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Preliminaries: main idea and bosonic case Main idea
Partial breaking of the translations in D=3

Nonlinear realization of D=3 Poincaré group

It is follows from Stefano’s talk that we do not know how to construct the N=2
Bl superfields action within the standard approach. The main problems are

@ The corresponding N=4 linear supermultiplet is infinite dimensional

@ In the standard approach the Lagrangian involves infinite number of
different terms

@ Inis unclear how to find the closed form of the action and the equations
of motion

We propose to use nonlinear realization approach to find

@ The nonlinear variant of the conditions selecting irreducible
supermultiplet

@ The component equations of motion
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Preliminaries: main idea and bosonic case Main idea
Partial breaking of the translations in D=3

Nonlinear realization of D=3 Poincaré group

Let us demonstrate the basic steps of our construction on the simplest
example of the particle in D=3.

If we are going to consider particle moving in D=3 we have to take into
account the following facts

@ Two translations (orthogonal to the particle trajectory) have to be
spontaneously broken

@ Any action depending on time derivatives of two goldstone fields q,
will possess invariance with respect to all translations in D=3

S = /dtc(q,a)

@ One have to impose additional symmetry to fix the action completely.
This additional symmetry is the Lorenz symmetry in D=3 space.
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Preliminaries: main idea and bosonic case Main idea
Partial breaking of the translations in D=3

Nonlinear realization of D=3 Poincaré group

We will use the standard D=3 Poincaré algebra
[Map, Mcd] = €acMbg + ebdMac + €adMbe + €bcMad,
[Map, Pca] = €acPbd + €bdPac + €adPoc + €ncPad
To get a convenientd = 1 form let us define the following generators
P =Py +Py», Z=Py—Pyp—2iPy, Z =Py —Py+2iPy,

i
J= Z(M11+M22)’

i . = i .
T = Z (M1 — M2z — 2iM12), T = 1 (M11 — M2 + 2iM32) .

Being rewritten in terms of these generators the D=3 Poincaré algebra
acquires the familiard = 1 form

[0,T]=T, [J,T] =-T, [T,ﬂ = 27,

[g,2]1=2, [T,P]=-Z, T,
{ [J,Z}:—Z { [T,Z}:—zp, T

z,
2P,

P| =
Z| =

S. Krivonos Partial Breaking of Global Supersymmetry in d=1



Preliminaries: main idea and bosonic case Main idea
Partial breaking of the translations in D=3

Nonlinear realization of D=3 Poincaré group

From d = 1 point of view we will treat the generators {Z,Z} as the
generators of the central charges and {T, T} as the generators of
spontaneously broken D=3 rotations. In addition we will put the so(1, 1)
generator J in the stability subgroup and choose the parametrization of our
coset as B _7

g= el ei(qZ+E]Z) ei(AT+>\T).

With our definitions the important Cartan forms read

L - o
wp = 7= [(1+ AR) dit +-2i (AdG — Ada)]

1 2= 1 S —
W= e [dq—/\ dq+|/\dt], G2 = = [dq—/\ dq—l/\dt],
where _ _
A tanh(\//\)\)A Ao tanh(\/)\/\)x
vax o Vax oo
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Preliminaries: main idea and bosonic case Main idea
Partial breaking of the translations in D=3

Nonlinear realization of D=3 Poincaré group

On this step we have 4 bosonic fields: g,q and A, A. Thus we need some
additional constraints to reduce the number of independent field to two.
Within nonlinear realization approach we used the Cartan’a forms which are
invariant under left action of the D=3 Poincaré group. Therefore, one may
impose the following invariant constraints

q:—i—A_
wZ:(:)z:O :>{;_. %+AA
q_|1+/\K

The last non-zero Cartan’s form (besides the form for stability subgroup

generator J) now reads
wp = \/1 —4q4q dt

In addition, we also know the transformation properties of our
fields(coordinates)

@ Automorphism

_ ai(at+aT)y . 6t = —2i(af — aq), 6q = —iat
group (go_e ) { SA = a — N2, 6A = & — a2
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Preliminaries: main idea and bosonic case Main idea
Partial breaking of the translations in D=3

Nonlinear realization of D=3 Poincaré group

Thus we conclude that

@ By imposing invariant constraints wz = @z = 0 we expressed the fields
A, A interms of g, § - (Inverse Higgs phenomenon
-E.lvanov,V.Ogievetsky)

@ We can immediately construct the invariant action:

Sl /wp—/dt\/l 4qq

@ to have a proper behaviour of the action one has to add additional (also
invariant) action):
S, = / dt

S:Sz—Slz/dt <1—\/1—4dc"1)

is perfectly invariant under full D=3 Poincaré symmetry.
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Preliminaries: main idea and bosonic case Main idea
Partial breaking of the translations in D=3

Nonlinear realization of D=3 Poincaré group

@ One has to take into account all symmetries

@ In such cases by imposing the constraints on the Cartan’s form one
may

@ reduce the number of the essential fields
@ find the equations of motion
@ construct the invariant action

@ The invariant equations of motion follow from the nullifying the rest of
the coset forms:

wT :(DT =0

@ The final equations of motion are free ones
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Action
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Adding supersymmetry: N =4 — N = 2

If we will add some supersymmetries to the previous picture, some of them
have to be also spontaneously broken - those ones which anticommute on
"central charges” Z,Z. The simplest case corresponds N =4 — N = 2
breaking in D=3. Indeed, the standard relations

{Qayéb} = Pab, [Mab7 Qc] = €acOp + Echa,

where Qa in the second commutator denotes any of the spinor generators

{Qa, Qa}.

To get a convenientd = 1 form let us define the following generators
Q=Q1—-iQ2, Q=Q1+iQ2, S=Q1-iQ2, S=Q:+iQ;

Being rewritten in terms of these generators the N = 2, D = 3 super Poincaré
algebra acquires the familiar d = 1 form

{Q,ﬁ} — 2P, {s,§} =2P, {Q,S}=2z, {6,§} - 27,
p.Ql=1Q, [0,9] = -1Q. [T.Q] = -s,[T.Q] =5,
[9,8] = is, J,§] =15, [T,§] - _Q, [T,s} -Q.
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Adding supersymmetry: N =4 — N = 2

We will choose the generators S, S to be spontaneously broken ones and,
therefore, we will parameterize our coset as

g= el e9Q+é6 e¢s+¢§ ei(qz+q2) ei(AT+5f).
Now we have

® N =2,d = 1 superspace with the coordinates (t, 6, 0)
@ bosonic (q,§, A\, X) and fermionic (¢, ) N = 2 superfields

Now, similarly to the bosonic case, one has to reduce the number of the
superfields by imposing the constraints on the Cartan’s forms.
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SuperalgebraN = 2, D = 3 super Poincaré
Cartan’s forms

Adding supersymmetry: N =4 — N = 2 CEISTENE

Action
Equations of motion
Action from linear realizations

With our definitions the important Cartan forms read

1 _ e
wp = 1= [(1+AR) At +2i (Ad - Add)]
_ A A28 . - 1 YT
wz_l_m[dq /\dq+|/\At],wz_1_M[dq A2d§ |/\At],
1 o 1 -

wo = ———— [dO +iAdD] , @o = ————— [dd — iAdy]
0= —=I I @ = ——=I ]
ws = 2 [dy+iAdA], Bs = ——— [d¢ — iAd6]

NeEyy V1— AR

where

At =dt—i (0dg + 0d0 + dep + Pdep) , dG = dg—2iydd, dg = d§—2i7d0,

and
A tanh(\//\X))\ A tanh(\/)\/_\)j\
Vax Vax o
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Action from linear realizations

Adding supersymmetry: N =4 — N = 2

Using the semi-covariant differentials of th_e coordinates At,d#, dd one may
define the semi-covariant derivatives Vo, Vg, Vi
Vi=E ‘o .
dF = dOVeF + diVeF + AtV F = { Vo =D =i (D¢ +¢Dy) Vi
Vo=D—i (wow +wa) Vi
D =
B =

E=1+i($f+Pp) = E =11 (Viwd + Ved).

The fully covariant derivatives have to be defined with respect to Cartan’s
forms we, wq, wg!

where _
— 00,
— 166,

glogle

- {D,B} — _2ia,

and

dF = wQDgf—i—waﬁgf—i—wth}'

S. Krivonos Partial Breaking of Global Supersymmetry in



SuperalgebraN = 2, D = 3 super Poincaré
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Adding supersymmetry: N =4 — N = 2

The semi-covariant derivatives obey rather complicate relations
{Ve,Vo} = —2i (1+ VeyVoih + Ve Vo) Vi,
{Vo,Vo} = —4iVepVeyVi, {Vy,Va} = —4iVeVeVy,
[V, Vo] = =2 (Vo Vi) + Vo Vi) Ve.

Similarly to the previous case, one may find the transformations properties of
the coordinates and superfields under action of our group:

@ Unbroken B

SUSY (go =€) : {00 =¢ 60 =2 ot=i(f+),
@ Broken SUSY _

(go — esS+€S) . {St=i(eh+EY), Y =¢, 5q = 2ich,

@ Automorphism group (go = ei(a”‘ﬁ)) :

t = —2i (ad — aq) + 200y — 2a6y, )
80 = —iatp,6q = —ia (t — 00 + i) , 59 = —iab,
N =a—aNh?, 6A=a — al’
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Adding supersymmetry: N =4 — N = 2

Now, to reduce the number of independent superfields one has to impose the
covariant constraints on Cartan’s forms which we choose to be

wz = 0, wz =0=
Veq =0, Ve§ =0, V9q+2i¢:0 %q+2i1z:o.
Viq = 1+/\/\’ Vi =i 1+/\/\ @

One may note, that g, g obey covariantized chirality conditions.
Moreover, using the algebra of covariant derivatives, one may find additional
constraints:

V5 + 2iVeh = 0 = 2iVep (1 — VeihViq) =

Second bracket could not be zero, therefore, like to q, 1 is also covariantly
chiral one.

In principle, from these relations one may express all 8, -derivatives of ), ¢
through time derivatives of q, q:

2

2 _
= =V
1+ /1-4ViqVq 1+ +/1—-4ViqVq

Vo = Vb = 0, Voih = Viq, Voo =
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Adding supersymmetry: N =4 — N = 2

Thus we have constructed N = 2,d = 1 supermultiplet with (2,2, 0)
components contest.

To find covariant equations of motion one has to put equal to zero all coset
Cartan’s forms corresponding to spontaneously broken generators.

As the result we will have

§=34=0, ¢=1v=0

Thus, we can see that the equations of motion are trivial ones, but the
invariant action is rather complicated! Let us note, that it can not be
formulated (in the contrast with the bosonic case) in terms of Cartan’s forms,
because it shifted by full derivatives under transformations from our group.
How to find the superfiled action?
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Adding supersymmetry: N =4 — N = 2

The unique candidate to be a superfield action is
S = /dthdH_F(VthtC_])WZ = /dtd@déF(q-a)W.

(Note that Evptp = E " 2ph = 1 - 4ap).

The function F(Vq - V1q) has to be fixed to insure the invariance with
respect to spontaneously broken supersymmetry, or with the respect of
automorphism group transformations. More easy way is to fix the bosonic
part of the action to be the same as it was in a pure bosonic case. This

condition gives
F=(14++1-4Viq-V:0J).

What about equations of motion which follow from this action?
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Action
Equations of motion
Action from linear realizations

The equations of motion which follow from the superfiled action look awful
d (G 2WDPn)d  Auddid  240000ad’
J1_aqq  (1-44@)2  (1-498)%2 (1 -443)>/2
- LR I SPARR. L QA
—2i |1+ Y +8 — -4 —
( 1/1_4qa> (1-449)>2  (1-494)%2
2'1/_] - - 2 +4 4qc_] A Loz
[(1 —aggye —4qa)5/2] (d0+a3)

We may compare them with equations of motion, which follow from nullifying
the forms:

1 1+ 1—4qc;1)1/27$+ i 1+244 + /1 — 444 %
V2 (1-44g)% V2O (14 /1 - 4ad)2(1 — 4G)7/4

which immediately results in the equation

)
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Adding supersymmetry: N =4 — N = 2

The construction of the Goldstone superfield action is the most difficult part of
the PBGS approach. The generic methods of nonlinear realizations which
nicely work in the case of standard internal symmetry and space-time groups
prove to be not too helpful when trying to employ them for constructing PBGS
invariants. All the known Goldstone superfield Lagrangians are of the
Chern-Simons or WZNW type, in the sense that they are not tensors with
respect to the hidden supersymmetry transformations. The latter shift them
by a full derivative, thus leaving the action invariant up to surface terms. As
the result, one cannot directly apply the powerful method of covariant Cartan
forms for constructing invariant actions.
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Adding supersymmetry: N =4 — N = 2

A way around this difficulty was proposed J. Bagger and A. Galperin and
used to construct the N = 1, D = 4 superfield actions providing the PBGS
description of N = 2 D3-superbrane and super 3-brane. It is based on the
idea of embedding the basic Goldstone superfield into some linear multiplet
of the underlying supersymmetry group. Initially this multiplet comprises a set
of independent worldvolume superfields. After imposing appropriate
covariant constraints one succeeds in expressing all these superfields in
terms of the basic Goldstone ones. One of the superfields of the initial linear
representation is shifted by a full derivative under the broken supersymmetry
transformations and so can be chosen as the Goldstone superfields
Lagrangian.
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Adding supersymmetry: N =4 — N = 2

Our basic objects will be the fermionic and bosonic N = 2, d = 1 superfields
£, € and p. We assume that p is a real superfield while &, £ are related to it by
1— - 1
After introducing an additional scalar superfield ¢ one can realize an extra
N = 2,d = 1 supersymmetry on the spinors &, £ and scalar ¢ (the second
supersymmetry with the generators S, S is supposed to be spontaneously
broken):
55:6(1—BD¢) , 65:5(1+D5¢) R
The transformation law of the scalar superfield p reads:
5p=2 (06— fe + D¢e+5¢€) .

Due to the explicit presence of 6, § in this transformation law, the brackets of
the manifest and second N = 2 supersymmetries yield a constant shift of the
superfield p, and therefore a central charge Z appears in the
anticommutators of these two N = 2 supersymmetries.
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Adding supersymmetry: N =4 — N = 2

The field ¢ can be treated as the Lagrangian density and the action
S= / dtd®9 &

is manifestly invariant with respect to both N = 2 supersymmetries. To
express ¢ in terms of the Goldstone superfields &, ¢ we use the method
proposed by E.lvanov and A.Kapustnikov. In the present case the basic steps
are

@ Let us find the finite transformations of the second supersymmetry for
the basic superfields &, &, ¢

Ag:e(l—Bch) +%e€at§, Aé:g(HDBcb) —%eeaté,
Ad>:e§_—€£+e€<l+% [D,B] cb) :
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Adding supersymmetry: N =4 — N = 2

@ Let us substitutes the Goldstone fermions (—1, —1) for the parameters
(¢, €) in the r.h.s. of these transformations to define the new superfields

E=¢—v(1-DD0) + Judac, £=&-3(1+DD0) - Zuda,
é=o—ui+icvi(1+3[pD]e).

@ One may check that these tilde superfields transform independently of
each another and homogeneously under the spontaneously broken
supersymmetry.

@ As the last step one puts these superfields equal to zero

£=0, £=0, ®=0.
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Adding supersymmetry: N =4 — N = 2

The solution of these equations is given by

o 268 _ i

= — 2
1+4/1-4D¢Dé 1+DD(¥¥)
ST SN U2 VS SN T

~ 1_DpDo (1_5D¢)3 ’

Note that the Goldstone fermions ), ¢) automatically obey the covariant
chirality conditions which are equivalent to the ordinary chirality conditions for
67 g

Thus, we constructed the superfield action and established the relations
between linear and non-linear realizations.

1+ DD (1+D5¢)3 ’
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Still d=1
Towards N=2 Bl

Adding higher supersymmetries

@ The case with N =8 — N = 4 can be considered in the same manner.
The final component equations of motion are still free ones.

@ The case with N = 16 — N = 8 (analog of N = 2 Bl theory) contains
some peculiarities

@ The consideration within non-linear realization approach
can be done in the same way.

@ Adding the superfields corresponding to automorphism
group provides possibility to split the irreducibility
constraints and the equations of motion (which was
impossible to do previously).

@ Despite the rather complicated intermediate calculations
the final component equations of motion are still free ones.

@ These equations of motion can be obtained by putting all
coset Cartan’s forms equal to zero

@ Itis unclear how to construct the linear realization of N = 16
supersymmetry (the minimal off-shell supermultiplet should contain
128+128 components)
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Still d=1
Towards N=2 Bl

Adding higher supersymmetries

@ Thus, we do not know how to relate the linear and non-linear
realizations and how to construct the superfield action.

So, we have almost the same problems as in the case of N = 2 Bl theory.
But now we have some additional information

@ We know full set of covariant irreducibility constraints
@ We know the component equations of motion which are free ones

@ Moreover, one may prove the theorem that within nonlinear realizations
approach in all cases the equations of motion will be free ones
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Still d=1
Towards N=2 BI

Adding higher supersymmetries

Based on the our observations in d = 1 we are proposing to do the following

@ Extend the cosetin the case of N =4 — N =2in D = 4 by the
generators of 6-d Lorentz group

@ Construct the corresponding Cartan’s forms

@ Impose the irreducibility constraints - they will be just the constraints on
the Cartan’s forms written in terms of full covariant derivatives

@ Put equal to zero all coset forms and to find the component equations of
motion
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