and that they are given by:
00 1 0 0 —2 1 1 0

. 1 000 00
t=2fo 0o, #=Zloo o) #=_foo0 1), F=(0 0 —i
10 0 i 00 010 0 i 0

3

Solution.

(a) Imposing tr(t’ltb) = %6‘”’ together with tr(a“ob) = 6°® with ¢ the Pauli matrices, we find that ki3 = 1
(b)
th th th
=1t th th|, (S.3.12)

boogb b
t31 t32 lsg

2tr(t?) = th +th +185=0 b t53
2tr(t%) = 4 —t5 =0 e 2 ( )
2tr(tP?) = i(thy —t5) =0 b b
tig =131 =0 S.3.14
2tr(t"') = th+th =0 - =i ( )
(c) Using the result from the previous point we have:
1 0
tB=ks|[0 1 0 |. (S.3.15)
0 0 -2
ks is fixed by tr(tstg) =1/2 to be ks = 21%
(d) Note that tr(tbts) =0forb=4,.,7.
2\/§tr<tbt8> =t 4t —28 =65, =0 = =th=t3=0 (8.3.16)

Again, we only need to compute the trace to fix the constant in front.

Note that this representation is not unique. This can also be seen in the simpler case of the su(2) Lie algebra.
This algebra can be represented by the Pauli matrices o, with t* := %* then:

[t 7] = ieF ek (8.3.17)
However the following generators will satisfy the same commutation relations:

t'h = cos(0)t' — sin(9)t? 33
2 : 1 2 e =t
t'? = sin(@)t" + cos(0)t

and they also fulfil tr(t"¢"7) = 6; .
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Exercise 1. Wilson Lines

In the non-abelian case, as shown in the class, the Wilson line reads:

Uly,z) = exp(—ie / ) dz”A#> (4.1)

In the non abelian case, the matrices AZt“ do not commute at different space-time points. It’s
then convenient to have a parametric representation of the integral:

z(7) with z0)=z and z(1)=y (4.2)
Together with the path ordering of the matrices P defines as:
P (A5 (a(r)e Al (x(m)) =
AZ(Z(Tl))t“AS(z(Tg))tb 0(r1 — 1) + Al;(Z(TQ))tbAZ(Z(Tl))ta O(re — 7). (4.3)

The Wilson Line can be defined a s a path-ordered expansion of the exponential:

1 H
Up(y,z):=P {exp (ig/o dTC(liTAz(Z(T))ta) } ) (4.4)
fulfillin
® dz# 0 .
5 PulA(2))Up(2,2) =0, Du(A(2)) = 5= — ig Ay (2)t". (4.5)

a) We would like to show that the Wilson line Up(y, z) transforms in the same way as the
comparator, namely:
Up(z,y, A") = V(y)Up(y, z, AV (x). (4.6)

Where A;f is the gauge transformed field of Aj, corresponding to 1 (x) — V(z)¢(z).

b) Consider now an infinitesimal Wilson loop, and show that The resulting quantity is not
an invariant under gauge transformation. Compute Up(z, z) dropping everything that is

of O(e3).

¢) Show that the trace of the Wilson loop, Up(z, ), is invariant.

Solution.

z4+€eg z+e(Z+79)

z+e€x

Figure 1: Infinitesimal Wilson loop.
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1 Additional Material: Preface on Wilson Lines

When we consider Wilson lines, we are concerned with transporting the transformation behavior of a field at a
point z to a point y. In the following we are going to derive/motivate the differential equation of the transport
function U(y,z), which we made first contact with already in the last exercise class and in the lectures. In
particular, we saw that for an infinitesimal transport U(x + dx, x):

Uz +dz,z) = 1 + ig0y (aa(z)t?) dz" = 1 + igA, (z)dz” . (S.4.1)

But now we are interested in the finite case. For that, we consider transport along a curve v : [0,1] — RY3 with
the curve parameter t — x*(¢). We will furthermore use the sensible assumption, that the transport along a given
curve is transitive, as depicted in fig. 2:

Uy (7(1),7(0)) = Uy (v(1), 7(s))Ux (7(5),7(0)) - (5.4.2)

Let us now consider the transporter as a function of the endpoint z*(¢) and the curve v and consider a small
variation As > 0 around a point ¢ = s on the path . The left-hand-side of (S.4.2) expanded for small As reads

U, (2" (s + As), 2*(0)) = Uy (2" (s), 2(0)) + 0,.U, (" (s), z“(o))dwgs(s) As (S.4.3)
while the right-hand-side
U, (2" (s + As), " (s))Uy (2" (), 2" (0)) = (]l + igA,l(x(s))dw(;(s) As) U, (z"(s), z"(0)), (S.4.4)

where we used (S.4.1). As we can see, this can be written as the first order differential equation in the curve
parameter as:

dz*(s)
ds

S0 = (i9Aue) 5 ) U al0).0) (5.45)

which is e.g. given in Peskin & Schroder, where the base-point z(0) = y is fixed, but the endpoint varies.
Alternatively we may write it as

W) (D (), )) = 0. (5.4.6)
t = 1
t= r—r—f—\li /'
t=s+ As
/
t=0

Figure 2: Sketch of a transport along a given curve v : R — R"3, s 2/ (t), where we “split” the curve at t = s.
1.1 Iterated integrals and Path-ordering

In that case we have to solve the differential equation

d
TUD =AU , (S.4.7)
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which is equivalent to the integral equation

U(t)—Uy=c¢€ [ dsA(s)U(s) (S.4.8)

—

t=0

with Up = U(z(t = 0),2) = U(z,xz) = 1 and € = g is some parameter. The approximative solution of either the
differential or the integral equation is well known to physicists, since it is usually encountered by considering the
time dependent Schrodinger equation

Lyt t0) = LHEOWE t0) (5.4.9)
a7 T e -
with an explicit time dependent Hamiltonian. This problem is well formulated in terms of the Dyson series and
the differential equation (S.4.7) admits the same method of solution which reads

Ut to) = T(t, to)Us (S.4.10)
t t s
=11 +6/A(s)d5+62/A(s)/A(s')ds'ds... Uo (S.4.11)
to to to
=1+ Z 3 A(sn)A(Sn-1) ... A(s1)ds1...ds, | Up (S.4.12)
n>1 to<sy-<sp<z
= Pt Jio A5y, (S.4.13)

where P denotes the path ordering ' operator and the matrix T'(to,t) the transport of (S.4.7). For a discussion
of these types of integrals, which arise also in a different context in perturbative QFT see e.g. chapter 2.1 in the
lecture notes by Francis Brown http://www.ihes.fr/~brown/ColombiaNotes7.pdf.

a) We are looking at gauge transformation and we already know that:
D, — V(z)D,V ()" (S.4.14)

We can start by assuming that Up(y, z, A) satisfy the DE (4.5), and by showing that it must follows that
also Up(y,z, A) fulfills that same DE for any gauge transformation, together with the uniqueness of the
solution for 1st order DE with fixed boundary condition, one can assert that the given transformation is
indeed the right one. In order to prove it, we can act with the covariant derivative on both sides of the
(4.6), showing that:

Dy (A)Up(y,x, A') = V(y) Du(A)Up(y, @, AV (z)" (S.4.15)

=  Du(A)Up(y,z,A) =0. (S.4.16)

b) In the limit for € — 0 we can write:

Up(z +€en,z) = exp [igen“AfL (x + %n) t* + (9(53)] (S.4.17)

'Known as time ordering operator in QM.
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Up(z,2) =Up(z,2+€g)Up(z+ €9, 2+ e(@+9)Upr(z+ (& +9), 2+ €2)Up(2 + €&, 2) (S.4.18)
= exp [figeAZ <z + Eg]) t* —ige Ag <z +ej + Ea@) t*

S Z \ (S.4.19)

+ige Ay <z+e:c+ iy) t* +ige Ay (z+ 5:0) t* 4+ O(e )]

=1+1ige (fAZtaJerW
—M+W—W— €Dy ALt
AL +W+W+ €D, ALt" (5.4.20)
+AZ4“+%3A%¥§‘T”+W

—HgEAZAI;iﬁE— ige AgA Tt —zgeAZAiia?E
—igeALALL — ige ASAPTTE 4 igeA;AZt“tb) +O(P)
=1+ige? {(aTA; — 9, A7) " — z'gA;A;[t“,tC]} +O() (S.4.21)
That can be rewritten as:
Up(z,2) = 1 +ige Fot* + O(®),  Ff, = (6“,4‘; — 9,A% +ig f””%ZAﬁ) e (S.4.22)
¢) We have that the Wilson loop transforms as:
Up(z,z) — V(2)Up(z,2)V (z)' (S.4.23)
Then the trace is invariant, since:

tr(V(x)Up(x,x)V(x)T) = tr(V(x)TUP(x,x)V(x)) = tr(Up(z, z)). (S.4.24)

Exercise 2. Dimensional Regularization: Minkowski Integral

We want to compute the following integral:

A+ BI* il
/ddl + +C :/dmxylfl(l_l,)ugfl

(@)1 [+ p)*)
d
i(—1 V5 ]_" _Q g 1
Z( ) :—2 ( 2+V) A/fclgi y , (47)
Av—5  T(v)(v2) 2 w=-9-1)A
where we introduce A = —x(1 — x)p? with p? < 0, while the A and B are generic expression

independent of of the loop momentum [. Their expressions are mapped to:

A=A-BQ1—-x)p'+CQ1—x)p'p, C'=C. (4.8)

(a) By means of the Feynman parameters show that:

A+ BIF+CIMY T + 1) _ _ A+ O 1P
d _ v1—1 o vo—1 d d
J @0+ )T~ o)) J a0yt fa ‘T A 49

Hint.  Recall that the Feynman parameters are defined as:

n

1 I') vie1 | 0 (Zizs — 1) _
Avi Av2 . Avn = F(Vl)"'r(ljn) / (Hdl‘l$ ) W, v = ZUZ (4,10)

=1
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Figure 3: Wick rotation.

(b) We need to compute an integral of the form

12 a
/ddl[lz(_)A]y, (4.11)

Because of the particular form of the Minkowski metric, we cannot switch to d-dimensional
polar coordinates. One possibility is to perform the integration over [° as a contour integral
and then perform the remaining (d — 1)-dimensional spherical integral. Another trick
consists in performing a Wick rotation, rotating the integration of I° from the real to the
imaginary axis. Then one defines the new euclidean coordinates:

°=il%  I=lg (4.12)

Using the results from the Euclidean integral, show that:

. vta 4
/ddl (l2)a — Z(_l) * 2 F(a—i—%)F(—a—%—i—V) (4 13)
v d '
P—AF vt T ()T
(c) Put everything together to recover (4.7).
(d) Set A’ =1 and C’ = 0 and perform the integration over the Feynman parameters:
1 g o T (=2 +0)T(€ - )D€ — )
d . a v 2\ s —v 2 2 2
—————— = -7 (- . (414
| R — N R T g 4

Solution.
2 Additional Material: A brief outline on the relevance of this
exercise

It is worth pointing out, that the particular approach covered in this exercise will almost never be used in praxis
apart from these bubble type integrals, where it is possible to bring by a smart shift the denominator into the
form (12 - A2). However, some of the techniques sketched in it, are important.
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The first important point is, that in order to perform tensor integrals one either needs to project onto a Lorentz
basis or perform a dimensional shift. Once the problem is reduced to scalar integrals, powerful techniques can be
employed to compute them. In the following, we will outline the approach of projecting onto external momenta.
We take the tensor Feynman integral an separate it by rank of the tensors in the numerator:

4 A+Bl”+Cl”l”7 4 A 4 BI* d c*rr
[ E T = J @+ 9 + [ BRETEE + [ BRI
(S.4.25)

After integration, there is of course no loop-momentum dependence left and the integral will be of the form:

/dd A+ Bl +CIMY
@) [+ p)*)2

where the T; are Lorentz tensors dependent only on the external momenta, the metric and in some cases the

= AL + BT ({p}) - o + CT3" (9, {p}) - Ts , (5.4.26)

Levi-Cevita tensor, while the Zj are the results of the integration of certain scalar integrals. In the following we
want to see, which integrals Z;, we need an how the tensors T} are found. Tensor integrals will be denoted by its
numerators but it is understood that all these identities hold only after integration. Let us first consider the rank
one integral [*. Since we have one external momentum p, this integral will evaluate to something proportional to
p". We therefore make the ansatz:

ap =1" . (S.4.27)

To find the coefficient a we contract both sides with p,

ap® = (lp) & a = (IZ)—I;) (S.4.28)
which leads to the identity
B p" / d B (Ip)
ANl e = [ A S.4.29
R e e o I e e (5429

In general we need the most general rank one tensor we can build. For example if we would deal with a triangle
with independent external momenta p; and p2 our ansatz for the rank one tensor is ap) + 8ph.

Let us now consider the rank 2 case. We make the most general ansatz which can be build by the metric and one
external momentum p:

a1g"” + aopips = 1117 . (S.4.30)
Contracting with g, and with p,p, yields
I = a1d + aop® and (Ip)? = cup® + aa(p?)? (S.4.31)

which we can easily solve for a; and . For a triangle with independent external momenta p; and p2 our ansatz
for the rank two tensor is ap/'py + asphps + aspi'ps + auphpl + asg"” and we see that we would need to invert
a b X 5 matrix.

For high rank and multi-leg processes the inversion of these systems becomes a obstacle quickly. It is therefore
often desirable, to use all symmetries and additional features of the underlying process. In particular, if the open
Lorentz indices are related to contractions with external bosons, one can additionally impose Ward-identities or
gauges to minimize the tensor-structures in analogy to the last exercise of the first exercise sheet.

With respect to the exercise discussed in the following: By performing the smart manipulations we arrived at
the denominator (12 — AQ)7 which is the denominator of a tadpole diagram without inflowing external momentum
but of mass A. The ansatz for the rank 2 tensor is therefore simply a1¢"”, which yields the formula used in the
solution.

(a) We start by using the Feynman parameters for the current case:

/ddl A+ BI*+CIM*  T(v + ) /dmul_l(l _ m)pg_lfddl A+ BlF+CUIMY
(@[ +p)2r T (v2) [(1+ (1 —2)p)? — x(1 — z)p?]1+e’
(S.4.32)
We can now perform a shift in the loop momentum ! — | — (1 — z)p. This translation will cast the
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denominator in the form [I> — A]"1™"2 with A = —p®z(1 — z). Note that the denominator is now an even
function in [ and this can be used to remove all the odd pieces from the numerator, in particular:

A+ Bl +C'IMlY A 4O P
/d B PN e /d Yz = AT (S.4.33)

This will then give us exactly the expression that we were looking for.

(b) Note that the singularities are located at:

P = A+ie= {10— (\/ﬂ—ie)} [l°+ (\/ﬂ—k)] =0
=4+ (M - ie) (S.4.34)

In Fig.(3) we can see that the Wick rotation doesn’t cross any of this poles, allowing us to exchange an
integration along the real axis for one along the imaginary axis. Doing the rotation gives us:

&) ta (15)°
/ddlm =i(-1)"" /ddlEW

it T(a+ T (~a— 2 +0)
o oAved I (HT)

The poles are then:

(¢) We can now use the general solution from equation (4.13) for the two special cases of a = 0, 1:

d 1 _ i(*l)yﬂ'% I(-5+v)
/d l[lz AP T ad o) (S.4.35)
12 i(—1)"rs 40 (-1 -2 +v)
d _ a 2
/d AP T aeid 3 T (S.4.36)

Then we can apply this two results to the expression that we compute at the beginning of the exercise:

o A+ BIF O ot Va1
/“(zzmurp) 22 /d v =)

Z’(—l)Vﬂ.% F(fg +y) , /g/,w 1
AT Tl (A — (zz—d—l)A> - 543D
(d) Let’s start form (4.7) and set C' = 0 and A’ = 0.
d ; = (= Vﬂ-%w et — )2t —vt+g
[ Y i/ e 0o
% d_ ( g ) —vo—1 % —v1—1 %
= (im2)(=1)"(-p*)*2 F(V )T (2) /dac:]c t2(1-x) + (S.4.38)

4
2

24 L5 +1)D(5 —1) 0 (5 - 1)
N ) o T

= (im

Where in the last step we just used the definition of the S-function.
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Exercise 1. Mass Renormalization

We want to compute the renormalized mass for the fermions in QCD. The corrections at LO
are given by a virtual gluon:

izw— = —b—ﬁ%—H + 0(a))

Qs M26
(4m)e

(5.1)

Cr (]b — 4m) + 0(a?, %),

=1

2 o

where oz = Z—;T. We recall from the lecture that the renormalized propagator is defined as:

i (p) = 2,1iGO (p)
_ i (5.2)
Y mO e E )

With the upper index 0 to denote the bare parameters. Then the renormalized mass is defined
as:

mB = 1m0, (5.3)

(a) Consider the renormalized propagator and write an expression for X g(j, m) as a function
of the renormalization constants 6, and d,. The function Xg(p, m) is defined as:

1

GR) —

iG 7 —m® + Sp(p,m®) (5.4)

Show that the renormalization constant in the M .S scheme are given by:

Z¢ = 1+5w Zm = 14p
1— £ Cp + 0(0?) = 11— 2% 0+ 0(a2) (5:5)
(dr)Ze - F s/ (amze ¥ s/
(b) The running of the mass is given by the renormalization group equation
dm®)

2 e = —Vm (agR)> m, (5.6)

Use the fact that the bare mass m(?) is independent of y in order to show that the anoma-
lous dimension 7y, is given to order ay by:

Ym <ag3)) . <a4%:)> +0 <(a§R)>2> : (5.7)

(c) Solve the differential equation for the renormalized mass m). The boundary condition
for the integration are the two scales pg and 1. Then the solution can be written as:

@ (1) = m as (1) \ 7o
() = ) (220) 5:5)

Hint. Recall that the coupling constant gy satisfies:

dgs(p) _ Bogs(p)®
dlogp (4m)2
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(S.5.1)

(S.5.3)

Solution.
(a)
Y. d
WGP =1 Sy p—mB) — 6,mI) + %, (p)
7
S.5.2
p—mF) 4+ 5yup — (3 + m)mF) + Xy (p) ( !

With this we can conclude that
Sr(p) = Sup — (65 + 8m)m™ + 2y (p) + O(a?)

The bare 1-PI quark self-energy can be obtained from the electron one by including the suitable color

factor. In Feynman gauge one gets::
re-4¢ dm—(d—2)x
— i%0(p) = —ig°Crdi; ( ;’) /dz ( Jop v (8.5.4)
(4m) % [p22(l — 2) +m2(1 - a)> %
Keeping only the divergent term (i.e. by taking the limit d = 0 for the integrand), and truncating the
perturbative expansion at O(as), the first 1PI correction is:
g: (R) 2 0
s (p—a ) 5.
e (p m®) + 0(a2, ) (S.5.5)

(S.5.6)

393 2 0
I =1 — (47’[’)2€CF+O(CZS’E )

Putting everything together, gives:
g2
*—Crp + 0(a2, €%,

Zy=1—
v (4m)2e
We can also extract the finite part form the integral over the Feynman parameter x. This can be done by

noticing that the renormalization conditions are:
ER(¢)|¢:m(R) =0 = Z¢(¢)|p:m(3) = —0m,
dx dx S.5.7
R@)‘ o - um‘ s (85.7)
d? p:m(R) d? p:m(R)
LT2-9 d—(d—2)x
Om = —g°Cpdy;(m™M)4=3 22 [ da . S.5.8
g F ]( ) (471_)% (1 _ 123)4_d ( )
re-49 _ —(d —2)x d\ 2z(1 — z)(d — (d — 2)x)
6y = g*Cpdy; ——2~ (R)d4/d 2= 5.
v = g Crdi; 471_)% (m+") (1—g)td + 2 (1 —z)6-d (8.5.9)
This integrals can then be easily solved by using the definition of the S-function:
T'(a)I'(b) /1 a—1 b—1
= = 1-— 5.1
B(a,b) Tatb) ), * (I—2)" dx (S.5.10)
Then, taking d = 4 — 2¢ and performing an expansion around € = 0:
b= =9 o (2 (og( ™) £ m 1 + 0 (S.5.11)
v (4m)? e S\ ar e ‘ o
gs 1 m? 4 1
Om = —3 Cr|-—1 —_— - = o S.5.12
i |1 = (on(r) +2e - 3) +00e) (5512
Showing that the finite term contains a terms that is divergent as the renormalized mass goes to zero.
(0)
2dm — (S.5.13)
Taking the

(b) We use
This equation can be written in terms of the renormalized mass and the Z,, parameter.
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derivative leads us to:

dZym™) dZm, dm™
“27771 _ #27m(R) +“2 m Z,
dp? dp? dp?
R (S.5.14)
2dZm 2dm( ) 2 0
={p + 1 + O(as,€”)
du? du? ’
Then the first contribution to the anomalous dimension is given by:
dz 3Cr  dal™
2 m F s
= U— S.5.15
4 = Ram " dn (5519
For simplicity let’s use from now on as = agR).
The derivative above is nothing but the S-function 3(as), given by:
dagm Qs
Blas) = p=g— = ~(20)as — 20 Z (E> Bs, (S.5.16)

7

with 5; some coefficients that don’t contribute at the current order. Putting everything together and using
the definition for the casimir operator C'r = %7 we find:

U 10 (ol,e)
H (8.5.17)

:4(%:_) +O(az,eo).

(¢) The differential equation leads to the integral expression:

Ym (qs) = p

m (u1) g0 (R) B
m 2

/ Ol —f/ as(p) dlog(p) (S.5.18)
m(®) (ug) M T Juo

The differential equation for s give us a change of variable to be able to integrate the right-hand side of

the expression, in particular:

dos a? 27 dos
s _ _9p,% Ldl = 5.1
T = <0G = avdlog(u) = 2L (5.5.19)
Plugging in this substitution and carrying out the integration over as and m one finds:
(R) o
1og(mR7(‘“)> = log {as(’“)} ). (S.5.20)
mF (po) as (ko)

By exponentiating the above expression one can recover the expression for m (p1) -

Exercise 2. Dimensional Regularization: Fuclidean Integral

Compute the superficial degree of divergence D of loop diagrams in d-dimensional QCD, defined
as:

D := (power of loop momenta in numerator) — (power of loop momenta in denominator).
(5.10)

You may start by the explicit expression:
D=d-L—-P;,—2P; — 2P, + V34 + Vg, (5.11)
Then express it in terms of the number of external particles and number of vertices.

Use the following notation to express your results:

166



Ngg.c @ number of external gluon or ghost, respectively.

P,g4c : number of quark, gluon or ghost propagators, respectively.
Vgg @ number of quark-gluon vertices,
Vge © number of ghost-gluon vertices,
V3g : number of three gluon vertices,
Vig : mnumber of four gluon vertices.
V' total number of vertices.

Hint. What is the expression for L? Can you get rewrite all the propagators in terms of externals and
vertices?

Solution. First we notice that the number of loop is given by,
L=P,+P;+P.—(V—-1). (S.5.21)

Moreover, the propagators can be expressed as,

2P; + Ny = 2Vy, (S.5.22)
2P. + N. = 2V, (S.5.23)
2P + Ng = 4Vag + 3Vag + Vg + Veg, (S.5.24)

Plugging this expression into eq. (5.11) and after some algebra:

D:d+d;4v+d;4v4g—dgqu—d_QNg—d_QNc (S.5.25)
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Exercise 1. Vacuum polarization

We want to compute the 1PI contributions to the gluon self-energy at order g2,

k k k
P/ o ND P oo\ P PN P
iE”b’”“ZMCDM + umii::}m SN T IO [ITITH
k—p k—p k—p

v
+ + ... (6.1)

In equation (6.1) we can see the corrections due to a fermion- gluon- and ghost-loop, there are
also higher order corrections that are O(g?) that we won’t consider. From the Ward identity we
expect the result to have the form:

Zab,u,u _ (pQQ;W _ pll«pl/)H(_pQ) (62)

(a) We start by computing the correction coming from the fermionic loop. Apply the Feynman
rules in order to obtain:

k
L/\l, dd/{) t n k o 1/%
iEIerI);le;on = MQMM/ = — gg tr <tatb) ,u,47d/ (271-)(1 r(’LQ((k _Z;))Z ) (6.3)
N
k—p

Perform the integration and show that the final solution fulfil the ward identity and reads:

¢ _dy (2)?
i [gMVPZ _p,upu] sab <_043 (41;/;1,22) Sn; TFW) (6.4)

(b) Compute the correction coming from the gluon loops. In the lecture you saw that the
contribution coming from the tadpole is zero, therefore we only need to consider the
gluon-loop with the 3-gluon vertices:

k
o _ g2 JEER e
=i Gl == 50 [ e |
ANGAA
k—p
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Use the Feynman rules from the lecture in Feynman gauge (£ = 1) to derive the expression
above. Carry out the integration over the loop momentum neglecting the integration over
the Feynman parameters, show that the result is:

d_g
abup ab2 4 d iAz _QZ w2 (d—1) _ _§
Zzgluon =C4d /dl‘ (47r)d/2r (2 2) |: gp 3(d 2) +1 :17(1 .73) 2

+pt'p” <(d;6) +(3—2d)z(1— x))] . (6.7)

(¢) The result coming from the gluon loop is giving us a result that does not have a projection
over the transverse polarizations. In order to fix this we need to include the correction
coming from the ghost loop:

Eabvu i’/\ p ) 4 d/ d%k facdfbdcku(k_p)u 6 8)
ghost 0990004 00000 =95t (2m)1 K2(k — p)2 .
\/
k—p

Integrating as in the gluon correction, show that the solution can be cast in the following
form:

ab,y d g
Egzosl; — 0%t d/dm . < ) <232 +pupu> (1l —x) (6.9)
2

(d) Sum the contributions from the gluon-loop (6.7) and the ghost-loop (6.10), and carry out
the remaining integration over the Feynman parameters.

2\ € d d\?2
Eabuu+2ab,uu — [ w2 ]5ab 4’/T/.1, C 2(3d*2)1—‘(2— §)F(§)
gluon ghost | g p 471' _p2 A d—2 I‘(d)
(6.10)
Solution. The gluon propagator is given in R, gauge:
P 77’»6ab pupu
= Ky - -
= S (a0 ), (561)
while the ghosts:
‘ Ghosts Vertex Ghost Propagator
Ca
\ pP3
\k\ 5ab
P2 oA NORL G = g fabept | O e - O =
e~ P
C(;
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(a) We start by computing the correction coming from the fermionic loop:

k
SN —a [ Ak (Y (K= pF)
=—g° tr(tatb>,u4 d/ (S.6.2)
: @2m)*  k*(k—p)?
\_/
k—p
_ dk 4(2kMEY — kMpY — KV pH — g*Y (K — k- p))
2 ab 4—d
= —qg:.T 0.
e~ [ R (k- p)? (5:6:3)
— 42T 4—d/dx/ d’k —2x(1 — x)p"p” + g"” [(% - 1) k? + (1 — x)pﬂ
JeiroH (2m)1 (k2 — A)2
(S.6.4)
v HpY 2 uv d 2
_ d'k A’<9“ —2“5)—59 (1-5)k
2 ab 4—d P
=49 Tré" 1 /da:/ @) EENE (S.6.5)
We use
dk kK =i dp (0 dY) 40
@07 —B8)  (4m)2 2 2
A%k 1 i ( d) d_g
= r(2——-) A2
/ (2m)d (k2 — A2 (47)% 2
The result of the integral over the loop momentum is:
—92 3 v
7 )’%F(E)A% ! {g““ - ppf ] (S.6.6)
T
By performing also the integral over the Feynman parameter one gets:
g T(9)° —si pp
ROV 2Tyt 6 (—p?) s T 2 T (e [ o } S.6.7
fermion gsdrap ( p) F(d) (471_)% () g p2 ( )

This can be already used as final result by extracting explicitly the pole in € coming from I'(e).

Let’s see what an expansion around e = 0 looks like in this case. First we redefine ji* := 4we P p? as in
the M S scheme, then

2
gs(— 2 o 1o v
T 5‘117 2 Nz pp —
st (4m)? () {g P’
2 A2\ . T (9H’r
Qs ab_Gs 2 uvo _ p v M €EVE (2) (6)
= -8 Trd 162 [p g pi'p ] (71)2) e e (S.6.8)
H(E+(410n( 25 )+3)+o(e))
Using
e "ET(e) = 1 <(22)e+ O(e%)
€
'2—e?> 1,5 5
T(4—29 6 18 o)
2 ~2
.xab,v . ab Ys 2 v v 4 4 W 20 1
fermﬁbon = 7ZTF6 @ [p gM 7pﬂp ] |:§ + (g log (j) + E +O (6 ) (869)
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(b) We start by computing the correction coming from the gluonic loop:

k
p /\ p 2 ddk‘ faCdfdeN‘uV
isabon _ > —> &u4—d/ N (S.6.10)
2 @m? Rk pP
N> s
k-p
note the symmetry factor %
We simplify the structure constants:
2 d acd gbde nruv 2 d uv
_ gfsu47d/ d’k_f*OfN _ CA(;abgiu‘i*d/id kNPT (S.6.11)
2 (2m)4 k2(k —p)? 2 (2m)? k2(k — p)?
(S.6.12)

The tensor part reads:
N" =(g""(p — 2k)" + g7 (k — 2p)” + " (k + p)?)
(9, (2k =p)" + 9", (2p = k)p + g",(=k — D))

Now we can use the Feynman parameters for the denominator and then we apply the shift £ — k + xp.
Once we apply this shift we can drop all the linear terms in the loop momentum:
7 1 v
NW = gt (k:26 (1 - E) +p? (22" — 22 + 5)) —p"p” (d(1 - 22)* — 6 (2® —z + 1))

Alternatively one can notice that the structure of N* can be reconstructed by making use of the fact the
only available tensor structure are g"” and p"p”. This can be done by computing indices trough projectors.

After integration and using,
r (1 - g) = —2% (S.6.13)
one obtain
w2 aa [, iAE2 d voo ((old=1) 5
a2 o) [ (S )0
+p*p” (L;G) + (3 —2d)z(1 — x)ﬂ (S.6.14)

(¢) Let’s see what is the contribution coming from the ghosts:

k
p /_\ p d acd gbdcy,p v
b _ :g2u4—d/ d%k [0k (k- p) (S.6.15)
ghost 1= SO0 \MMR/ s (2m)d k2(k — p)? -
k—p
w2 aca [ A% K*(k—p)* ab 2 i Al LR AT
~Cad™g2u’ d/ @) k?Ek—§§2 =—Cas" gy’ d/dx/ @) d(kz “AR
ab 2 4-d i g d d p'p” d g1
- _ L 2r(1-2 r(2--))A%
Cad®gsp /dx(47r)% ( d 2 ( 2) + p2 2
a — j d gd 1 PP\ A 21
:—CA5b9.§4d/d;E : F<2—7) - Az
g (4m) % 2 d21-5  p
ab 2 4-d { d N i d_q
== Cad gup /dx(47r)% (2_5) (d72 T )Y
A d_o 2 v
_ ab 2 4—d 1Az 7@ p gu oo v o
=Cad"g /d:c(47r)% ( 2>(d72+pp z(1—x)
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(d) The sum reads:
A d_o
b 2 d—d A2 _dN [ w2 (2(2d=3) _a_ 2
Ca6®g2u /da;(M)d/zF(Q 2)[ g9"p ( T rl—w) =5
I (L;G) +(4—2d)z(1 - x)):| (S.6.16)

Then we can integrate over the Feynman parameters:

v, 2 o v ab Qs 7r26 d — F2—%F%2
i[g"p” —p"p"] 0 <47r (4_1‘)‘2) CAQ(z_;) ( F(zl) (5) > (8.6.17)
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Exercise 1. Installation
In this tutorial we would like to explore some tools to compute Feynman diagrams using Math-

ematica. In order run the auxiliary file you would need the following software:

e Mathematica

e FeynCalc + FeynArt for Mathematica
The Mathematica software can be freely downloaded from the ETH IT shop, you can access
it with the nethz login. There are two versions available "floating” and "node”, you need to

download the node version if you want to have the license on your computer. All the details for
the installation can be found on the IT shop page.

A guide for the installation of FeynCalc can be found on their wiki (https://github.com/
FeynCalc/feyncalc/wiki). You will need to install the development version. This can easily
be done by running a Mathematica session and executing;:

Import ["https://raw.githubusercontent.com/FeynCalc/feyncalc/master/install.m"]
InstallFeynCalc[InstallFeynCalcDevelopmentVersion -> True]

This command will also install the necessary FeynArt dependencies.

Exercise 2. Omne-loop corrections in QCD

Your task is to compute all one-loop vertex corrections and self-energies in QCD.

i) Familiarize yourself to a certain degree with the code in QCD__START.m. Both FEY-
NARTS and FEYNCALC have extensive documentations.

ii) Complete the computation of all one-loop counter-terms.
iii) Rewrite the final results in terms of Casimir’s operators for the fundamental and adjoint

representation.

Solution. The final complete version of the package that is found on the moodle page of this course give you a
routine to compute various one-loop corrections to several QCD vertices, together with many propagators.
The three point functions corrections include:

000000009 ® _ :gg(CF_CA)Ta’YuO(a§7€O)
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Where one has to rewrite the final output in terms of Casimir’s operators for the fundamental and adjoint
representation.
Another contribution consists in the 3-point gluon vertex:

_ _QSfabc (9Ca&y —17C4 +8ny)

e (9" (P +2p5) — g (2p7 + p5) + g™ (Bf — p5)) + O (a2, ")
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Exercise 1. Relating Subtraction Schemes

We consider the renormalized electron propagator:

1
P—mgr+ ER(?)

Ggr = (8.1)

in QED. This propagator has the beginning of a branch-cut at the location of the physical
electron-mass, which we will refer to as the pole mass mp, which residue 1. We therefore have

Gr = + terms regular at p = mp (8.2)

p—mp
and the pole mass is independent of the subtraction-scheme.

i.) Derive the two relations between the mp, mg and X which follow from the above con-
siderations and are independent of the subtraction scheme.

Solution. Gr(p) has to have a pole at p = mp and therefore the 1PI graphs must fulfill
ZR‘p:mp =mpg — mp. (S.8.1)

The condition on the residue yields

1

1
= lim ——MM S.8.3
pomp 1+ ES) (5:8:3)
dpER(p) =0, (S.8.4)
p=mp
where we used the rule of L’Hospital.
In exercise sheet 5 you derived the relation:
Er(p) = Ta(p) + d2p — (6m + d2)m, (8.3)

where Yo is the one-loop fermion self-energy. In the on-shell subtraction scheme, the renormal-
ized mass mp is identified with the pole mass mp and one finds

. 2
08 (0% 1 1 ‘LLQ 5 mry
=—— 1 1 4
55 o ( B og< m +5 t+log w2, (8.4)
3 3 i 5
§05 — X (2 _ 2, -z .
m 27 e 2% m% 2 (8:5)
2

where 12 = (47) exp7E€ 1%

i.) What is the renormalized mass in the M S- and M S-subtraction scheme.

ii.) How are they related to the pole mass?
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Solution. Both questions are answered together. If we ant our subtraction scheme to be MS (M), we
simply take the (modified) pole-part of the renormalization functions:

3a 2

ol == S.8.5

m ys (5.8.5)

6 = 3% (2 4 yog(dm exp(—)) (S.8.6)

m =T\ g P(—7E . -O-

From the pole condition of the renormalized propagator and using mp = mpg at leading order, we get in

MS
o s 3
MR = Mp 1—E 5+310g mi?b +O(Oé ) s (SS?)

whereas in MS, we have [ instead of pu.
iii.) How can you relate parameters renormalized in different schemes?
Solution. We can always use x° = ZX k3 to relate renormalization schemes X.

iv.) Can you think of a reason, why an on-shell scheme may be problematic for interpreting
quark-masses in QCD?

Solution. In QED, the electron pole mass and the on-shell coupling can be determined in a low energy
regime, which is accessible in experiments. In QCD however, free partons do not exist and the mass has to
be extracted by fitting experimental data to theoretical predictions. The prediction however is not scheme
independent in fixed order computations and in particular depends on the simulation of parton showers,
which have to be set up in a particular scheme. The relevant mass in QCD scattering experiments will
never be the pole mass, since the scattered partons are never free.

Exercise 2. The vertex counterterm Jq;

In the lecture the computation of the counterterm

_d
g = —[d — (1-¢) cﬁfﬂf)) (5.6)

was outlined.

Compute this result by performing explicitly all necessary steps.

Solution. The integral under consideration is

_ didl . oga_ s ¢+l k""l . ja_ v ;2 _ _ " . d N(pvkvl)
1= | Gy (“’t E Z(p+l>2>1(<k+l>2zgt ) 7 (-0 ) = fangl sy

We can now perform power counting a see that only the parts of the numerator containing the loop-momentum

[ have a non-vanishing degree of divergence. The UV-approximation is therefore the same as expanding the
numerator in the limit p, k <[

N(0,0,1)
IV =di— S.8.9
TN (5:59)
Performing the numerator algebra yields:

N(0,0,1) = ig®I*Cr(d — (1 — £))ds; (S.8.10)
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and we need to integrate a scalar bubble with incoming momentum g

.2 1
Y = ig?Cld = (1= )y [ Al

This integral can easily be performed with the techniques discussed in the last exercise class:

d 1 2\ —e€ ! €
[ = < T == [ 1/ = gy as

— () TR 42 s
= (~*) T2~ d/2)(1+ O(c),

yielding the result of the lecture.

Exercise 3. Agcp at two-loops and beyond

You saw in the lecture that at leading-order:

2 1
() = B (/A7)

(S.8.11)

(S.8.12)

(S.8.13)

(S.8.14)

(8.7)

This means, there is a characteristic scale A = Agcp, in which the coupling becomes strong and
a perturbative expansion will break down. In the following, we want to investigate this scale

dependence beyond the leading behaviour.

The RGE for the coupling constant as(u?) is given by
k
s\ )€ 2\ — _ 2\n+2 2\k+2
dln(,u2) B(os(1”)) ;ﬁnQS(M ) + O (ozs(u ) ) .

i) Show that

2 1 Biln (as(p?)  (BoB2 — BE) as(p?)
w ()
“( ) Boosi®) @ 52

A2

+C+0(as(1?)?), (89)

where C is a integration constant conventionally chosen to be 81/82 In(5p), and A = Agep

denotes the scale at which perturbation theory breaks down.

Solution. We have:

2y _ das(p®) 1 Bi | BoB2—Bi 1
dln(,u ) = Blas) ~ (_500@ + Bas + 5 -I—O(ozs)) das .

Integrating it yields the desired formula.

(S.8.15)

ii) Show that in principle A is determined by only knowing the first two coefficients of the

B-function, By and [.

Hint. Think about an appropriate limit and remember what you know about asymptotic freedom.

Solution. A is determined by:

A% = P exp <_ 1 _ fBiln (Boaws (1%)) B (BB — B?) cus (4

Boa () i 7 o (O‘S(“Q)2>> |
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iii)

The limit ;4 — oo will correspond to as ~ 0. Therefore we have

A? = lim p’exp <— ! — filn (Boas(lf))) . (S.8.17)

2 —o0 Boows (142) B3

Nonetheless, higher order terms improve the determination of Agcp, since as is only known for finite p.

The running of ag can be written in terms of a power series in ln(A2 / ,uz) as

1 B 1In (In (1?/A?)) Lo Inln (In (p?/A?))

~ Boln (12/A2) B2 In? (u2/A2?) In® (12 /A2) (8.10)

A (NQ)

Derive the given terms in the series.

Hint. Solve the RGE iteratively. The ansatz for the unkown order 6., in the log-expansion will
translate into a differential equation for é,, .

Solution. The first order can be easily obtained by solving

din (1) = = 3% 4 0(as ). (S.8.18)

Boa?

Comparing with our convention from (8.9) fixes the boundary condition and we get:

1
as = = + 60(;7 S.8.19
i (55.19)
where do, = O (I7%) and | = In (u*>/A%). To get the higher order we use the RGE (8.8). Having di =
dln(,uQ) we get

das d 1 1 d
B (- ) R 8.2
dln(p?) dt <ﬁol +4 5) Bol? * dl(s N (5:8.20)
on the LHS of (8.8). The RHS reads
/81 . + 6045
~foa? — fra? + O(al) = —fo (i + 5%) 21+ b (G +o-.) +0(al) (8.8.21)
Bol Bo
. 1 25(15 51 4
T ] FAE +0(177) . (S.8.22)
from which we read off the differential equation
d 204, B1
a(sas = ] R (S.8.23)
The solution to that differential equation is
5a, = S Prloe(l) (S.8.24)

“=E T meE

where c¢; is some boundary constant. Fixing ¢1 = 0 gives the desired result, which is currently standard.
However, (8.9) would be basically obtained by ¢ = C, which is reassuring.
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Exercise 1. Plus Distribution

In the lecture has been introduced the plus-distribution, defined as follows:

/ dx F(z) g(z) = / dz (9(z) — g(1)) F(z) (9.1)
0 0

(a) This definition can be extended to include different integration boundaries. Show the
following identity:

1 1 z
/ dz F(z)4 g(x) = / dz (g(z) — g(1))F(x) — g(1) /0 Flz) 9.2)

(b) Take F(x) = (1 — x)~!17% and extract explicitly the divergence at = 0 as a pole in € by
means of the plus-distribution and show the following identity:

(1 _ x)—l-i—ae _ 6(1 B LL‘) + f: (aﬁ)n |:10g(1 B x)n:| (9.3)
+

ae n! 11—z
n=0

(¢) The plus distribution can contain also regular parts that can be extracted.

—| = + 5001 -2) (9.4)

[I—O—xT 14 22 3
+ (1—1‘)+

Solution.

(a) In order to prove this identity we endow the regular function g(x) with a theta function:

/0 (0 — ) g(2))F(z); = / 0z - =) g(x) — 9(1) F(2)
- / 0z - 2)(g(x) - g(1))F(z) — g(1) / 0( — ) F(x) (5.9.1)

z

- / (9(z) — g()F() — g(1) / 0( — ) F ().

(b) First we regulate the function around the limit @ — 0 because the two limits do not commute:

! —g(1 1
0 1—=x ae
Now it is possible to expand around e = 0:
1 & "log(l — x)" —g(1 1
[ e ontt =a)" o) ot , o) e
0 “— n! 1—2x ae
n=0
This can then be translated into
_ S(1—2) <= (ae)” [log(l —z)"
1— Idae _ 202 72 = AN 9.4
( z) ae + ; n! 1—=x + (5.94)
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/Oldoc [1”2Lg(x) =/1dx7g(x1):g(l)(l+x2)

0

_ / g L 2?)g(@) ~29(1) / PG
0

) 21_‘” o l-w (S.9.5)
:/)mﬂ1+x?§l_%u)+ 9(1)

3
2
= /01 dx (&jj;_ + g(s(l - :L‘)) g(x)

Exercise 2. Conwvolutions

We define the following convolution:

1 1
(f®9)(2) = /0 da /0 dy £(z) g(y) 6(zy — 2). (9.5)

(a) Show that the convolution can also be written as:

veaE = [ Crwo(Z). (9.)

T

(b) Show that it has the following properties, keeping track of the integration boundaries:

(f®g)(z)=(9® f)(z) (commutativity)
(f@g+h)(z)=(f®@9)(2)+ (f@h)(2) (linearity)
(fegeh)(z)=(fx(g®h))(z) (associativity)

Solution.

(a) From integrating the §-function in y we have the constrain:

0<i<1 = z>z (S.9.6)
xr

that reduce the integration volume as shown in the expression.

(b) Commutativity and linearity are trivial, one comes form the commutativity of multiplication and the other
from the linearity of the integral. The last relation that one needs to show is associativity:

(f@g)®h)(z) = / dordas(f @ g)(z1)h(ws) d(z12 — 2)
= /o dzidzidzadrs f(x1)g (z2) h(z3) 6(z123 — 2) (2122 — 21) (S.9.7)
= / dzxidzodas f(z1)g (22) h(zs) §(z12223 — 2).

0

This shows that is associative. From integrating the §-function we have the condition 0 < z1z2 < 1 which
is always satisfied for z1,2 € (0,1), therefore the integration volume is unchanged.
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Exercise 3. One-Loop Correction in QED

Let’s consider the QED case of the one loop correction to the gy vertex. In particular the one
particle irreducible corrections I'*, that can be written as I'* = —ey* + A¥* + . ...

(a)

AF = (9.7)

A ST

Figure 4: One loop correction to the fermion-photon interaction

Argue how this contribution is equivalent to the term proportion to Cr in the QCD
correction to the qgv vertex.

Write down the integral A* corresponding to the diagram above. Consider the quarks
having mass m and work in Feynman gauge.

We now want to consider the infrared divergences of A*. In the soft region every component
of the loop-momentum scales as k,, o< 6¢Q) < 1. Perform a power counting in 4. Is there
a difference between off-shell and on-shell external quarks?

Consider now on-shell external quarks p; = p = m? and a virtual photon, perform the
algebra for the leading IR divergent part and verify

dPk 4py - p2

(2m)P ((k + p1)* = m?) ((k + p2)* — m?) k2

Afp = eny"(en)? / (9:8)

Is A}, UV-finite or UV-divergent?

We now want to extract the leading IR divergent part of the integral and for on-shell ex-
ternal quarks p; = po = m? and a virtual photon in dimensional regularization. Therefore
we have to compute the scalar triangle I in A;jp. Computing this integral is non-trivial
and we are therefore performing it step by step.

i) We have

_ 00 OO OO u3—d 3
I o1 :/ / / o611— €X; dxldxgdx3. 9.9
o Jo Jo F3-2 ; (59)

Determine the graph polynomials as discussed in the exercise class. The integral has
a endpoint singularity. Determine its location.

ii) The extraction of the singular behavior is a two step process. At first, split the
integration domain into the three regions

e region 1: 27 > x9 and z1 > 3,
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e region 2: xo > x1 and z9 > 3,

e region 3: x3 > x1 and x3 > xo.

Perform in every region ¢ = 1,...,3 the rescaling
t]’_lxi 7>

tjx; j<1
and resolve the ¢ with respect to z;. You will find
I=1+2h (9.11)

where only I; exhibits a endpoint singularity. Argue that Iy does not contribute to
the pole part.

iii) In the previous step you found

L 2(t) +t)2 Tl
I = (sp) ¢ / dtydts (8 + ta + 1)* <m<1+2> +t1t2> (9.12)

[0,1]x[0,1]

SE

Perform the decomposition of the integration domain and the rescaling as before to
extract the singular behavior oc 7172¢ explicitly. Expand the integrand in e (use
plus distributions) and integrate the pole part.

Hint.  Work in the Euclidean regime q*> = —sgp > 0. The analytic continuation can always be
performed at a later stage if needed.

Solution.

(a)

(b)

(c)

(d)

(e)

Because the only difference between the ggvy and ¢gg is the presence of the color matrix 7, in the funda-
mental representation. The contribution proportion to Cr is the one that has the contraction of two such
matrices which is precisely the same diagram as shown here with the photon replaced by gluons.

The diagram can be written as an integral by applying the Feynman rules for QED, the result reads:

/ (5:{2 (~ig™?) (_iema)i%likk; T)i;}i E’Z?f;i§fiifzﬁk?(_W) (50
We have the scaling
d’k o d6Q (S.9.9)
% o (50) (S.9.10)

1 1 6Q)! on-shell
X X
k? +2(plk) +pi —m? = 20Q (plk) + pf — m? (5Q)° off-shell

(S.9.11)

From that we conclude that there is no soft-divergence for the case of off-shell quarks. The only soft
divergence for the on-shell case arises if the numerator of the diagram scales as (6Q)°, that means the part
of the diagram without loop-momenta in the numerator.

By performing the algebra we make use of the Dirac equation. The A;r has a superfical UV degree of
divergence of d — 6 and is therefore UV-finite in d — 4.

i) We construct the Feynman parameter integral as discussed in the exercises 2. We label the massive
lines by x1, x2 and the photon line by z3. We have the trivial spanning trees obtained by deleting

2For a complete derivation of the procedure see e.g. https://arxiv.org/abs/1002.3458 section 4.
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iif)

one edge. We therefore have
U=x1+ x2 + x3. (8912)

The spanning two-trees are obtained by deleting an additional edge from the spanning trees. We
therefore have

Fo = —mlemg — QOng + sgpxi1T2 (8.9.13)
and
F=U (x1m2 + x2m2) + Fo = spxize + m*(z1 + x2)* (S.9.14)
with sp = —¢?. The relevant integral is therefore
oo o (o] 2 2 —e—1 3
I = (SE)7176/ / / (.1‘1 —+ x2 + x3)2671 (w + Il.Z‘Q) 0l1— sz dridzodrs.
o Jo Jo SE i1
(S.9.15)

The integrals has a endpoint singularity if 1 and x2 go to zero simultaneously.

We will look at region I. The integral in that region reads

9e1 (M° (z1 + 372)2 Tt >
= (sp)~ dxl dIQ d1’3 (z1 + x2 + x3) — = 1 ol1- Z T;
5B i=1

(5.9.16)
=] 1 1

= (SE)_l_E/ d11/ :L'ldt1/ x1dts [I%e_l ((1 +t +t2))2€_1] (3917)
0 0 0

21 2 —e—1
x [x122€ (m(siﬂl) + tl) §(1—a1(1+t +t2))
E
(5.9.18)

/dtl/ dty (ty + 2 + 1) ( (tl“) +t1)_6_1. (5.9.19)

As we can see, this integral has no singularities in the integration domain. We can therefore expand
it in € and integrate it. However, the expansion starts at (9(50) and does not contribute to the pol
part. Region II is the same as region one, due to the z1 <> x> symmetry of the original integral.
Region III yields

2 2 —1—e€
= (sp) "¢ / dt1dts (t1 + ta + 1) (% + tltz) (S.9.20)

[0,1]%x[0,1]

and we see the endpoint singularity at t; = t2 = 0. This integral will therefore contribute to the pol
part. Furthermore we notice the t; <> t2 symmetry.
Splitting the integration domain again and performing the rescaling yields
2 2 —e—1
1
I =2(sg) / da:/ dtit7 > (e 4+t + 1) ("1(3;;) +Jr) ; (8.9.21)
E

where the factor of 2 is the symmetry factor. The divergence of this integral is explicit in the factor

t7 27!, which however we can expand in terms of plus distributions. The expansion yields

1 1
L = 2(sE)717€/0 dx/o dty [6_@216) -I-O(ﬁo)] M%)Z-i-x +0(e)| =~ (s6) " (éélog (%))

(5.9.22)

with 8 =4/1+ %. Including all prefactors will yield the pole part shown in the lecture.
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Exercise 4. Splitting functions

(a) Consider an electron of momentum p* that emits a photon momentum ¢* and has final
momentum k*. This emitted photon is virtual but close to be on-shell. Parameterize the
momenta as:

p'u = (paoaovp)v (913&)
=9
- p
k= ((1 —2)p, —pL, (1= 2)p— M) : (9.13b)
y_ . al
q" =\ zZp,pL,2p+ m . (9.13C)

Compute the amplitude,
iM = up(k)(—iey")ur(p)e’ () (9.14)

for the photon transverse polarization.

Hint. Use the spinors in light-cone coordinates computed in a previous tutorial. Parameterize the
transverse polarization as €’JL_R,L(q) = %(O7 1,+i,e%) and use €1 (q) - q =0 and €% -eL = —1 to
compute €3 as an expansion in p,. Keep only the leading term of the expansion.

(b) Take the photon on shell, and thus the outgoing electron as slightly off-shell. Parame-
terize their momenta. Check that, to lowest order in p, the spinors and the transverse
polarization do no change.

(c) Consider the splitting of a photon with momentum p spitting into a e™e™ pair with mo-
menta ¢q and k, respectively. Parameterize the momenta as,

q“=\zp,0L,2p— 7 (9.15a)
T 2zp )
-
L - p
Pr=q+ p0.0.p = 55— ). (9.15¢)

For the photon transverse polarization, compute the amplitude,
iM =t (k)(—iev")vr(p)e Lu(q)- (9.16)

Hint. Recall that here the transverse polarization are as usual, E‘iRL(q) = %(O7 1,+4,0)

Solution.
0 ot
(a)-(b) As we have seen in Lecture 3 and in the tutorials, in a chiral basis v = <—u 0 ), we can write
2
_k
ur, (k) = Vkt <€(Ok)> with £(k) a 2-spinor £(k) = < f*) )
ur (k)Y us(p) = VEkTpHe! (k)a"E(p). (5.9.23)
The transverse polarization has one zero component, so
€' (k)€ (p)e ula) = €' (R)o"€(p)e (0) (8.9.24)
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(c)

so the amplitude is

iM = (—ie)\/2p\/2(1 = 2)pe (k)o'&(p)el (5.9.25)

P

0 N
For our parameterization, &(p) = <1> and (k) = ( 2(11Z)P>, the transverse polarization must be such

that:
ei(q)-g=0, €l-e1=-1, (S.9.26)

so we can parameterize the polarization as:

1 . A
EiR,L(Q) = %(07 la i1753)7 83 = 7% + O(pi) (8927)

thus we get:

e (a) = E(O’ 1,1, —5)5‘13((1) = E(O’ 1, —1, —i) (5.9.28)

Consider the R-handed photon, and use the fact that in the chiral representation o’

—i0? = 25, with

1&(p) = 0, so we can rewrite eq.(S.9.25) as:

iM(er = ervr) = (—ie)/2p\/2(1 — Z)p\/%izp = —ie 2(12_ Z)pj (S.9.29)

Doing the same for the L-handed photon one obtains:

V2
21— ij_-

Taking again the spinors from Lecture 3 as in part i), then:
ar (k)" ve(p)eL.u(@) = V22pv/2(1 = 2)p' (0)7" E(k)e L (p)
= V2pV2(1 = 2)pe! (@)o (k)< (p).

For (R,L)-handed photon we have €| ; p(p) = %(0, 1,+4,0), then one gets:

iM(ep = eryL) = —ie (S.9.30)

i i 1 po i i 1 [
fT(q)U f(k)SL,R(P) = *Egv ft(Q)U f(k)EJ_,L(P) = Em7

and we obtain the amplitudes:

2z(1 —z) V2z(1—-2) ,

iM(vR%eZeE):iepr, iM(yL — egeh) = —ie T PL

186



187



ETH Introduction to Quantum Chromodynamics FS 2020

Eidgendssische Technische Hochschule Ziirich

Swiss Federal Institute of Technology Zurich Solutions 10. DI', Vittorlo Del Duca.

Exercise 1. Splitting function Pg—mg

We continue our mission of computing splitting functions, this time we consider Py_,g4:

’i/\/ln+1(p1,p2,...) = (10.1)

(a) Show that the matrix element iM,, 1 is:

) dua(pl + pZ)
512

T"%p1+ p2, - - - 9s S () 1 (PLE ) s (P2)

X (gHtH2 (pa — p1) @ — (p1 + 2p2) 1 g2 + (2p1 + p2) #2g™H1),

where d,«(p1 + p2) is a consequence of using the transverse gauge for the gluon propagator:

Quny + @n
dy(q) 7= — G + % n? =0. (10.2)

We use the parametrization

at

zZ2p-n

at
(1-2)2p-n

Pl =zp'+ k| — n#, ph=0—-2)p" =k — n#, (10.3)

decomposing the splitting momenta in terms of two light-like momenta n, p (i.e. n? = p? = 0)
and a orthogonal part k) (p-k; =n-k; =0). In what follows we neglect all higher orders in
k1 and when doing so we use = instead of the equal sign.

(b) Write the expression above in terms of p and &k, in order to obtain:

M N2T#7a(p7"') acyc -k *
a2 TS P01 7)
k,,ul M2
X |gHH 2k 4 dua(p) (jg‘””2 +1 jzgaﬂlﬂ . (10.4)

Hint. It is convenient to choose the polarization vectors to satisfy, €;(p;) -n = 0 together with the
usual relation e;(p;) - p; = 0. Using the reference vector n for the polarization yields the physical

polarization sum Y, e(A)y,,(p)ez‘/\)’H(p) =d,(p). Ezpress d,,(p1 + p2) in terms of d,,(p), ki, n
and p. What is d,,., (p) p{ o ¢
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(¢) As usual compute |./\/ln+1|2 summing over the possible final state colors and polarizations

to obtain:
2 293 nw,a T\va
> I Musr(pr,pa, )P & 22T (p, (T (p, ..)
ol 512
col

1 ki ks
xﬂh[@xm(lfz+ Zz>—2u—eyu—z)ﬂ&L7(m5)
1

F’Q"QQ

(d) We found an expression for the splitting function P!

—gg- Show that averaging over k.,
denoted by (-), leads to the expression:

2
<Z [Mut1(p1, p2, -~-)|2> = % D M, )P (Pyosgg), (10.6)

pol pol
col col

where

. . . z 11—z
<P;1>g§> = d""(Py-g3), (Pg—gg) = 2Ca (12 + P

+41—@>, (10.7)

and M, defined as

iM(p, ) = iT (p, )4 (p). (10.8)
Solution.
(a) Feynman rules
(b) We first notice that
k1

s12 = (pr+p2)° = — (S.10.1)

(1-2)z "
Since we are only interested in the leading behavior of My41 in ki we can subsequently drop all terms
which will give rise to order O(k9) and higher.

We furthermore notice that

— g2 Nty
v (1 + p2) = du(p) — k1L A= 2)(n pE

Using that d,.(p) is transverse to both p* and n* and furthermore k, -p = k1 -n = 0 one can easily verify
that

(S.10.2)

dw,(p) p11/,2 = dlw(p) (iki) =+ kJ_u s (S-10-3)

leading to:
dua(p)(p2 — p1)™ =2k 1. (S.10.4)

For the other two contribution we can use £*(p;) - p; = €*(p;) - n = 0 to rewrite everything in terms of &k :

) 2 =) (<22 ko) =27 (),

e"(p2) - (p2 +2p1) = " (p2) - (—21 i P2+ 21)1) = 2" (p2) - (1ka) .

Notice that the rescaling of ae(p;) - p; = e(pi) - pi = 0 is a useful consequence of the transversality.
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(c)

Putting everything together gives:

T (p1 +p2,- - -) _ ;
2O el (P1)na 1 (P2)

kil kM2

X g“lﬂQICL,p + dua(p) (7904“2 + iga‘”) + O(ki):| .

Since the expression in the squared parenthesis starts linear k , the expression in front will contribute only
with it’s leading term. This is a consequence of the fact that the final expression - the squared matrix
element - will be O(kj_Q) and that is already given by s12 o< k2. The factor in front can then be written
as:

1, a

"% (p1 + p2, "‘)6?)\1)#1 (pl)e?)\z)#tz (p2) = T"*(p, "')56\1),#1 (p)ETA2);H2 (p) (8.10.5)

and we can finally reach the expression:

T %p,...)

S12 9s I 2000 (P)EN2) aa (P)

iMps1(p1,p2,...) =2

w n2

K o K2 o
X 9"k L+ dua(p) (fg S el ”1)} .

::I;;“’L2
We now want to look at the squared matrix element:
v,b
T%p, .. ) (T (0y-.) Loere
> IMuga(pr,pe, )P =) 4g2 b:.) (T) )f 1ez phdidz (8.10.6)
512 512
pol pol
col col
X Ezkl),ul (p)‘gz‘)\z),uz (p)gzﬂkl),vl (p)g)(k)\z),uz (p)Iﬁlwz Irllll v (8107)
using the physical polarization sum
> eonwP)ein ulP) = duv (p). (8.10.8)
A
The product of the matrix can be evaluated by using again that:
d}“/(p)ki = _kl,ua dpp(p)dpu(p) = _duy(p)~ (8109)

As first step one gets:

2 ? a v,a 20 k SV k SV
S Wass ()P 2T (T )2 | e D ) 4 2 s )
pol 512 S512 z -z
col
I28% kil 1% kj? v
X g™ %k, + le, 2(p) + idl, Y(p)| - (S.10.10)
Leading to,

Q

2 3 a v,a
S M (propo, )P = 2T, (T, )

pol S12
col
1- kH kY
% 204 |du(p) (e + —2 ) —2(1 — )2(1 — 2) 22 |, (S.10.11)
1—=z k5
P,
. _ k2 _
using s12 = — 5ty and d =4 — 2e.

One can use the fact that we are looking at the limit where the gluon with momentum p; +p- is an external
on-shell particle with momentum p. This allow us to take advantage of the Ward identity and write:

T(p, .)(TH" (p, ...)du (p) = T (p, . )(T)" (p, ...) (—gyuv) (S.10.12)

This is the way it is sometimes represented in the literature.
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(d) Note that we want to average over k1. We can do it with an integral of the form:

/ddma(m p)o(kL -n). (S.10.13)
For the constants (in k) there is no contribution, while for kikzki we still need to compute it. First consider
L
the general case
™ = / A1 8(ky - p)o(ky - n)kY kY F(kY). (S.10.14)

We can then perform a tensor decomposition in terms of the external momenta p*, n* and the tensor g"”
making the ansatz:

T = —g""'T + p"n"Tpn + n'p" Trnp + p"p" Tpp + 01" Thr . (S.10.15)

But since we have k; -n =k, - p = 0 imposing

n, " =n,T" =p,T" =p,T" =0 (S.10.16)
yields
Ton = Tpp = 0, Ty = Ty = —— (S.10.17)
n-p
and the ansatz reduces to
v (g B 1019

which squares to d — 2. One then gets:

(g‘“’ _ p,Lnu+py7l,L>
[dthiates - pates - i FO2) = e [ dRbes - Pk - KL FG),
(S.10.19)
which leads to b dov(9)
A N A4
< w > =i (S.10.20)

Exercise 2. FEwvolution equations

(a) Show that the difference of the evolution equations for two different quark flavors is:

5 0(qi — qj)

b= = Pig © (6 = 4) + Pyg @ (G — @) (10.9)
HF

Hint. wuse

Pyq, = 0i; Py + Py (10.10)

q
Pyq, = 0ijPy+ Pi; (10.11)

(b) Show that the combination g;" — qj, where ¢* = g + @, yields the following equation,

2 a(qz+ - qj)

g = B+ Fag) @ (0 — ;) (10.12)
F

191



(c) Show that the distribution ¢; = ¢; — ¢; yields the equation:

dq; v — &l _
”%8;;% = (P, + Pp) @ q; + (Py + Pp)® > g
j=1

(d) Show that the singlet combination

ng
S, pd) =Y a = (g +5),
j=1 %

yields an evolution equation which is coupled to that of a gluon distribution,

gy (S - (B P o (S0)
Ot \9(1F) Pyq Pyg 9(z)
where quq = Pq‘g + Pq‘g- + nf(P(z + quq)-

Solution.
(a)
g — g _
///i“ (OM% ]) = (Pqiq;c - Pq]‘tIk) Q@ qr + (qu‘@k - quﬁk) & qr
_ <5quY1 + PSS —5;.P) — P,fq) ® gk + (&kpqvq + PSS — 6Py, — quq) ®
= Py @ (ai — ;) + Pog ® (@ — @)
(b) It follows directly form the results of the previous point:

2 0(¢i —q5)

He =gz =P, ® (¢ — q;) + Pog ® (G — @)
F
oG — q; B B
00 o - a) + Pl @ - )
F

One only need to map the g+ expression to the g as,
a —q = (@ —a)+ (@ — @),
in order to recover eq.(10.12).
(c)

g — @ g
M;@TQF‘“ = (Paia; — Paray) ® (45 — @)

S S _
= (81 Pgq + Paq — 8 Pz — Pag) ® (45 — @))-
Because of the implicit summation over the index j:

o . N
M%ﬁ% = (Pyq — Py © 4, +(quq_PqS«7)®ZqJ‘
j=1

(d) The evolution equation for a quark and anti-quark are:

8 _
#%qu = Pyq; @4 + Poig; @G + Pyg®g
Ja
o _
#%qu =Pgq; ®¢ + Pyiq; G + Py ® g
F
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(10.13)

(10.14)

(10.15)

(S.10.21)

(S.10.22)

(S.10.23)

(S.10.24)

(S.10.25)

(S.10.26)

(S.10.27)

(S.10.28)

(S.10.29)



Writing ¥ = 3~.(¢: + ¢i) we obtain:
0 _
M%Tﬂ% Y= Z(P‘Zi‘b' + Pqi%) ® (Qj + ‘Ij) +2npPy ®g. (S~1O-30)

Note that the second term correspond to the upper right term in the matrix. Let us focus on the first
term,

> (863Pyy + Poy + 65 Py + Poy) ® (¢ + @) (S.10.31)

i

remember that the index j is summed too. We then get,
(Poa + Pi) @ (@i + @) +ns(Poy + Pp) ® > (5 + @)
i J
= (PY+ Pli+ns(PS+P5) @, (S.10.32)

i.e. the first entry of the matrix.
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Exercise 1. Sum Rules and FEvolution Equations

In QED, in the splitting beyond the leading order, also the P.. z(z, ) can occur.

i) Extend the Gribov-Lipatov equations for the electron and positron in order to include also
the Py z(z, ) splitting.

Hint. Use the charige parity Pe s(z,a) = Pare(2, ).
ii) The net electron number
1
/ dz [fe(x,Qz) — fé(ﬂ?,Q2)] = const (11.1)
0
and the total momentum is conserved
1
/ dzz [ fe(, Q?) + fo(2, Q%) + fy(x, QQ)] = const (11.2)
0

to all orders in . Find out what the conditions are for that to be true to all orders.
Hint. Extend the leading-order conditions fol dzpe(g)e(z7 a) =0and fol dzz (Pe(g)e(z, ) + P.g(ﬁe(z, oz)) =0
,fol dzz (PW(QV(z, a) + 2P0 (2, a)) =0.

iii) Likewise, in QCD the net quark number is conserved,
1
/ dr [qi(m,QQ) — (ji(x,QQ)] = const (11.3)
0
to all order in as.

Hint. Use the Py,q, splitting functions in terms of flavor singlet (S) and non-singlet (V) quantities,

Pya; = 6:3Pgq + Py (11.4)
Pyg; = 8i Py + Py (11.5)
Use the evolution equation for
5 0 ny
“Fﬂq;:(lefpg)@qi_*@ﬁﬁpfq)@;q{ (11.6)

q; = ¢ — ¢ and extend the leading order condition fol dzPég)(z) = 0. Use the evolution equation

g o) = (7 5) e (o)) 1)

where quq = Pq‘;—&—Pq‘g—&—nf(P(g—&—P(fq) and extend the leading order conditions fol dzz (Pq(g)(z, @) + Pg(g)(z, a)) =0,

fol dzz (Pég)(z, ) + anPq(g)(z7 a)) =0
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Solution.

i)

iif)

The extended Gribov-Lipatov equations are

1
Qe o, = [ L [Pes(za)fy (2.07) 4+ Pacelzsa)fe (2.Q°) + Pecalz ) fe (2,@°))]
’ (S.11.1)
1
Qg2 e, @) = [ L [Pz (2.07) + Pecelesa) e (£.Q°) + Pecetz s (2.@)]
' (S.11.2)

where we used the charge parity.

Use the generalized Gribov-Lipatov equations above. Then we find that the net electron number is con-

served:
1
/d [fe(z, Q% fg(ﬂj,(f)} = const. (S.11.3)
0
if
1
/0 dz [Pece — Peceé] (S.11.4)
and the total momentum
1
/dxm [fe(:c, Q%) + fo(z, Q%) + f+(z, QQ)] = const. (S.11.5)
0
is conserved if
1
/dzz [Pece(2z,a) + Pse(z,a) + Pye(z,0)] =0 (S.11.6)
0
and
1
/dzz [Pyer(2z,0) +2Pec~(2,0)] =0, (S.11.7)
0

so the second condition is the same as at leading order.

Using the evolution equation for the distribution g;” = ¢; —@; we see that the net quark number is conserved,

1
/qi_da: = const. (S.11.8)
0
if
1
/ dz [quq - Pg] =0 (S.11.9)
0
and
! s s _
dz[PS — Pl =o0. (S.11.10)
0

Using the evolution equation for the gluon and the singlet distributions, we see that the total momentum
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is conserved,

1 ng
/ dax {Z (¢i(z, Q%) + q(=, Q%)) + g(=, Qz)} = const.

1
/ dzz [Py + Pig -y (P + Poy) + Poy| =0
0

and

1
/ dzz [Pyg + 2ny5Pyg] = 0.
0
Note that the second condition is the same as for leading order.

Exercise 2. Anomalous Dimensions

Compute the anomalous dimensions,

1
0 — 0
(V) = / dz 2V PO (2),
for the following splitting functions:

PO(2) =Tp [2* + (1 - 2)?]

QTan} 51— 2)

N—-1

| =

23

i=1

Pég)(z) ZCF#_Z)Q
P (2) =Cr {(11:2; + 350 - z)]
Fig(2) =2Ca [(1 —ZZ)+ + ; - +2(1- Z)] - [1610A -
Hint.  Use,
/ldzzN_l— L /1dz A
’ 0 (1—2)4
Solution.

N— N+1 N
ONy—on oS Lo 3 o (3, 1 ot
Yag (N) F[ 2. 1:12+2 F 2+N(N+1) ;Z

N

(0 N) =2 1 ,i L _ 1 _ 1 E ,ET

Yoo (N) =20 | g~ N ¥ 1~ N2 2o Taz| T3t
N
1 1 11 1] 2

= N 3

NN TNV F2) T 12 ;z 3 e
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(S.11.12)

(S.11.13)

(11.8)

(11.9)

(11.10)

(11.11)

(11.12)

(11.13)

(S.11.14)

(S.11.15)

(S.11.16)
(S.11.17)

(S.11.18)



Exercise 3. Figenstates for FEvolution Equations

In momentum space the evolution equation for the singlet and the gluon distributions is, at
leading order,

d <E(N, /@)) o (v 2y <2(N7ﬂ2%)>. (11.14)
dlog(p) \9(N, 1g) \vd 9(N, p1)
The eigenvalue are
1
=5 ’Ygg+7qqi\/799 Vaa)? + 81 VagVgq (11.15)

(a) Write the evolution equation for the second moment, N=2.
(b) Diagonalize and solve the evolution equation.

(c) Show that the contribution OF(2) = X(2, u%) + ¢(2, u%) is independent of y%.

Hint. Use the anomalous dimensions of the previous exercises with Trp = %- Find the eigenvalues and

etgenvectors.

Solution.

(a) For the second moment, N=2,

© 3.1 4\ __4

Yaq (2) = Cr (2 +5 3) =—3Cr (S.11.19)
© 1 2 1\ _Tr _1

Y9(2) = Tr (2 5T 2) =3 =3 (S.11.20)
© 4\ 4

Yoq (2)=Cr (2—-1+ 3) = ch (S.11.21)

(0) o2 0= —_"
Vg (2) =2Ca (2 BT 2) Trny , (S.11.22)

Then the evolution equation becomes:

2 _4 oy 2
s o) =5 (0 L)) s
(b) The eigenvalues are
V@) =0, 772 =-— (%cR + %) : (S.11.24)
The eigenvectors are given by:

vy = (401F>, v_ = <_11> (S.11.25)

In the eigenvector basis, i.e. '

2 1 1 2 ¥(2 2

o (o) = (2 L)Cob) - (asenein)  sn

the anomalous dimension matrix M is diagonal, 1 = QMQ ™!

0 YX+yg as (0 0 Y4y
Tloa(i2) =5 n 11.2
dlog(u3) (4CFE g) 2 (0 —(4Cr - ;’)) (‘ffF s - ) (S-11.27)
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(c) As a consequence of the previous expression the combination O (2) = £(2, u%) 4 ¢(2, u%) is independent
of p%. The evolution equation for the other combination, O~ (2) = %2(2, u%) — g(2, u%), has solution,

9 271;0(2)
0™ (2,u%) =0 (2, 1> (O‘S(“ )) S.11.28
with exponent
- 10 ny
Q) _ _,strt (S.11.29)
60 ?N( — g’n/f
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Exercise 1. Three particle phase space

We now consider the phase-space for three particles, namely:

5

Ap,+po—pstpith = p?) | (2m)?6D (p1 +p2 — p3 — pa — k), (12.1)

where p1 o are the incoming particles momenta and p34, k£ the outgoing one. The aim is to
massage this expression and make the divergent region explicit in the collinear and soft limit of
the momentum k.

(a) We want to split the phase space in two where one part will depend only on the momentum
k. Insert in the phase space integral the following identities:

_ [ dQ ds@d) (0 = pq —
1= 5 (2m) (Q — ps — pa), (12.2)
(2m)

dx
1:/2 (2m)0(Q* — ), (12.3)

and show that the phase space now reads:

dx

/d¢P1+p2ﬁp3+p4+k = /%/d¢p1+p2ﬁk+Q/d¢Q—>P3+p4 (12.4)

(b) Show that for a d-dimensional Euclidean space spanned by €1, ..., &g one can write:
dQy = dQg_1df(sinf)?=2,  d>2 (12.5)

where 6 is the angle with €; and goes from 0 to w. The solid angle in two dimensions is
given by dQs = d¢, with ¢ € [0, 27].

Hint. Consider the measure fddF.

(c) Show that,

/ddk5+(k2) (Vs — k) = EQd 2/ dz/ dy 2172 [y(1 — )] ¢, (12.6)

k
where z is the momentum fraction of the gluon z := % and y the parametrization of the
angle as 1 — 2y = cos 6.

Solution.

(a) After inserting the two identities for @ and = we can arrange them as follows:

d d
[ @osmsomsisani = [[ao ([ GEELSQE = 06,0295 G4 - - 1)

d d
([ Gyt 6@ s —p0)  (5121)

(27)d=2

Thus,
/d¢p1+p2%p3+p4+k :/dw/d¢p1+pzﬂk+Q/d¢Q—>p3+p4 (S~12~2)
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(b) The measure can be written in two ways, one in terms of Qg and the other Q4_1.

/‘ddﬂ:/Qd/ drrd?t =/Qd,1/ dro/ dppd*2
0 — oo 0

We can use polar coordinates to write:

/ dro/ dppd_Q:/ dr/ dor - (rsing)? 2
—o0 0 0 0

/ dO/Qd_l(sinO)d_2 = /Qd.

0

/ddk5+(k:2)®(k0)6(f—k°):/dd 'k /dQ 71/ MIWH

Thus,

(©)

:Qd2

d| d=4 o
=de/7/d2‘“’ L—y)] = [k*°
dQq—

—5 Qd 2/ / / dy2d3 (1- )] 2473
1— €0 . e

St~ 2/ dz/ dy [y(1—y)) =
2 0 0

dcos (sin 0)4~ k|43

(S.12.3)

(S.12.4)

(S.12.5)

(S.12.6)

(S.12.7)

(S.12.8)

(S.12.9)

(S.12.10)

In the third line we use cosf = 1 — 2y then sinf = 2,/y(1 — y) and the jacobian is just a factor of 2. In

the next step we rescale z = %

Exercise 2. Real correction to ete”™ — q§ at NLO

We want now consider the QCD correction at NLO for the process e™

e~ — qq. Because of the

nature of this process we need to consider the simpler process v* — ¢g, where a virtual photon
decays into a quark anti-quark pair. At LO this process contains only the QED interactions, at
NLO we have two types of corrections, we can either have a virtual loop from the exchange of
a gluon between the two fermions, or the emission of a real radiation from either one of them.

Our aim in this exercise is to compute the real correction.

(a) Consider the three body differential decay:

—2
M|
Eem

dgs,

where d¢3 is the three particle phase space.

Q2 QQ o 1 1—22\"° -2 -2
d _ Y v €d ed
%= T5eni\ar) Te—20\ 4 T1 G Ty R

2FE;

with Q? is the energy of the virtual photon in its rest frame, z; =
angle between the two fermions. Show that the angle can be written as:

z2=142(1— 21 — x2)/(z122).
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(b) The diagrams that contribute to this correction are:

q, P1 q, pP1
4 4
A =7 $Py . A= 7 9P . (12.10)
q; P2 q; p2

Show that, when considering all the final state particles to be massless the matrix element
squared reads:

—_—2
|M’y*~>e+e*g| :326262g§u26F(x1,x2), (12.11)
2 2
r{+x 2 —2x1 —2x2 + 122
Fxl,m:leQ[ 12 }2616[ 12.12
Hint. It’s convenient to split the computation in three pieces: Si; := W2, Soo 1= |.A2|2 and

Sio = AL AL + A Al

(¢) After combining the matrix elements squared together with the phase space integral, one
can write:

2c Q2 ¢ 1 ! ! 1—22 ¢

R S 2e 2€

= d d F .
o 3 oo ( 3 > T2 -0 /0 T1 T /0 T2 To (21, 2)

(12.13)
Show that you can decouple the integration by the change of variable zo =1 — vz;.

1 1
/ do(1 — v)_ev_s/ dzy (1 —21) @ w1 F(x1, 1 — vry) (12.14)
0 0

Argue how this integral can then be easily evaluated and explain at which order in € can
the regular pieces be truncated (i.e that are not distributions).

Solution.

(a) We can use momentum conservation to write:

1

0=(py)*=(g—p1—p2)’=Q° (1 — a1 =2+ jmaa(l - z)) (S.12.11)

where we use that in the virtual photon rest frame:
2p1 g =2E1Q = Q%11 (S.12.12)
2p2 - q = 2E2Q = Q%2 (S.12.13)

Q2
2p1 - p2 = 2E1E3(1 — cosb12) = 7$1m2(1 —2), (S.12.14)
. Solving the expression for z one obtains:

1— 1 —
p=142- 1702 (S.12.15)
12
(b) 1. We start by computing S11 := \Al\Q. From applying the Feynman, squaring, and summing over all
possible final states (polarizations and colors):

— 2 .
S11 = 64(1 — €)’ele’go > 2pr-9)(p2 - 9) f (p1 - p2) (S.12.16)
(g —p1)
=32e2e’g2p > (1 — €)® 1= (S.12.17)
1-— T
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where we used Crp = N; ~ Land Ca =N , together with the fact that the final states are considered

to be massless and that e4 is the fractional charge of the corresponding quark.

2. In a similar way one can compute Sa := \AQ|2
2(py - -q) — ¢*(pl - p2
Sa2 = 64(1 — €)’ere’gop’ (p1-9)(pz - q) f (p1 - p2) (S.12.18)
(g —p2)
2l —x1

=32ele’g2u* (1 —¢) (S.12.19)

1—1’2

3. We start by computing Si2 := AlA; + .AQAI. In the same way as before we perform the trace over
the spinor indices and obtain:

Siz = 64(1 — 6)63629@252(1’1 p2)* + (o1 'P2)(q2(2(;_€)pl—)22((51_';12-)f-2p2 ~q)) = 2e(pr - q)(p2 - @)

(S.12.20)

(1—z1)l—z2)e+1—21 — 22

= —64e’gZp (1 —
€ gs ( 6) (1—I1)(1—I2)

(S.12.21)

A convenient way to bring the sum of these three contribution in the form of F(z1,z2) is to notice that
when e = 0 the only surviving term of F'(z1,x2) is the first one. This provide an efficient way on how to

spht 512.
S12 =(1 — €)*[S12],_o + (S12 — (1 — €)* [S12] ) (S.12.22)
1—z1— 22 (2 —2z1 — 222 + 122
64626202 1% (1 — )2 1 6462620 12 e (] — 12.9
6degegspn (1 —¢) Tz —z2) 6degegsp e(1 —¢) 0= —22) (S 3)
Then we can finally write:
S11 + S22 + S12
F ==
(21, 22) 32362 g2
(S.12.24)

x% + x% 2 —2x1 — 272 + X122

m] ~2dl-e) [ (- o)(1—22)

=(1-¢?

(¢) By applying the change of variable on top of z = 1+ 2(1 — z1 — x2)/(z122), together with the measure
change dze = z1dv, the given expression follows. Once the integral is cast into this new form, with the
new variables, the expression for F'(z1,z2) reads:

(v2—|—1):c%—2va:1+1_2 (v2—v+1)x%—x1+1

: —1)z1 2 e 12.
(I — 1) ‘ R + e (v = Dz +1)7 + O(€) (8.12.25)

This means that can be easily solved in term of simple S-function.

B(a,b) := /01 de(l—z)* 'zt = D(a)l(b) (S.12.26)

T T(a+b)’

The reason to keep up to O(e?) comes form the fact the the integration of the complete result is expected
to produce poles of the form 1/¢ and 1/€* coming form the soft and collinear regions of the radiation.

Exercise 3. Virtual correction to ete™ — qg at NLO

In the previous exercise we computed the real correction to ete™ — ¢g. In order to have a
complete correction we need to add the virtual correction:

q, P1
A="7 . (12.15)

q_v D2
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After performing the color and Lorentz algebra one can solve the integral in dimensional regu-
larization by means of Feynman parameters. This correction reads:

2a 2 1 Q2 Q2
% s 2
3 0 [ e € < ©8 (47r,u2 > 3) ° (47r,u2

2
2 T
—(2vg — 3) log<w> —vg + 37 + s 8+ 0(6)] (12.16)

for Q> = —¢%> > 0.

Argue why you will get an expression in terms of @) and find the expression for the case of a
timelike virtual photon, i.e. ¢> > 0, by using analytic continuation and keeping only the real
part.

Hint.  Assume all the positive kinematic invariants to carry the +i0 prescription.

Solution. We can use
log(—(x +140)) = log(m . efmﬂo) = log(z) —im

Then

v _ 2as 2 1 Q? 2 Q°
= —Z 4221 295 —3) —1
7 37 70 { €2 + € o8 4 p? +275 =3 o8 42

2 2
—(2v8 = 3) log(ﬁuz) -8+ 3y + % -84+ +0(e)|  (S.12.27)

Exercise 4. NLO finite IR correction

In the previous exercises we discussed the computation of the real contribution to the NLO
corrections, after performing all the trivial integrations over x1 and v and expanding in terms
of the dimensional regulator one gets:

200 2 1 Q? Q?
R S 2
= Z—>(21 g — 1
i e O b R
2 Tn? 57

Q 2
- 2 3y 2 12.1
+(2vg — 3) 10g<47w2 +95 — 3VE 5 + 5 +0(e)| (12.17)

Combine the real and virtual correction to show that the sum of the two results is a finite cross
section.

Solution.

37 0 6 6 6

_ 2o (§) (S.12.28)
3

Qs
= —o09
™

2 2
o yo¥ =2, (—E—&-E—FL—S—FWZ)
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Exercise 1. DIS at NLO

We want to show that compared with the results from eTe™ — ¢ we have the following expres-
sions:

«

of ol =00 (142 +0(a2), (13.1)
«

oB1s + 0h1s = 00 (1 - f + O(aﬁ)) : (13.2)

where the virtual photon is now in the ¢ channel instead of the s channel, and the LO process
is v*q — q.
Consider the virtual correction to the process, v*¢ — qg:

R(, 2 z (1-2)Q*\"
= 1 .
=) = e ( dmz 2-T(1—¢)’ (13:3)
where Q? = —¢> >0, z = % with s = 2p; - ¢, and the integral I reads,
! -2
I :/ dy(1 —y*)~|M|", (13.4)
0

— 2 41 [(4(42% + dyz — 4z +y* — 2y +5)
]/\/l(v q— qg)‘ = 1672@a5u2662§§ ( 1= y)=2
4(422—4z+y2+3)+424z2—(4y+4)z+y2+2y+1
€
(I=y)(1-=z) (I-y)(1-=2)

where % is the color factor and % comes from averaging over the initial state quark spin.

—2€

> (13.5)

(a) Show that the integrated cross section is:

16maaselz ((1—2)Q*\ ° T'(1—e) 1+221 3 1
R 2 5%
= — - —= — 3+0
o= Q7 3Q? ( pwrdmz > F(1—26)< —zc 21-- °1°F (6)>
(13.6)
where e, represents the fractional charge of the quark.
(b) Applying the following relation:
1 dUR(Z,QQ) Q? R 2
— = . 13.7
o) dz 8m2aelz(1 — 6)0 (@7 (13.7)

Show that integrating over z € (0,1) and expanding in the dimensional regulator e yields:

201, Q* \ “T(1+er(1—¢)? 2 3 13
37 0 (47T/,L2) (1 —2¢) <_2 € 2)

o (Q%) = (13.8)

€
(¢) You can now use the results for the virtual correction computed in the previous exercise

sheet and combine it with the real correction to obtain the total correction at NLO for the
deep inelastic scattering of a quark.
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Solution.

(a) As for the case of the eTe™ we see that the integration over y translates into a sum of 8 functions. Once
all the contribution coming form the numerator are combined together one obtains precisely the given
expression

2
(b) the integration over z lead again a sum over § functions, for simplicity we factor out the term %

which is finite in epsilon.

(¢) After expanding in € one gets:

R _ 205 2 1 Q* 2 [ Q@
=% |2 42 (21 —2 1
7 A + € o8 4 p? 73 ) tlog A

+(2ve — 3) log( Q ) At -3yt g + O(e)} (S.13.1)

42 6

and from last time we have:

v _ 20 2 1 Q? 2 @
= 22 2log( ) -2 —1
7 3r 0T e . 8 47 75 +3 o8 A p?

Q2 2 n?
—(2ve — 3) log<Fu2 — e +3vE + 5 84+ 0(e)| (S.13.2)
By combining this two results together one gets:
2 S s
o=0" +o" = 36;_ oo (—g) = —a?cro (S.13.3)

which is the opposite sign w.r.t. the result obtain for e"e™ — ¢g. The difference in the computation of the
real correction arises from the fact that in one case we are looking at a 1 — 3 process while in the second
to a 2 — 2. We can also notice how the color singlet state of the v* — ¢g leads to a QCD correction that
enhances the cross section (given by 4+<=0¢) while in deep inelastic scattering this is not the case anymore

and the correction leads to a reduction of the total cross. section
The above results can written as a single integral as follows:

/01 dz {% * ("V + %"0> (1 = m)} =0. (S.13.4)

Let’s introduce the plus distribution for the differential cross section:

1
/ dz {di] _o, Ldde_ 1 {di] + s Iprso(1 — 2) (S.13.5)
0 dz n oo dz oo | dz i
with,
a9
oprs =oo(l+as Iprs+...), s IDIsz—?ﬂ (S.13.6)
In this case we have,
1 [de® Qs Q>
;0 {E}+ = ﬂpqaqg(z) IOg(?) +asf§15(2), (5.13.7)
where ,
4 (1+4=2
Paosag(2) = 3 [ T L, (S.13.8)
R _ 20 2 [log(1—2)]  1+2° 31 (T B
asfprs(z) = o ((1+z)[ 1z |, 1_Zlog(z) 27[1—z]+ z+3 3+3 0(1—2)

2
+ %;Pqﬁqg(z) log(%) (% te - log(47r)> - (5139)

More details can be found in Field’s book Applications of Perturbative QCD.
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Exercise 2. Towards the Symmetric Energy-Momentum tensor in QED

The canonical energy-momentum tensor is defined as

oL
OM = ————-9"®f — L 13.9
= (IT"), @ — " L. (13.10)
In the exercise class you saw that the anti-symmetric part of the energy-momentum tensor for
Poincare invariant field theories can be written as a total derivative. Furthermore the symmetric,
gauge-invariant Belifante energy-momentum tensor can be obtained by adding a total derivative:

TH = M 4 9, B (13.11)
with

0B = — L0, (1), () — (109, (), — (1), (59 | @7 (13.12)

The field @™ is a representation of the Lorentz group and (EW)Z m are the generators in this
representation. The QED Lagrangian is

L= %\i;»yﬂDuxp — 2D IV — mBW + Lygange (13.13)

v
2
with

1 1 2
Egauge = _iF/ﬂ/Fﬂu - E (8/\14)\> . (1314)

i) Restrict yourself to the case of the Lagrangian of free spinor fields and compute the canon-
ical energy-momentum tensor ©#¥, the Belifante tensor B**? and the Belifante energy-
momentum tensor TH".

ii) Compute the trace T%,.

iii) (Optional) Compute the Belifante energy-momentum tensor for full QED.

Solution. The Lagrangian for the free Spinor-field reads
i

L= 30y 0,0 - (%aﬂ:) VT — MW (S.13.10)

and the canonical energy stress tensor is

om = (%\IJW) 9"V + (9"V) (%Ww) L. (S.13.11)
N——r N——r
::Hfi ::H"\fl

Note however, that the last term vanishes if we impose the equation of motions. Let us look at the first term B
of the Belifante tenor only, since the others are simply obtained by permuting the symmetries. We have

B = 7%1-[@2#”\1, _ \i’i””ﬂ%, (S.13.12)

)
2
since U transforms under Lorentz boosts with the inverse transformation. For the spinor representation, the
generators of the Lorentz group are

DI i 7", "] (S.13.13)
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and we get

B = ILG‘T/ (AT A (5.13.14)
— VB T (5.13.15)

So the Belifante tensor is
B = L0 (" T - 0 B - O D (8.13.16)

For the last two terms of the above equation we can use the commutator relation
{B,[A,C]} +{C,[A,B]} = [A,{B,C}]. (S.13.17)

For ~-matrices however, the anti-commutator is proportional to the identity because of the Clifford algebra.
Therefore [A, { B, C}] vanishes identically and the Belifante tensor takes the simple form

Br = ﬁqf (" 7 ) (S.13.18)

For the derivative we get two types of terms

e - 1

= 15 (@O [ 710 + B [, 97] 70, 9) + 1% ((09) (7", 717" W + Ty" [7*,47]8:T) . (S.13.19)

The first one vanishes as soon as we impose the equation of motion. The second one needs a bit of tedious algebra.
To facilitate the computation one can use

(0:9) [, 717" = (0:T) [V, 7], 7" ¥ + (8:0)y" [v*,~"] ©. (S.13.20)

Now one can impose the equation of motion and use the identity [v*,[y%,~°]] = 4 (na675 — na‘syﬁ). When all

the dust settles we arrive at the final Belifante energy stress tensor which is
i - — — — —
™ = 1\Il (7“8” + 470" — 40" —’y"@“) v, (S.13.21)

where the arrow indicates on which field we are acting. The trace T, can be trivially computed by using the
equations of motion and one gets

T, = mU0. (S.13.22)

In particular, for massless quarks one will have a vanishing trace in all dimensions.
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Exercise 1. On Angular Ordering

In a scattering with production of (n + 1) massless partons, the rate for soft-gluon emission is

as dk0 dQ
dO’n_;,_l = d0n2 k:O 271_ ZCZ']‘WZ‘]‘, (14.1)
where k0 is the gluon energy, d) is the solid angle for the emitted gluon, C;; is a colour factor
and
k,O 20 .M 1— ..
I/Vij _ ( ) (pz pj) _ COS(19”) (14.2)
(pi - k)(pj- k) (1 —cos(¥k))(1 — cos(Vjx))

is the radiation function. The sum 3}, . is over all pairs of partons (7, j). Set W;; = Wl[;] + Wg]
with

li] 1 1 1
fl= — i — . 14.
Wi 2 <W] * 1 —cos(tir) 1 —cos(Vi) (14.3)
If dQ = d cos(¥;x)deik, show that
2m 1 .
/ dgolk [Z] 1—cos(V;) if ﬁik < 191,]. (144)
2m 0 if 94 > Uy5.

0

Hint. Parametrise the momenta using Fuler angles:

p; = p?(l, 0,sin(;;), cos(¥;)) (14.6)
k= Kk°(1,sin(9ix) sin(pir ), sin(ix) cos(@ir ), cos(ix)) - (14.7)

Solution. We have with the parametrization from the hint

(pj - k) = pIk° (1 — cos V) (S.14.1)
= pJk® (1 — sin(9s;) sin(Vsx,) cos(pix) — cos(di;) cos(Yir)) (S.14.2)

and we can set
1 — cos(¥;x) = a — beos(pik) (S.14.3)

with @ = 1 — cos(¥;) cos(Pix) and b = sin(V;;) sin(Vdsx). We have

] 1 1-— COS(’I%J') 1 1
=z -1 .14.4
Wi 2 {(1 — cos(Yik) 1 — cos(V,k) + 1 — cos(Vik) (8 )
1 1 cos(Wi) — cos(di;)
- 1 14.
21— cos(Vir) ( + 1 — cos(V;k) (5.14.5)
and we need to compute the integral
27Td 27 d
[ = [ SPik / Pik S.14.6
” / 27 1— cos(ﬁ];€ 27 a— bcos(gpzk) ( )
0
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The change of variables z = exp(iy;x) yields

7l 77{ dz 1
" o 2mib g — bzr‘;%l

SR & Teern eernt

where the contour + is a counter-clockwise oriented circle of radius 1 centered at the origin and

a a?

denote the poles. To determine the location of the poles we compute

a® —b® =1+ cos®(9:5) cos® (9ir) — 2 cos(Vi;) cos(Var,) — sin® (9 sin(Vix )
= (cos(¥ij) — cos(Pi1))* > 0,

(S.14.7)

(S.14.8)

(S.14.9)

(S.14.10)
(S.14.11)

where we used 1 = cos®(;;) + sin®(9;;). We can therefore conclude z4 > 1 and z— < 1 and only the pole z_ is

inside the contour . Thus, by applying the residue theorem,

J

k¥

Vo=
1
" | cos(¥i; — cos(Pix))|

and we obtain

27

/dgo,;k Wil _ % 1 (1 cos(Pir) — cos(dijz) )
0

2 9 T 21— cos(Vix) | cos(¥i;) — cos(Pir)|

_ lfcosl(ﬂik) if 19”“ < 19"'3.
0 if 9 > 191'1'.

Exercise 2. Towards HEFT

(S.14.12)
(S.14.13)

(S.14.14)

(S.14.15)

(S.14.16)

A major break-through for particle physics was the discovery of the Higgs-boson at the LHC.
In the following we want to investigate its dominant production channel at the LHC, called
gluon-fusion. The coupling of the Higgs boson is proportional to the mass of the particles it
couples to. Gluon fusion is therefore a loop-induced process with the LO-contribution shown in

fig. 5.

Figure 5: LO Higgs production in gluon fusion. The process where the gluon-legs are crossed

does contribute the same.
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The contribution from the depicted diagram reads:

iA = = (i) (~ig) eu(p)es () T (1") (_imQ> / d% o

v S @M —md) (4 p)? —mE) (- @) = md)
(14.8)
where
' =Tr [([ + m) ([ +p+mq)(] —d +mg)’], (14.9)

mg denotes the mass of the quark running in the loop and v the so-called vacuum expectation
value.
Before starting any computations answer the following question

a) In LHC collisions the typical momentum fraction z is small x <« 1. Why do we expect
gluon induced processes to be dominant?

Solution. To answer that question, we remember the z-dependence of the PDF (see e.g. fig. 2 in https:
//arxiv.org/pdf/1709.04922.pdf). The gluon PDF is by far dominant in the low z-regime. Processes
involving initial state gluons are therefore PDF-enhanced for typical LHC processes.

b) The top quark is roughly 43 times heavier than the bottom quark, which is the second
heaviest quark in the SM. Why would we naively expect the gluon fusion process to be
dominated by virtual top-quarks? What do we have to verify in order to support or
contradict our naive expectations?

Solution. Since the Yukawa coupling is proportional to the mass, we would expect a big enhancement
due to the extreme quark mass gap and the top-contribution to be the by far dominant one. However, for
that expectation to hold, we have to study the mass dependence of the loop-diagram as well.

We now want to set out to get an idea on the size of the contributions of different quark flavours
for Higgs production. To do that, proceed as followed:

i.) Perform the numerator algebra, got to Feynman parameters and complete the square.

Solution. After performing the trace, the numerator reads:
2
" = dmg {g‘”(m% - %) + 404 4 p¥pt] . (S.14.17)

Going to Feynman parameters yields

1 1
=2 [ dad - S.14.18
(12 _m2Q) ((I+p)? _mé)((l_Q)z _m2Q) / y[lzmeQJrQ(l- (p:z:fqy))]‘s ( )
1
= Z/dxdy 7% —m + mEay’ (S.14.19)

where we completed the square with I’ = [ 4+ pz — qy. Completing the square allows the terms linear in I’
in the shifted numerator to be dropped due to symmetry.

ii.) Verify, that even though power-counting suggests it, the integral is free of e-poles due to
UV-divergences.

212



iii.)

iv.)

Solution. We can use the projection already derived in a previous exercise sheet

/dd(ki —/dd (S.14.20)

to write
4g%m2
id = -5, (p)e(q) (S.14.21)
d4 dzdy v 4—d , "
8 / (2m)? / (12 — m2 + m3ay)’ {g ma+ Tl +mi(oy - 5) TP (L~ dm)

(S.14.22)
Notice that the UV-divergent piece o [? is multiplied by d — 4 = €, which cancels the pole, but will give a

non-vanishing finite piece.

Show that the complete amplitude for LO Higgs production in gluon-fusion can be written
as

O ,m?2 y 1—-4z
Algg > 1) = =225 (72 = gt ) et [ sy [ 2| o)
- 5Ty
mQ

Solution. Performing the loop-momentum integration by inserting the relevant tadpole integrals and
expanding in e will give the result stated in 4ii.) up to a factor of two, which we included to account for
the diagram where the gluon legs are crossed.

Study the amplitude for the two diametric limits mg < mpg and myg < mq. Relate your
findings to question b) asked above.

Solution. The only mass dependence left in the amplitude is in the integral

1 11—z
1—-4
/da; / dady———"—. (S.14.23)
0 0 1 - m—ga:y
Expanding for mg < mpy yields
» o 2
By e M9 g2 e (S.14.24)
mg 2my; miy

This result shows us, that the light quark contribution are even stronger suppressed than the naive coupling
analysis in part b.) suggested. For a heavy quark approximation mé > m% we find

w3,
2 —0
(" iy e ; (S.14.25)
Q

2
Higher order terms will be suppressed by (=)™ log™ (mH ). This suppression allows for an effective descrip-
mQ

tion of Higgs-physics called Higgs-Effective-Field-Theory (HEFT) in which the top-quark is assumed to be
much heavier than the Higgs and is integrated out from the Lagrangian. All light-quarks will be replaced
by massless quarks, which will not couple to the Higgs due to the Yukawa interaction which is proportional
to the mass. The relevant effective Lagrangian will then involve effective interactions between the gluons
and the Higgs, where the mediating top-quark loop is shrunk to a point. The processes we studied above
will e.g. translate to an effective vertex as shown in fig. 6, where a matching of the Ci-coefficient to the SM
will require to compute the large mass expansion of the full SM-process. For single Higgs production this
effective field theory approach is known to work extremely well and as a matter of fact, even the NNLO
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Figure 6: Effective Higgs Coupling for LO Higgs production in gluon-fusion

fully inclusive cross-section with full mass-dependence is as of yet not available in analytical form. This is
owed to the extreme mathematical complications which arise in the computation of multi-loop multi-scale
Feynman integrals.
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