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The study of scattering amplitudes is on some level
the study of classes of special functions

incipit
Bourjaily He McLeod von Hippel Wilhelm today



@ At the LHC, particles are produced through the head-on

=

collisions of protons, and in particular through the
collisions of quarks and gluons within the protons

The probability of a collision event is computed
through the cross section, which is given as an
integral of (squared) scattering amplitudes over
the phase space of the produced particles

The scattering amplitudes are given as a power series
(loop expansion) in the strong and/or electroweak
couplings

The scattering amplitudes are
fundamental objects of particle physics



( Scattering amplitudes )

Q@ The scattering amplitudes are given as a loop-momentum expansion
in the strong and/or electroweak couplings
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@ The more terms we know in the loop expansion,
the more precisely we can compute the cross section

@ As a matter of fact, we know any amplitude of interest at one loop;
several (2 — 2) amplitudes and one (2 — 3) amplitude (but only

planar) at two loops; a couple (2 = |) amplitudes and one (2 — 2)
amplitude (in N=4 SYM) at three loops, and nothing beyond that



loops

gg — gg (in N=4 SYM)

I

gg — ggg (only planar)

legs

10



(Computing amplitudes)

@ Integration by parts (IBP) to reduce the Feynman integral
to a suitable basis of master integrals (Ml)

It used to be the less problematic part of the workflow.
With (2 — 3) amplitudes at two loops it has become a challenge.
Now, several groups work on it

ETH ITP organises a workshop dedicated only to that
Taming the Complexity of Multiloop Integrals, ETH, 4-8 June 2018

Q@ Differential Equation method to solve the Mls

f: N-vector of Mls, Ai: NxN matrix, i=1,...,# external parameters
azf(xna 5) — Az(wna 5)f(xn§ 5)
but in some cases &-independent form

i f(xn;e) =cAi(xy) f(xn;e) Henn 2013

@  analysing the space of functions of the Feynman integral

where most of the progress has been — topic of this talk



What outcome do we expect from the loop expansion of an amplitude!

From renormalisability and the infrared structure of the amplitude,
we expect that the divergent parts are (poly)logarithmic functions
of the external momenta (beyond 2 loops)

But, except for unitarity, we have little guidance for the finite parts.
Heuristically, we know that:
— at one loop, logarithmic and dilogarithmic functions of
the external momenta occur
— beyond one loop, higher polylogarithmic functions appear
and elliptic functions may appear (usually associated to several
massive propagators)



(_Higgs production at LHC )

Q@ In proton collisions, the Higgs boson is produced mostly via gluon fusion

The gluons do not couple directly to the Higgs boson

The coupling is mediated by a heavy quark loop s
The largest contribution comes from the top loop

The production mode is (roughly) proportional to the top Yukawa coupling y:

@ QCD NLO corrections

-»- H
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Djouadi Graudenz Spira Zerwas 1993-1995

. QCD NLO corrections are about 100% larger than leading order

-

@ QCD NNLO corrections are not known



( Higgs production in HEFT )

Q mH << 2m

o e Sy

all amplitudes are reduced by one loop

Q@ ... but, beware of quark mass effects

ok®.  15.05pb | oNEY  34.66 pb
Rrook9,. 16.00 pb | RLoohE?  36.84 pb
oLO 16.00 pb | oNLO  36.60 pb

ex;t ex;t
ol  1494pb | olIC, 34.96 pb

oll e 1483 pb | oNLQ, . 34.77 pb

Anastasiou Duhr Dulat Furlan Gehrmann Herzog Lazopoulos Mistlberger 2016

LO

Q@  Rpo= -l —1.063

OBFT

rescaled EFT (rEFT) does a good job (< %) in approximating the exact (only top) NLO O
but misses the t-b interference



( Higgs production in HEFT )

Q@ QCD corrections have been computed at N3LO

Anastasiou Duhr Dulat Herzog Mistlberger 2015

+2.22 pb (+4.56%
0 = 48.58pb 557y (7 (theory) £ 1.56 pb (3.20%) (PDF-+as)

w? The breakdown of the cross section

48.58pb = 16.00pb  (+32.9%
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(
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Anastasiou Duhr Dulat Furlan Gehrmann Herzog Lazopoulos Mistlberger 2016

@ Largest uncertainties come from quark mass effects at NNLO
and from NLO corrections to QCD-EW interference



( QCD-EW interference )

: Aglietti Bonciani Degrassi Vicini 2004
e g | oceee- (light fermion loop)

| Actis Passarino Sturm Uccirati 2008

I

I

(heavy fermion loop)

Q@ QCD NLO corrections

|
W, 2 |
— gl o ---- Bonetti Melnikov Tancredi 2017
W, Z |
|
|
Qo |
W, Z I
Y > 1l H —cce-=
W,z :

N |

computed in:

— My > X0 limit Anastasiou Boughezal Petriello 2009

— soft approximation  Bonetti Melnikov Tancredi 2018

— My, 0 limit Anastasiou VDD Furlan Mistlberger Moriello Schweitzer Specchia, to appear

and found to be about 5.3-5.5% both at LO and NLO



(QCD NNLO corrections )

Higgs+2jets amplitudes at one loop VDD Kilgore Oleari Schmidt Zeppenfeld 2001

Higg5+ Ijet amplitudes at two IOOPS Bonciani VDD Frellesvig Henn Moriello V. Smirnov 2016

(only planar diagrams)
%
3
' ~ Q998 T

H H

multi-scale problem with complicated analytic structure
elliptic iterated integrals appear

gg— H amplitudes at three loops

- H one-scale problem, but with more elliptic iterated integrals ...



(Higgs pr distribution at LHC)

Q@ leading order K. Ellis Hinchliffe Soldate van der Bij 1988

SN o

Q@ high-pr tail of the Higgs pr distribution is sensitive to
the structure of the loop-mediated Higgs-gluon coupling
New Physics particles circulating in the loop would modify it

@ Full (Ft+b+c) QCD NLO corrections are not known

Q@ HEFT mu<<2m: and  pr<<my

QCD corrections are known at NNLO in HEFT, and yield a 15% increase wrt NLO

Boughezal Caola Melnikov Petriello Schulze 2015
Boughezal Focke Giele Liu Petriello 2015
Chen Cruz-Martinez Gehrmann Glover Jaquier 2016



(Higgs pr distribution at LHC)

QCD (top) NLO corrections have been computed numerically
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& In the last few years, a lot of progress has been made in understanding
the analytic structure of multi-loop amplitudes, in particular on how
the polylogarithmic functions appear at any loop level

& In particular, a lot of progress has been made:
— in N=4 Super Yang-Mills (SYM)
— in the Regge limit of QCD
— in the Regge limit of N=4 SYM

& This progress has deep implications on how we view
scattering amplitudes in the Standard Model



One of the most remarkable discoveries in elementary
particle physics has been that of the existence of the
complex plane ...

incipit
The analytic S-matrix
Eden Landshoff Olive Polkinghorne 1966



( N=4 Super Yang Mills )

@ maximal supersymmetric theory (without gravity)
conformally invariant, § fn. = 0

& spin | gluon
4 spin 1/2 gluinos
6 spin O real scalars

@ ‘t Hooft limit: Nc 200 with A = gZN. fixed

2 only planar diagrams

Q@ AdS/CFT duality Maldacena 97

¢ large-A limit of 4dim CFT < weakly-coupled string theory

(aka weak-strong duality)



( N=4 Super Yang Mills )

@ amplitudes in planar N=4 SYM are much simpler
than in Standard Model processes

Q@ use N=4 SYM as a computational lab:

w to learn techniques and tools to be used in Standard Model
calculations

¢ to learn about the bases of special functions which may occur
in realistic scattering processes



( N=4 Super Yang Mills )

In the last years, a huge progress has been made in understanding
the analytic structure of the S-matrix of planar N=4 SYM

Besides the ordinary conformal symmetry,

in the planar limit the S-matrix exhibits a dual conformal symmetry
Drummond Henn Smirnov Sokatchev 2006

Accordingly, the analytic structure of the scattering amplitudes is

highly constrained

4- and 5-point amplitudes are fixed to all loops by the symmetries
in terms of the one-loop amplitudes and the cusp anomalous dimension

Anastasiou Bern Dixon Kosower 2003, Bern Dixon Smirnov 2005
Drummond Henn Korchemsky Sokatchev 2007

Beyond 5 points, the finite part of the amplitudes is given in terms of a
remainder function R.The symmetries only fix the variables of R (some
conformally invariant cross ratios) but not the analytic dependence of R
on them



(Dual conformal symmetry)

Q@ Dualspace p =2 — 241 = 20011 Tyl = T1
L3
D2 D3
Q@  one-loop scalar box
W / Ak 7 o’
k?(k — p1)*(k —p1 — p2)?(k + p4)?
D1 D4
p1 = T12, P2 =1=T23, P3=Tz4, Pa=2Ta1, k=215 z
* 1O = / Pos 1 gty N TR Vi
= > 2 2 9 2 9 ) 72 2 22
T15L25035% 45  L13%24 13424 13724

't Hooft Veltman 1979
Usyukina Davydychev 1993

@ conformal inversion

2
" ) Lij 4 d*zs
T, — ——5, T — d x5 —
J 2,27 3
X; x5 Te
d*as 2.2 .2 9 d'zs ‘
o 55 7 U1T3130 55— conformally covariant
1572535745 15725735745

Q@ drawing dual graphs is only possible for planar diagrams



(MHV amplitudes in planar N=4 SYM)

at any order in the coupling, colour-ordered maximally helicity violating
MHYV (- - ++...+) amplitudes in planar N=4 SYM can be written as
the tree-level amplitude times a momentum dependent loop coefficient

(L) _ as(0). (L)
My~ = M " m,
at | |00p Bern Dixon Dunbar Kosower 94

m{) = F*°(p,q,P,Q) n>6

. . . remainder
at 2 loops, iteration formula for the n-pt amplitude .
/ function

1 2
m!? (e) = 5 [mg)(e)} + @ (e)m(2¢) + Const® @
Anastasiou Bern Dixoyf Kosower 03

at all loops, ansatz for a resummed exponent

m{P) = exp Z (f(l) ym{P (le) + Const') + E,,(,f)(e)) @

Bern Dixon Smirnov 05



( ABDK/BDS ansatz )

@ ABDK/BDS ansatz is valid at all loops for 4-pt and 5-pt amplitudes

M, = quO) 1+ Z (L) Bern Dixon Smirnov 05

=1
= MWW exp Z a' (f(l) mY (le) + Const'V + E,,(zl)(e)>

| 1=1 ]
ling @ — 5 (dme )" A= ¢*N  ‘t Hoof
coupling a= 8?( Te =g t Hooft parameter
i L. | ()
f(l) (6) — T € 5 G(l) -+ 62 f2< ) En (6) — 0(6)
ﬁgp cusp anomalous dimension, known to all orders of a Korchemsky Radyuskin 86

Beisert Eden Staudacher 06

é(” collinear anomalous dimension, known through O(a4) Bern Dixon Smirnov 05

Cachazo Spradlin Volovich 07



(Conformally invariant cross ratios]

Q for n = 6, the conformally invariant cross ratios are
2 9 2 9 2 2
_ T13T4¢ Ty ds _ I35T9¢
U1 = —5 5 U2 = —5—5 Uz = —5 5
L14T36 Lo5L14 L36L25

xi are variables in a dual space s.t. Pi = Ti = Tit1

thUS xi’,k}-l—?“ — (pk + ... "‘pk—l—r—l)Q

Q for n points, dual conformal invariance implies dependence on 3n-15
independent cross ratios

2 2 2 2 2 2
- Lit1,i+5%i4+2,i+4 - TN i+301,i+2 Uy — LY 4422 i+3
N 2 ; ) 2 ; i T2 2

Lit1,i+4Ti12i+5 TN i+2071 343 L1 i4+3%2 i+4

Ti42 Titq Tit3

Lit4q

.I'I'{;')

Uy, U; U3z;



( Amplitudes in planar N=4 SYM ]

The progress in understanding the analytic structure of the S-matrix in
planar N=4 SYM is also due to an improved understanding of the
mathematical structures underlying the scattering amplitudes

n-point amplitudes are expected to be written in terms of iterated
integrals (on the space of configurations of points in 3-dim projective

Space Confn(P3) ) Golden Goncharov Spradlin Vergu Volovich 2013

The simplest case of iterated integrals are the iterated integrals
over rational functions, i.e. the multiple polylogarithms (MPL)

~dt z
e, Apl 2) = e, Oy cz) =1 1 — — ai,...,ap) €C
Glar,vai2) = [ 2 Glaz,oovait)  Glain) =log (1-2) (ar.....a,)

Goncharov 2001

It is thought that maximally helicity violating (MHV) and next-to-MHV
(NMHYV) amplitudes can be expressed in terms of
multiple polylogarithms of uniform transcendental weight

Arkani-Hamed Bourjaily Cachazo Goncharov Postnikov Trnka 2012



( Amplitudes in planar N=4 SYM ]

Q MHV and NMHYV amplitudes feature maximal transcendentality,
i.e. L-loop amplitudes are expressed in terms of multiple

polylogarithms of weight 2L only

@ MHYV amplitudes are pure, i.e. the coefficients of the multiple
polylogarithms are (rational) numbers

Q@ 2-loop 10-pt N3MHV amplitude features elliptic iterated integrals

Caron-Huot Larsen 2012
Bourjaily McLeod Spradlin von Hippel Wilhelm 2017




( Amplitudes in planar N=4 SYM )

Q@ 6-pt (N)MHV amplitudes are known analytically up to 5(4) loops

Duhr SmirnovVDD 2009 Dixon Drummond Henn 201 |
Goncharov Spradlin Vergu Volovich 2010 Dixon von Hippel 2014
Dixon Drummond Henn 201 | Dixon von Hippel McLeod 2015

Dixon Drummond von Hippel Pennington 2013
Dixon Drummond Duhr Pennington 2014
Caron-Huot Dixon von Hippel McLeod 2016

Q@ 7-pt MHV amplitudes are known analytically at two loops
Golden Spradlin 2014

Q@ No analytic result is known beyond 7 points
(the algebra of the iterated integrals is infinite starting from 8 points)

Golden Goncharov Spradlin Vergu Volovich 2013



Taxonomy
of
logarithmic functions

J




( Polylogarithms )

classical polylogarithms : _ le 1( 2 2" _ _
polylog Li,,(2) /0 ; - Lii (2 ; - —In(1 — 2)
Euler 1768
harmonic polylogarithms (HPLs) Spence 1809
? 1 1 1
H(a,w;z) = [ dt f(a;t) H(w;t 1) = —— ) = — ) = ——
@)= Q@@ )= f00 =1, S0 = 1
with  {a, v} € {-1,0,1} Remiddi Vermaseren 1999

classical polylogarithms are multiple polylogarithms with specific roots

G(6n§33> ln x G(dn;x) = ! In" (1 — z) G(Gn_l,a;x) = —Li, <E>

n! a a

when the root equals +1,-1,0 multiple polylogarithms become HPLs



(Multiple polylogarithms]

Q@  MPLs form a shuffle algebra
G, (2)Guoy (2) = Y Gu(2) with w the shuffle of W and W

example

“ dty “ dts
: b 2) —
Glas 2) G(b; 2) /Otl_a/O 2

B /"’ dty /tl dtz | /Z dts /tQ dty
N 0 tl—a/ 0 tQ—b 0 tQ—CL 0 tl—b

= G(a,b;2) + G(b,a; 2)

Q ;m% Glay,...,an;2) =0 unless a=0
@ 92 ( ) = 1 ( )
G(ai,...,ax; 2 Glas,...,ak; 2
- 1 y Wk - a1 2, y Wk

@ MPLs can be represented as nested harmonic sums

ny—1 nEp—1—1
“k (. i
Z Z - — G(0,...,0,ul,...,o,...,o,ulm

ni= 1 no=1 n=1 my—1 me—1



( Hopf algebra and the coproduct ]

multiple polylogarithms form a Hopf algebra with a coproduct
Goncharov 2002

algebra is a vector space with a product i: A A 2 A M(a®b) = a-b
that is associative AR A®A2A®A DA (a°b):c = a-(b-c)

coalgebra is a vector space with a coproduct A: B> B ® B 1 (@)
: . Aa) = Z a,”’ ®a,
that is coassociative B> B® B > B® B ® B 7;

U puts together; A decomposes

a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible A(a-b) = A(a)-A(b)

take a word, sum over ways to split it into two: deconcatenation

T'=wzxzyz
AT =wryzRl+wryRz+wr@yz+w®@zryz+1Qwryz

iterate: sum over ways to split it into three

wrRyz— (WRT) QY2 if sum over all possibilities,

wrRyz —>wr®(y® z) get to the same result



Q@  example on a function of weight 4

Fy = Gy
J Duhr 2012

A3z 1(Fy) = Az 1(Fy) Ago(Fy) = A22(Gy) A1 3(Fy) = A1,3(Gy)

PSP

Ao 11(Fy) = Ag1,1(Gy) A121(Fy) = A121(Ga) A112(Fy) = A112(Ga)

A111,1(Fy) = A11,1,1(Ga)

symbols lie within the maximal iteration of a coproduct



(Coproduct on polylogarithms)

@ coproduct on classical polylogarithms

A(lnz)=1®Inz+Inz®1

A(lnylnz) = A(lny) - A(In 2)
=(1®hy+hy®l)-1RInz+Inz®1)
=1@hyhnhz4lny®Inz+Inz®In Inylhz®1

yInz «Quy ® oy

B Sym[Lis(2)] = —(1—2) ® 2

— Sym[ny Inz]=y®z+ 2Ry

n—1

] k
A(Lin(2)) = 1® Lin(2) + Lin(2) ® 1+ Y Lin_(2) ® nk'z
k=1 '

Q@ (n-1,1) component of the coproduct
Ap_11(Lin(2)) =Li—1(2) ®Inz

iterating  A1,..1(Lin(2)) =-I(l1-2)®hz® - @z

|
Sym[Li,(2)] = -(1-2)®2® - ® 2

Q@  the symbol is the (I,...,]) component of the coproduct

> <

Q for the constants, define A(Con) = Cn®1 Brown ||

Alm)=rm®1 Duhr 12



(Coproducts and functional identities)

Q@ weight | Lil(%) = —1In(1 — %) =—In(l1—2)+In(—2)=—In(l—2)+Inz—ir

0 ez s ((2)) (- 2)en()

=In(l—-2)®Inz—Inzhz4+ir®Inz

1 .
= A1 (—Lig(z) 5 In® z 4+ imIn z) iTT more than
the symbol
. 1 . 1 2 . 2 1
SO Lis | — :—L12(z)—§ln Zz+imlnz + cm Z:l%c:g
2

' 1 1 1 1
@ v (w(3) = () em () em(d)
=—Inl—2)®nz®nz4+nzonzxnz—-—ir®Inz®Inz

| .
=A111 (Lig(Z) -+ : In° z — %T In” z)

one can do better

1 1 ' 2
ADE! (Lig (;) — (Lig(Z) + 61113,2 — 7%Tln2 z)) = —% ® In z

2

1 1 '
SO Lig(—):Lig(z)—kgln?’z—%rlnzz—%lnz—l—clgg—l—cﬂwg z2=1—c1=cy =0
2



(Symbols)

@ take a function defined as an iterated integral of logarithms of rational functions R;

b b t
T(k>:/ dlano---odlan:/ (/ dlano---odlan_1>dlan(t)

then the total differential can be written as

dT® =3"T* VanR,

Q@ the symbol is defined recursively as  Sym[7®] =" sym[1* V] ® R,
¢ Goncharov

as such, the symbol is defined on the tensor product
of the group of rational functions, modulo constants

QR = QR+ QR R
"'®(CR1)®"':“'®R1®'“

Q@ if T is a multiple polylogarithm G, then

n—1

A Qi — Qi1

dG(ap—_1,-..,01;0n) = g G(an_l,...,ai,...,al;an)dln( )
i=1

a; — A;—1
the symbol is
) a; — a;
Sym (G(Gn—_1,.-.,01;0,)) = Z Sym (G(Gn—1,---,Qjy-.,01;0p)) Q ( — +1>




*

the symbol knows about the discontinuities of T; if

Sym:T(“] —Ri® - Ry

then T has a branch cut at R) = 0, and the symbol of the discontinuity is

Sym|[Discr, (T™)] = Ry ® - - @ Ry,

pisein xlny) = { T dongthe y cut 0,0
isc(In x In'y 2TTilny  along the x cut [-00, 0]

Sym[lnz Iny| =z Ry+yx
in general, if Disc(f g) = Disc(f) g + f Disc(g)
and Sym|[f] = ®;_ | R; Syml[g] = @, 11 R
then Sym[fg] = > ®} R
where O denotes t;e set of all shuffles of n+(m-n) elements

e.g. Sym|f] = R1 ® R; Sym|g| = R3 ® Ry

Sym[fg]: RiIQRy,QR3s @R, + Ri QR3s QR Ro @Ry + R1 ® R3 ® Ry ® Ro
+ R3®RIQRyQR4s+R3s®R1 QR4 ® Ro+ R3s® Rqa ® R ® Ro

symbols form a shuffle algebra, i.e. a vector space with a shuffle product
(also iterated integrals and multiple polylogarithms form shuffle algebras)



(MPLS, coproduct and unitarity )

multiple polylogarithms form a Hopf algebra with a coproduct ~ Goncharov 2002
Z Akw—k( Z L ® Loy

the coproduct steers the functional identities among MPLs,
thus it allows us to reduce a given set of MPLs of weight n to a

(minimal) basis of MPLs of weight < n, which we are then to
analytically continue from Euclidean to Minkowski space,
and to evaluate numerically

the analytic structure of amplitudes is constrained by unitarity
and the optical theorem  Disc(M) = iM M

discontinuity(derivative) acts in the first(last) entry of the coproduct
ADisc = (Disc ® id)A AJ = (id® J)A Duhr 2012
then the coproduct of an amplitude is related to unitarity

in particular, for massless amplitudes

massless amplitudes may have branch points when Mandelstam invariants vanish
sij — 0 or become infinite sj =



Regge limit




( Regge limit of QCD )

@ In perturbative QCD, in the Regge limit s » t,
any scattering process is dominated by gluon exchange in the t channel

Q@ For a 4-gluon tree amplitude, we obtain \_o-c;a_r:_c_03C:a-o_c;s_o_,
s | E:El
ML (5,0) = 262 | (T)aw Cury (o) | (EoD s )| v d
’67“5”?%’5‘5“6\
Cvav, (PasPar)  are called impact factors o1 b 1 py b vy
1 1 a(t)
Q@  leading logarithms of s/t are obtained by the substitution g <—_t>

Q@  «(t) is the Regge gluon trajectory, with infrared coefficients

2 2\ €
a(t) = 2059 gy (2R 4@ 4 0(a) <%&u@=(i>adﬁ>
47 47 —1

~(1) b 2 404 o6

1) Tk 2 (2) — _ 20 o(2) 2 T 9 _ ==

Oé()—OA?—CAE o C’A[ €2+7K €+CA 5 (3| +ny o

Q  inthe Regge limit, the amplitude is invariant under s <> u exchange.

To NLL accuracy, the amplitude is given by Fadin Lipatov 1993

Mias’ (5,1)

s S a(t) s o(t)
295 ; (Tc)aa’cyava/ (paapa’>] <—_t) + <_—t)

[(Tc)bb’ Cuyvyr (Db Do )]



( Balitski Fadin Kuraev Lipatov )

Pa
BFKL is a resummation of multiple gluon radiation 0000000000000, 1

out of the gluon exchanged in the t channel

000000 )

) QO Omm0O QO

the Leading Logarithmic (BFKL 1976-77) and
Next-to-Leading Logarithmic (Fadin-Lipatov |1998)
contributions in log(s/|t|) of the radiative corrections to
the gluon propagator in the t channel are resummed to

allorderSinO(S 000000000000 n
Pb

)00 0000 3

oooooo>n — 1

QQOE) QQQQ

the resummation yields an integral (BFKL) equation for the evolution
of the gluon propagator in 2-dim transverse momentum space

the BFKL equation is obtained in the limit of strong rapidity ordering
of the emitted gluons, with no ordering in transverse momentum -
multi-Regge kinematics (MRK)

the solution is a Green’s function of the momenta flowing in and out
of the gluon ladder exchanged in the t channel



(Multi-Regge kinematics in N=4 SYM)

@ In the Euclidean region (where all Mandelstam invariants are negative),
amplitudes in MRK factorise completely in terms of building blocks
which are expressed in terms of Regge poles and can be determined
to all orders through the 4-pt and 5-pt amplitudes.

Thus the remainder functions R vanish at all points Brower Nastase Schnitzer Tan 2008
Bartels Lipatov Sabio-Vera 2008

Duhr Glover VDD 2008

@ After analytic continuation to some regions of the Minkowski space,
the amplitude develops cuts. The discontinuity of the amplitude is
described by a dispersion relation for octet exchange,

which is similar to the singlet BFKL equation in QCD
Bartels Lipatov Sabio-Vera 2008

Q@ Accordingly, 6-pt amplitudes have been thoroughly examined,
both at weak and at strong coupling Basso Caron-Huot Sever 20 | 4

@ In particular, 6-pt amplitudes at weak coupling can be expressed

in terms of single-valued harmonic polylogarithms
Dixon Duhr Pennington 2012



(Regge factorisation of the n-pt amplitude)

mn(l,Q,...,n) :S[QC(pg,pg)] 1 (_SnS

tn—3

t2 T

O{(tg)
1 —S
oo X — (—2> [gV(C]%C]la/fl)]

n-pt amplitude in the multi-Regge limit

T

Yz > Yqg > -0 > Yn; P3| =~ [pat|-- =2 |Pno]

§ > 81,82,...,8,-3 > _t17 _t2 SR _tn—3

the |-loop n-pt amplitude can be assemb
using the |-loop trajectories, vertices anc

ed

coefficient functions, determined throug
I-loop 4-pt and 5-pt amplitudes

in Euclidean space,

N the

EP> o violation of the BDS ansatz can

be found in the multi-Regge lim
Duhr Glover V

It
DD 2008

a(tn—3)
) [g V(Qn—Sa Gn—4, K’n—4)]

- <_—81> " .9 C(p1,pn)]

tl T
D2 P3
QO0Q00, QQQ0Q0,
On--3 §
P4
Qn--4 §
P5
| Pn-2
200009 #2
g2 %
Pn1
g1 §

‘92



(Discontinuity of the amplitude in MRK)

6-pt amplitude n-pt amplitude

continue to a Minkowski region

S34, S5 < 0 S, S45 > 0 I

one cross ratio picks up a phase

512545 _ |u1|6_2m

U1 =
53455456

compute  Disc(M)|,,.



( Moduli space of Riemann spheres ) __________

in MRK, there is no ordering in transverse momentum,
i.e. only the n-2 transverse momenta are non-trivial

qi1 e X3

X1 e

aN -5 e XN_3

dual conformal invariance in transverse momentum space
implies dependence on n-5 cross ratios of the transverse
momenta

. = (X1 — Xiy3) (Kig2 —Xip1) _ Qipr ks i=1...

(x1 — Xi41) (X402 — Xi43) Adi—1 ki1

Mo = space of configurations of p points on the Riemann sphere

Because we can fix 3 points at O, I, o, its dimension is dim(.#o,p)= p-3

Mo,n-2 is the space of the MRK, with dim(.#n-2) = n-5

Its coordinates can be chosen to be the z/s,
i.e.the cross ratios of the transverse momenta

VDD Drummond Druc Duhr Dulat Marzucca Papathanasiou Verbeek 2016

Q@ on Mbn-, the singularities are associated to degenerate configurations

when two points merge x; = X+
i.e. when momentum p; becomes soft pi = 0



Q

( Iterated integrals on #n-2 )

iterated integrals on 4, can be written as multiple polylogarithms
Brown 2006

» amplitudes in MRK can be written in terms of multiple polylogarithms

Q@

Q@

unitarity implies that for massless amplitudes
A(M) =1In(s;;) ® ...

in particular, for amplitudes in MRK
AM)=In|x; —x;|*® ...

except for the soft limit p; = 0, in MRK the transverse momenta never vanish

x —xj|?#0 ==  single-valued functions

therefore, n-point amplitudes in MRK of planar N=4 SYM can be written
in terms of single-valued iterated integrals on #o,n-2
VDD Drummond Druc Duhr Dulat Marzucca Papathanasiou Verbeek 2016

for n=6, iterated integrals on .#o4 are harmonic polylogarithms
thus, 6-point amplitudes in MRK of can be written in terms of
single-valued harmonic polylogarithms (SVHPL) Dixon Duhr Pennington 2012



( MRK in N=4 SYM )

Q@ In MRK, 6-pt MHV and NMHV amplitudes are known at any number of loops

Lipatov Prygarin 2010-201 |
Dixon Duhr Pennington 2012
Lipatov Prygarin Schnitzer 2012

@ knowing the space of functions of the n-point amplitudes in MRK,

(i.e. that is made of single-valued iteratec
allowed us to compute all MHV amplituc

integrals on #n-2)
es at £ loops in LLA

in terms of amplitudes with up to (£+4) points, in practice up to 5 loops,

and all non-MHYV amplitudes in LLA up 8

points and 4 loops

VDD Drummond Druc Duhr Dulat Marzucca Papathanasiou Verbeek 2016

for MHV amplitudes in MRK at LLA at:
® at 2 loop, the n-pt remainder function R,(?)

of 2-loop 6-pt remainder functions Rs(?)
°

can be written as a sum

Prygarin Spradlin Vergu Volovich 201 |
Bartels Kormilitzin Lipatov Prygarin 201 |
Bargheer Papathanasiou Schomerus 2015

® at 5 loops, the n-pt remainder function R,(®) can be written as a
sum of 5-loop 6-, 7-, 8- and 9-pt amplitudes
VDD Drummond Druc Duhr Dulat Marzucca Papathanasiou Verbeek 2016

@ ... extended to 7-pt (N)MHV amplitudes at 5(4) loops in NLLA
VDD Drummond Druc Duhr Dulat Marzucca Papathanasiou Verbeek 2018



(Single-valued polylogarithms )

@ Single-valued functions are real analytic functions on the complex plane

@ Because the discontinuities of the classical polylogarithms are known

1Ogn—1

(n—1)!

one can build combinations of classical polylogarithms
such that all branch cuts cancel on the punctured plane C/{0,1}
(Riemann sphere with punctures)

ALi,(z) = 2mi

Q@  An example is the Bloch-Wigner dilogarithm

SV P5(z) = Im|Lis(2)] — log |z| arg(1 — z)

in general

n—1
SVPu(2) =Ry | Y

2k B, L . Re oddn
% 1og 2| Lin_i(2) B Bernouilli numbers an{
k=0 '

k Im evenn



(Single-valued harmonic polylogarithms]

define a function Z that is real-analytic and single-valued on C/{0,1}
and that has the same properties as the HPLs

the SVHPLs %(z) also form a shuffle algebra
Lo (2) Loy (2) =Y Lo(2) with W the shuffle of W) and W»

SVHPLs can be explicitly expressed as combinations of HPLs
such that all the branch cuts cancel Brown 2004

£0<Z)
,Cl(Z)

Hy(2) + Ho(2) = In |z|?
Hi(z)+ H(2) = —In|l + 2|°

1 . . . .
Lo1(2) = 1 |—2H1 o+ 2H; o+ 2HoHy — 2HoHy + 2Ho 1 — 2Ho 1 |

_ Lis(z) — Lin(2) + %m 22 (In(1 — 2) — In(1 — 2))



( Single-valued multiple polylogarithms ]

Q@ Single-valued multiple polylogarithms (SYMPL) can be constructed through
a map that to each multiple polylogarithm associates its single-valued version

Brown 2004,2013,2015
examples of SVMPLs

Ga(2) = Ga(2) + Ga(z) = In |1 _Z

p2

__p_% — Z —Z :p_%

Pl P zz-pg s A ) p%
3

can be written in terms of SYVMPLs Chavez Duhr 2012



Q@ IR structure of a QCD amplitude with n massless partons

Mn({pi}7 048) — Zn({pz}7 Qg :u) Hﬂ({p’t}7 Qs N)

Z, is solution to the RGE equation

I',, is the soft anomalous dimension

Tn({pih A as) =TSP ({p b, A, as) + An({pijrr }s as)

i 1 ~ —Si5 -
(i h ) =~ () S tos (522 ) T Ty +)- (e
i<j i=1
Diikl = (=535)(=5k1) Becher Neubert; Gardi Magnea 2009
(=) (—sin)

At 2 loops, A2 = 0, I';: Catani 1998; Aybat Dixon Sterman 2006

At 3 loops,

P1234 = 22

1 1
Af’) (012347,014327045) — 16T61L1T32T§3TZ4{fa1a2bfa3a4b [F (1 o _) _F (_)]

z <

11—z z—1

s -ra- s g o (L) - r (5]

p1a32 = (1 — 2)(1 — 2) F(z) = L10101(2) + 2¢2[Lo01(2) + L100(2)] + 6C4L1(2)

is given in terms of SVHPLs Almelid Duhr Gardi 2015



( Mueller-Navelet jets )

Mueller Navelet 1987

Dijet production cross section with two tagging
= jets in the forward and backward directions

Py

Pa = o P4 p» = 2, Pg INCOMINg parton momenta

Pa .
J1
- S: hadron centre-of-mass energy

Qa

S = XaXpS: parton centre-of-mass energy

E7j: jet transverse energies

i) S
Ay = |yj, — yj,| > log
‘ J1 .72| Ele ET]2

P ” is the rapidity interval between the tagging jets

gluon radiation is considered in MRK and
Py resummed through the LL BFKL equation

Mueller-Navelet evaluated the inclusive dijet cross section up to 5 loops



(Mueller—NaveIet dijet cross section)

Q@  the cross section for dijet production at large rapidity

: S
intervals Ay =1y, —yp =In (_t> > 1

with  §=x.2,8, t=—\/p? p3,

d(Afgg 7 [CAOzS] R R CAOzS
— = f<Q1J_7 q21 , Ay)
dpi dp3 do;; 2 | pi, Py,

can be described through the BFKL Green'’s function

1

+o0 . ~+o00 q2 iv
f(q_)].J_7 JQJ.) Ay) — 5 5 5 Z Eizn(/5 / dv (%) el Xv,n
(277) 71 95 —_ oo — 00 q5 |

CACES

with 7= Ay and @ the angle between qi2and @22 »

and the LL BFKL eigenvalue

L In] L In]

Xu,nZ—QWE—¢<§+7+73V> —¢<§+7—iV)



(Mueller—NaveIet dijet cross section)

azimuthal angle distribution (¢j; = d-T7)

do (C ozs) ein?
TR l%-“Z(Z )]

k=1 \n=—o0

11 [ X5 n
n, dv
with  for =54, e

~ T CAOfs 2 &
the dijet cross sectionis  Jgg = (2E2 ) Z foxn" Mueller Navelet 1987
€ k=0
f0,0 — 17
fO,l — 07
with Jo2 = 2C2,
Jo,3 = —3(s,
53
Joa = 5 Ca
1
fos = —— (115¢5 + 48(2(3)

12



( Mueller-Navelet jets and SVHPLs )

& The singlet LL BFKL ladder in QCD, and thus the dijet cross section

in the high-energy

imit, can also be expressed in terms of SVHPLs,

i.e.in terms of single-valued iterated integrals on . #0.4

Dixon Duhr Pennington VDD 2013

& Mueller & Navelet evaluated analytically the inclusive dijet cross section
up to 5 loops.We evaluated it analytically up to |3 loops

&  Also, we could evaluate analytically the dijet cross section differential
in the jet transverse energies or the azimuthal angle between the jets

(up to 6 loops)



(BFKL Green’s function and single-valued functions]

Q@

use complex transverse momentum dr = qi, +iqy,
and a complex variable =8
q2

the BFKL Green's function can be expanded into a power series in 7, = @,y

1 my;
fLL(Ch,CIz,??u) = 55(2)(611 — q2) Z o f

q1q2k 1

where the coefficient functions f« are given by the Fourier-Mellin transform

+oo —+ o0
2\ /2 dv .
R =F = > (t) / o |22 Xk

2 _
n—=—oo oo

. the fi have a unique, well-defined value for every ratio of the magnitudes
of the two jet transverse momenta and angle between them.
So, they are real-analytic functions of z



(Azimuthal angle distribution )

this allows us to write the azimuthal angle distribution as

dogy 7T(CAOés)Q [ (6 _|_§: af (/5.7.7 k
3j

do;; 2B} —

where the contribution of the kt loop is

> d|wl Im Ag(d;;)
JJ
ax(Pjj) = / — fr(w,w*) = —
0 |w| sin ¢
with
1
A1(¢jj) - _§H07
Aa(¢j) = Hip,
2
As(pj) = gHo 0,0 2H110+ CQHO —im (o,
4 4 10 4 ,
Ay(pj5) = —§H0,0,1,0 — Hp 1,00 — ng,o,o,o +4H1 11,0 — C2| 2Ho1 + §H1,0 + §C3 Hy +am (2C2H1 — 2C3) :
46 8 8
As(pj;) = 15]‘1’00000ﬂL 3H00110+2H01010+2H01100+ 3H10010+2H10100
8 33 20
+ §H1,1,0,0,0 —8Hi 11,10 — C2< = Hyo0—4Ho11 —4H101 — §H1 1 o)

8 217 10 10
— (3 (2H0,1 + §H1,0) —C4H0 +am [C2< 3 Hyo—4H; 1) + 4¢3 Hy — EQL]

Dixon Duhr Pennington VDD 2013

where H;; . Hi,j,...(6_2i¢jj>



(Mueller—NaveIet dijet cross section reloaded]

. : : A m(Caas T k
the MN dijet cross section is 099 = — 5 p2 Zfo,kn
L k=0

the first 5 loops were computed by Mueller-Navelet. Dixon Duhr Pennington VDD 2013
We computed it through the |3 loops

3737

13,
foe = C3 + 120 Co »
116 3983
for ———C3C4——C2C5—mC7,
37 369 50606057
fos ———C53+—C2C3+—C5C3 m@,
139 15517 3533 557 5215361
foo = ~ 60 G- —— el — o G5 — Cz Cr — 60480 Co
2488 94721 1948 2608 12099 1335931 ., 25669936301
Joro = _4725 €382 ~ 517680 ¢7* T 105 43 105 26+ 50 TGt a0 St 63502000
L 8 2872 13211 661411
| 242776937 bt 605321 o — 2583643 o 28702763 I
725760 1 3024 00T 16200 %7 340200 “2°9°
74711 13793 3965011 33356851
fo12 = 162000C53C4 7560 —— (6,411 + 703300 G7,3C2 — MCIQ@
952163 620477 8101339 342869
+ 181220 @ T 70080 6% T 73600 4GB T grgp 267G
| 101571047 b ot 71425871 G+ 904497401571619 ¢ +484414571 ”
680400 2> 1587600 *2°° T 620606448000 2 2721600 °°7’
4513 27248 97003 13411
f0,13 — @ C5 3 C5 23625 C5 3,3 C2 - 235200 CS 5, 3 75600 C’? 3 C3
7997743 187318 125056 17411413
+ 12700800 <% ~ 14175 Ga G5 a5 26 G~ 302400 G G3
5724191 e 1874972477 o s — 2418071698069 ¢
100800 °° > 2376000 °'°>° 2235340800 °'°
2379684877 i e — 9207666465053 o o 1770762319 s o 999717224973 »
6048000 >'>2 7 523908000 °°7 2494800 > 628689600 **°



Regge limit
in the
next-to-leading logarithmic
approximation




(BFKL eigenvalue at NLLAD

@ At NLLA in QCD and in N=4 SYM, the eigenvalue is

1 1 1 1 3 L
(1) 2 | g2 T 5(3) (2) o 2 o Fadin Lipatov 1998
Wy = 7 %n 7 0vn + 7 0 VK Xom — ghoXun 58 Kotikov Lipatov 2000, 2002

with one-loop beta function and two-loop cusp anomalous dimension

g 12N @ 1(64 10N;\ G
73 7 3N, K =3 \9 " 9N, 2
and with

51(/%2 = Q%XVn Xvn = wz(/%)

51(/%”3 — _2(1)(”7 7) T 2(1)(77’7 1 — 7)

&2=—F6+wﬁ%_””h(3+w)—wcewﬁ]

20V 2 2
" [5”0 (3 ! (1 ’ z% e 23%(81172;)) ~ o ((1 § xf) e (;w_(? : 27))]

®(n,Y) is a sum over linear combinations of Y functions
and Y is a shorthand Yy = [/2 + iV

In blue we labeled the terms which occur only in QCD,
in red the ones which occur in QCD and in N=4 SYM



(Fourier—MeIIin transform)

At NLLA, the BFKL gluon ladder is

773
fNLL((h G2, Mse) = Z - li\ﬁL Nso = s(50) Y

q1q2 k=1

with coefficients given by the Fourier-Mellin transform

+0o0
n/2 [T Jy
NLL (1) _ < 2iv (1)
M) = F k] = X () [ Gl e

using the explicit form of the eigenvalue

L s 2) (3 442\ 1o o2 3
Won 4 51/71 + — 4 51/77, —|—4 51/7@ K Xvn 860Xyn —|_2C3

the coefficients can be written as

1 1 1 1
FH ) = G+ 107 17 G0 () i (@) - S Bo S

with C\)(z) = ]'—{5(7’) Xom }

the weight of NLL is

weight(fNLLk)= k k O<w<k k-2<w<k k—1

Xvn = wz(/n

0)

z +% (s[5 (2)



(generalised SVM PLs)

C,il)(z) are SVHPLs of uniform weight k with singularities at z=0 and z=|

C,i?’)(z) are MPLs of type G(ai,...,an;|2|) with a € {—i,0,i}
they are SV functions of z because they have no branch cut on the positive real axis,
and have weight 0 < w < k

For C\”(z) one needs Schnetz’ generalised SYMPLs with singularities at
az+ [

Z = ,
vZ+90

Schnetz 2016
o, B8,7,0 € C ’

then one can show that (?)(z) are Schnetz’ generalised SVMPLs

G(ai,...,an;2)  with singularities at a; € {-1,0,1,—-1/z}
Duhr Marzucca Verbeek VDD 2017

In moment space, the maximal weight of the BFKL eigenvalue and of
the anomalous dimensions of the leading twist operators which control
the Bjorken scaling violations in QCD is the same as the corresponding

quantities in N=4 SYM (Principle of Maximal Transcendentality) Kotikov Lipatov 2000, 2002
Kotikov Lipatov Velizhanin 2003

Interestingly, in transverse momentum space at NLLA, the maximal weight

of the BFKL ladder in QCD is not the same as the one of the ladder in N=4 SYM
Duhr Marzucca Verbeek VDD 2017



(BFKL ladder in a generic SU(N.) gauge theory)

Q one can consider the BFKL eigenvalue at NLLA in a SU(N.) gauge theory
with scalar or fermionic matter in arbitrary representations

1 1 1 ~  ~ 3 L 1 S
wl(/%’L) — 151(/}1) + 1531) + 1591) (Nf> NS) T 5(3 + 7<2) (nfvns) Xvn — gﬁo(nfans) X12/n
Kotikov Lipatov 2000
11 2n Ng )= =\ _ 1 /64 107y 4ng (o
3 3N, GN. V) =0\ g T 9N, ToN,) T 2

with  By(7is, 7s) =

) ) 1
ip=Y niTr  7s=>» nilTg Te(TSTh) = Tg 5 Tp = 5
R R

is(f;) = number of scalars (Weyl fermions) in the representation R

650 (N, No) = 05 (N, No) + 6,57 (N, N,)

~

. ]. R
Wlth NxzizR:nxTR(2CR_NC)7 CU:f,S

Q Necessary and sufficient conditions for a SU(N.) gauge theory to have a BFKL ladder

of maximal Welght are. Duhr Marzucca Verbeek VDD 2017

— the one-loop beta function must vanish
— the two-loop cusp AD must be proportional to G,
— §(32) must vanish = 2N, = N2 + N

=== [here is no theory whose BFKL ladder has uniform maximal weight which agrees

with the maximal weight terms of QCD Duhr Marzucea Verbeek VDD 2017



Matter in the fundamental and in the adjoint

We solve the conditions above for matter in the fundamental F and in the adjoint A
representations. Ve obtain:

Zn?:nF 271‘9,?:2—%77/84

S

which describes the spectrum of a gauge theory with N supersymmetries
and nf = n¢ chiral multiplets in F and nA = n# - N chiral multiplets in A

There are four solutions to those conditions

N4 2 1 |
nA O O O 2
np | 0 AN, 06N, 2N

C Duhr Marzucca Verbeek VDD 2017

— the first is N=4 SYM
— the second is N=2 superconformal QCD with Nr= 2N, hypermultiplets
— the third is N=1 superconf. QCD

Caveat:

because the one-loop beta function is fixed by matter loops in gluon self-energies,
we are only sensitive to the matter content of a theory, and not to its details

(like scalar potential or Yukawa couplings)



Hic sunt leones ...




(Elliptic iterated integrals)

@ 2-loop sunrise graph

2/ m, Broadhurst 1989; ...; Bloch Vanhove 2013; ...

(o
N/

Q@ 2-loop 3-pt functions

electroweak form factor t-tbar
Aglietti Bonciani Grassi Remiddi 2007 von Manteuffel Tancredi 2017

@ 2-loop 4-pt function for Higgs + | jet

D Bonciani VDD Frellesvig Henn Moriello V. Smirnov 2016
H




(massless elliptic iterated integrals]

Q@ 2-loop 10-pt N3MHYV amplitude in planar N=4 SYM

@

traintracks:

Caron-Huot Larsen 2012
Bourjaily McLeod Spradlin von Hippel Wilhelm 2017

L-loop Feynman integrals involving (2L+6) massless legs
they occur in massless ¢* and in planar N=4 SYM

Bourjaily He McLeod von Hippel Wilhelm today



@ iterated integrals on .%o, are multiple polylogarithms Brown 2006
Mo, = space of configurations of p points on the Riemann sphere

G(a,w; z) = / dt G(w;t), G(a;z) =1In (1 -~ E) a,w e C
0

t—a a

Q iterated integrals on a torus ... Brown Levin 201 |

f(nl T ZT):/ dtg(nl)(t—zl,T)f(nQ.”nk 't,T) n, €N, 2z €C

zZ1 L2k ) 0 Z2 ...2k

with kernels defined through the Eisenstein-Kronecker series

- 01(0,7)01 (2 + o, T)
(n _ 1 y y
(2, 0,7) Zg %7) 01(z,7)01(ax, 7) ;

61 Jacobi theta function; g has at most simple polesatz=m +nt  m,n € Z

. are elliptic multiple polylogarithms (eMPL)

2
Eg( . Z: ) 2, CL)Z/O dt@nl(zl,t,a)Eg( . Z: ,tCL) n, €2, z€C a; €R

with @ = (a1, az,a3) are the zeroes of the elliptic curve 3* = (v — a1)(z — a2)(z — as)
and FE53(;z,d) =1

@ 2-loop sunrise can be written in terms of eMPLs
Brodel Duhr Dulat Penante Tancredi 2017



(Conclusions)

& In the last few years, a lot of progress has been made in understanding
the analytic structure of multi-loop amplitudes

& we understand the analytic and algebraic properties of amplitudes,
when they are written in terms of MPLs and/or SVMPLs

@ an in-depth exploration of how elliptic iterated integrals arise
at 2 loops and beyond has just begun



