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in 1987-1990 I was a PhD student of George’s:
… and by 1987 factorisation in hadron collisions was a fait accompli



it was factorisation in hadron collisions at leading twist 



by 1989, George was already thinking about extending factorisation 
beyond the leading twist, and working with a postdoc, Janwei Qiu, on it



it would be good to try and extend factorisation beyond the leading twist …
Why don’t you have a look at Low’s theorem in the high-energy limit?

sometime in 1989, George told me:

I assume this was just one of the different perspectives George had in mind
to extend factorisation beyond the leading twist, 
but back then I was a bit concerned about the …



in a QED process with emission of a photon, Low’s theorem shows that the first two orders 
of an expansion of the amplitude in the soft photon momentum can be expressed in terms 
of the associated non-radiative (i.e. without photon emission) amplitude

based on Ward identity

assumes a mass cut-off k0 < m s ' m2

dependence on spin of charged legs only in IR finite term
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Note that using
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Factorisation of a multi-leg amplitude

Mueller 1979
Collins 1980
Sen 1981
Korchemsky 1989

M0 ⇠ H(p1, p2)S(u1, u2)
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Mass divergences in the high energy limit

George said: as it is, Low’s theorem is valid only in the region
because of collinear contributions to the jet functions 
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I extended Low’s theorem to the emission of a soft photon
including the collinear contributions

VDD 1990

J⌫(p2, k;u2)

J(p1;u1)

Mµ✏
µ(k) =

2X

i=1

Qi
(2pi + k)µ
2pi · k + k2

⇢✓
✏µ(k)� Fµ⌫(k; ✏)

@

@p⌫i

◆
H(p1, p2)

�
S(u1, u2)

2Y

k=1

J(pk;uk)

+ Fµ⌫(k; ✏)H(p1, p2)S(u1, u2)J⌫(pi, k;ui)J(p
0
i;u

0
i)

�
+O(k)

radiative jet function

m2

p
s
< k0 < m

s � m2

see Eric’s talk



Mass divergences?
no mass divergences, in the case of soft gravitons



Weinberg’s “tool”

polarisation vector does not
transform covariantly under
little group 

field strength tensor does
transform covariantly



next-to-leading-power threshold logarithms in QCD amplitudes,
with an explicit NLO construction of the radiative jet function

Bonocore Laenen Magnea Melville Vernazza White 1503.05156

Subsequent works

… but there are O(𝛂s3) corrections to leading power in 1/k in massless QCD

Ma Sterman Venkata 2311.06912

… and many more works on the radiative jet function, in QED or QCD

… in QED, more on the interplay between photon energy and electron mass
van Bijleveld Laenen Marinissen Vernazza Wang 2503.10810

… and practical aspects of soft gluon emission in massive QCD
Czakon Minguez Eschment 2510.21655

see Eric’s talk



What about gravity?

leading (Weinberg) term gets no loop corrections (Weinberg’s soft theorem)

Cachazo-Strominger soft theorem for tree graviton amplitudes
Cachazo Strominger 1404.4091

Weinberg 1965

next-to-leading-power term gets one-loop corrections
next-to-next-to-leading-power term gets up to two-loop corrections

Bern Davies Nohle 1405.1015
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no mass divergences, in the case of soft-graviton (eikonal) limit
Weinberg 1965

no mass divergences, in the case of wide-angle scattering
Akhoury Saotome Sterman 1109.0270

at most a finite collinear contribution at O(k0) 
Bern Dixon Perelstein Rozowsky hep-th/9811140





analyse the case of light mass-m and heavy mass-M black holes

expand to first order in 
p

|t|/E



Self force

Probe limit corresponds to Schwarzschild geometry:
static (infinitely heavy) black hole

in Self Force (SF) expansion, 
one expands Einstein’s equation in powers of m/M
and solves them (numerically)

0 SF = Probe limit = Schwarzschild
1 SF is known for generic orbits
2 SF is known for specific cases (e.g. quasi circular orbits)
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