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DUALITY

abelian gauge 
theories

Status update on U(1) duality 
satisfaction of BIK N=2 Born-Infeld 
action from 2001

easy to see duality invariance of W^(10) term

hints that hidden supersymmetry => duality 
invariance  (see Toine, Eric, Renata talks)
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Broedel, JJMC, Ferrara, Kallosh, Roiban  ’12
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similarities and differences between N=4 SG and N=8 SG

JJMC, Chioradelli, Gunyadin, Roiban  ’12 JJMC, Kallosh, Roiban, Tseytlin  ’13

possibility of matter-couplings

DUALITY

N=8 SG N=4 SG

existence of anomalies

goal: convince you calculation 
of amplitudes can help clarify



Gluons for (almost) nothing and 
gravitons for free!

motivate calculating with color-kinematics & 
double copy

(see also talks by Tristan and Henrik)



Original solution of
three-loop four-point

N=4 sYM and N=8 sugra

Bern,  JJMC, Dixon, Kosower, Johansson, Roiban ’07



Original solution of
three-loop four-point

N=4 sYM and N=8 sugra

Bern,  JJMC, Dixon, Kosower, Johansson, Roiban ’07



Original solution of
three-loop four-point

N=4 sYM and N=8 sugra

Bern,  JJMC, Dixon, Kosower, Johansson, Roiban ’07



Original solution of
three-loop four-point

N=4 sYM and N=8 sugra

Bern,  JJMC, Dixon, Kosower, Johansson, Roiban ’07



BCJ ’08, ’10



(`i)L
gn`2+2L

Aloop=
X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)c(G)
D(G)

LOOP LEVEL DOUBLE COPY

“DECODING  THE DNA OF GRAVITY” BCJ ’08, ’10



(`i)L
gn`2+2L

Aloop=
X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)c(G)
D(G)

(`i)L+1
(»=2)n`2+2L

Mloop

=

X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)~n(G)
D(G)

LOOP LEVEL DOUBLE COPY

“DECODING  THE DNA OF GRAVITY” BCJ ’08, ’10



Only need maximal cut 
information of (e) graph
to build full amplitude!

BCJ (2010)



Aside: on cuts

(where do we get 
our data?)



TEXTBOOK APPROACH



Simple graph rules for constructing 
scattering amplitudes 

TEXTBOOK APPROACH





JUST THE GRAVITON....

3 loops

5 loops

~1020
TERMS

~1031  
TERMS

~1026  
TERMS

4 loops

BUT FINAL EXPRESSIONS ARE TRACTABLE



MOST SYMMETRIC 4D 
THEORY, N=8 SUGRA

~1020
TERMS

Generic multiloop methods and application to N = 4 super-Yang-Mills 32

2

4(c)1

35 6 7

Jc

5 6 7

Jb 4(b)

32

1

5 6 7

Ja
(a)

32

1 4

7

Ji

1 (i) 4

32

5

6

2

Jh

(h) 41

3

5

7 6

6

7 Jg

1 4(g)

2 3

5

3

6
5

7Jl

(l)1

2 3

4

6

7

5

Jk

(k)

2

1

3

4

5

7

6

Jj

(j)1

2

4

7 Jn

1 4(n)

2 3

5 6Jm 4(m)

32

1

6 7
5

(e) 41

2 3

5 6

7 7

6

Jf

(f)1

2 3

4

5

5 6 7

Jd

3

(d)

2

41

Figure 18. Three-loop four-point cubic graphs considered in the main text. The
external momenta is outgoing and the shaded (red) edges mark the application of
kinematic Jacobi relations used in (55). Note that only graphs (a)–(l) contribute to
the N = 4 sYM amplitude where the duality between color and kinematics is made
manifest.

5.3. Three-loop example

In this section we reexamine the four-point three-loop N = 4 sYM amplitude using

the duality between color and kinematics [28]. This amplitude was originally given in

[26, 27] in terms of nine cubic diagrams. For this exercise we start by considering a

larger set of 25 graphs, which are related to any of the original nine diagrams by a

single application of a kinematic Jacobi relation. However, eleven of these diagrams
contain triangle subgraphs, which the no-triangle property of N = 4 sYM [1] suggests

will not contribute. After removing those with one-loop triangle subgraphs we have the

14 graphs depicted in figure 18. We will see that this set of diagrams is sufficiently large

to admit a manifest representation of the duality.

Now we will introduce the kinematic Jacobi relations that the numerators of each

diagram must satisfy. Each numerator depends on three independent external momenta

add all other particles
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SUFFICIENT

Bern, Dixon, and 
Kosower (‘96)
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Printed by Mathematica for Students

24 = 16 states 
~ expansion 
of  (x+y)4

Scared by state 
sums?

28 = 256 massless states, ~ expansion of  (x+y)8

SUSY
 



Don’t be!

4D state-sums completely under 
control for N<=4 sYM

Bern, JJMC, Ita, Johansson, Roiban ‘09
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FIG. 12: A unitarity cut of the four-gluon amplitude A1-loop
4 (1+, 2−, 3−, 4+), involving one MHV

and one MHV superamplitude. The top-left diagram represents a gluon loop, the top-central

diagram represents the four contributions in a fermion loop, and the top-right diagram represents

the six scalar state contributions. The ellipsis denote that four more fermion-loop and one more

gluon-loop contributions are suppressed. The bottom diagram illustrates that the 16 contributions

may be resummed, and that each index line may be treated independently. The circle in each

diagram is a one-loop “hole” and the dashed line marks the cut. The fourth power over the index

lines should be interpreted as a product over the four SU(4) indices.

the first two shown. The combinatoric factors in front of each diagram are the distinct ways

of obtaining the same diagram, tracking of the SU(4) labels. As shown in the figure, the sum

over the diagrams can be interpreted as a product over the four SU(4) indices, depicted as

a fourth power. This is consistent with the general result discussed in section IV: summing

over the states crossing a cut composed of a product of MHV and MHV tree amplitudes is

a sum of terms raised to the fourth power. In the diagrammatic language of index lines this

also leads to the simplification which allows us to consider each of the four SU(4) index-line

factors independently. Thus in the remaining part of this paper all index diagrams will be

drawn for only a single SU(4) index.

Interestingly, the index diagrams follow a “sum over paths” principle analogous to the

one of quantum mechanics. In our one-loop example, a single continuous index line has two

possible allowed paths, crossing the cut through either the upper or lower internal leg. Thus,

there are two terms for each index in the state sum or a total of 24 for the four index lines.

For cuts which factorize into adjacent MHV amplitudes or adjacent MHV amplitudes, the

38
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the cut conditions to be satisfied. They are also crucial for the double-copy construction of

gravity amplitudes.18 Collecting everything, the ansatzfor the kinematic numerator factors

of the master graphs is

ni = stA(k1, k2, k3, k4)Ni (4.7)

Ni =
1

(stu)2

(

Pi;(6,2)(τl,k1 , τl,k2 , τl,k3 ; s, t) + 4iε(k1, k2, k3, l)Pi;(4,0)(τl,k1 , τl,k2 , τl,k3 ; s, t)
)

,

where i = 1, 2, 3 labels the master graph, Pi;(j,k)(τl,k1 , τl,k2 , τl,k3 ; s, t) are degree-j poly-

nomials which also have degree-k in their first three arguments, and ε(k1, k2, k3, l) =

εµνρσk
µ
1 k

ν
2k

ρ
3l

σ. We recognize the overall factor as the square of the inverse of the Gram

determinant of the three independent momenta. Depending on the helicity configuration it

is moreover possible to choose two of the three odd terms to vanish identically. Recall that

we chose for particles 1 and 2 to have negative helicity, so in this case graphs 1 and 3 will

have vanishing parity-odd terms. Using the above ansatz, Jacobi constraints and imposing

the absence of bubbles and tadpoles leaves us with 45 free parameters which are theory

dependent and to be constrained by cuts. Due to the Jacobi relations, which determine

six numerator factors in terms of those of the three master graphs, this number of free

parameters is far smaller than the number of free parameters of an ansatzcovering all nine

contributing integrals.

4.3 Four-gluon amplitudes in N = 1 and N = 2 sYM theories

To determine the remaining 45 coefficients we require that the cuts of the ansatzare the

same as the unitarity cuts of the one-loop four-gluon amplitudes in these theories evaluated

directly in terms of state sums over products of tree-level amplitudes. We could use either

color-dressed cuts or, alternatively, project the ansatzonto its color-ordered and color-

stripped components and use color-ordered cuts. In either case the supersums (i.e. the

sum over intermediate states) are evaluated through the general strategy [62] that relates

them to the corresponding N = 4 supersums:

SN=4 = (A+B + C + . . . )4 −→ (4.8)

SN<4 = (A+B + C + . . . )N (A4−N +B4−N + C4−N + . . . ) , (4.9)

where A4, B4, etc. are the contribution of gluon intermediate states to a given MHV ampli-

tude. The MHV-vertex expansion straightforwardly carries this organization of amplitudes

in terms of N = 4 gluonic contributions to any Nk≥0MHV amplitude as a sum over such

expressions [62]. The presence of supersymmetry implies [50] that one-loop Nk≥0MHV

amplitudes in these theories are four-dimensional cut-constructible, at least at the inte-

grated level, and therefore, as long as the amplitudes are used in four dimensions, a four-

dimensional cut calculation is sufficient. Here we will require that the ansatzsatisfies the

six distinct four-dimensional color-ordered two-particle cuts. The only guarantee on the

supergravity side is that the double-copy amplitude will satisfy all four-dimensional cuts.

18Nontrivial contribution to supergravity amplitudes from terms that vanish upon integration in gauge

theory was noticed in N = 8 supergravity at four loops in [85].
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Workhorse: N=1 in 10D
Also very useful: N=2 in 6D

(as tree multiplicity increases 
expressions can be unwieldy)

Bern, JJMC, Dennen, Huang, Ita

Cheung, O’Connell;

Higher dimensional 
cuts also important!

Dennen, Huang, Siegel;  Boels;

Best: Recycling known D-dimensional amplitudes
EVERYONE



Back to Color-Kinematics / Double-copy



How does color-kinematics help us with less SUSY?

Look at N=4 Super Yang-Mills 4-pt1-loop

N=4 SYM N<4 SYM

↵ = 1

Green, Schwarz, Brink



How does color-kinematics help us with less SUSY?

Look at N=4 Super Yang-Mills 4-pt1-loop

N=4 SYM N<4 SYM

Numerator ansatz by powercounting?  a constant: 

Symmetric

↵ = 1

Green, Schwarz, Brink



N<4 SYM N=4 N<4 

JJMC, Chiodaroli, Gunaydin, Roiban ’12
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N<4 SYM N=4 N<4 

Asymmetric

but problem!  local gauge-inv. numerators 
don’t work
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N<4 SYM N=4 N<4 

Asymmetric

but problem!  local gauge-inv. numerators 
don’t work

Lessons from N=4 5-pt multiloop, and 
symmetric tree through 6-pt: 
divide by  [Gram Det]^k

JJMC, Johansson
Broedel, JJMC( )

JJMC, Chiodaroli, Gunaydin, Roiban ’12



N<4 SYM N=4 N<4 

Parity odd components!

Numerator ansatz for

Asymmetric gauge invariant numerators, 
requires non-locality in ext legs

N(g) =
1
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⇣
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+ 4i"(k1, k2, k3, l)Pg;(4,0)(⌧l,k1 , ⌧l,k2 , ⌧l,k3 ; s, t)
⌘

N � 1 SYM
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others given by Jacobi JJMC, Chiodaroli, Gunaydin, Roiban ’12
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Many interesting lessons from this:

 observe a unified structure in gauge and gravity 
amplitudes

 four-graviton amplitudes are insensitive to the 
precise nature of the matter couplings

 everywhere we look two different presentations of 
N=4 SG are the same

 just because something integrates to zero for gauge 
theories doesn’t mean we can ignore it in double-
copying to gravity



N=8 SG N=4 SG

difference structurally 
between 

N>4 SG and N=4 SG



N=8 SG N=4 SG

N=4 SG first time double copied from N=0 YM
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This means something new at N=4 SG
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DUALITY

N=8 SG N=4 SG

New stuff in N=4 SG

s + + +

+
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+++

s N=4 

Is there a way to line this up 
and identify / clarify known 
U(1) anomaly in N=4 SG?



DUALITY

N=8 SG N=4 SG

New stuff in N=4 SG

s + + +

+

+
+++

s N=4 

YES
JJMC, Kallosh, Roiban, Tseytlin 

Is there a way to line this up 
and identify / clarify known 
U(1) anomaly in N=4 SG?



 N=4 CSG +VM
U(1) Anomaly

 N=4 (P)SG  U(1) Anomaly

very nice story
we may hear from

Renata

JJMC, Kallosh, Roiban, Tseytlin 



DUALITY

N=8 SG N=4 SG

This decomposition encodes the KLT relations
KLT
[33] of string theory which imply that the spec-

trum of the theory and its on-shell interactions may be represented in terms of two copies of
N = 4 sYM theory, each of which having an SU(4) symmetry. The lone U(1) in (

decomposition
2.19) will

be identified with the U(1) symmetry of N = 4 supergravity (at least up to conjugation by
SU(1, 1) elements) and the first SU(4) will be identified with the R-symmetry of N = 4 super-
gravity. This is possible because the charges of PSG and matter multiplet asymptotic states
are the same under the two symmetries.

The decomposition of the SU(8) representations appearing in N = 8 theory in representa-
tions of SU(4)× SU(4)× U(1), denoted by (SU(4), SU(4)′)U(1), is:

1 = (1, 1)0

8 = (4, 1)q ⊕ (1, 4)−q

28 = (6, 1)2q ⊕ (1, 6)−2q ⊕ (4, 4)0 (2.20){26}
56 = (4̄, 1)3q ⊕ (1, 4̄)−3q ⊕ (6, 4)q ⊕ (4, 6)−q

70 = (1, 1)4q ⊕ (1, 1)−4q ⊕ (4̄, 4)2q ⊕ (4, 4̄)−2q ⊕ (6, 6)0 .

Here q is the normalization of the U(1) charge which will be fixed below. All components that
are invariant under the second SU(4) group form the N = 4 supergravity multiplet:

(1, 1)0, (4, 1)q, (6, 1)2q, (4̄, 1)3q, (1, 1)4q, (1, 1)−4q . (2.21)PSGmultiplet} PSGmultiplet

We can also identify four N = 4 gravitino multiplets, transforming in the 4 of the second SU(4)
group,

(1, 4)−q, (4, 4)0, (6, 4)q, (4̄, 4)2q, (4, 4̄)−2q ; (2.22)

as well as six N = 4 vector multiplets transforming in the 6 of the second SU(4) group,

(1, 6)−2q, (4, 6)−q, (6, 6)0 . (2.23){Vmultiplet} Vmultiplet

The conjugate representations (i.e. asymptotic states with opposite helicity) have opposite
U(1) charges. We note that, as expected from the discussion in the beginning of this section,
the charges of the fields of matter vector multiplets under U(1) are different from the U(1)
charges in the unbroken phase of CSG coupled to n = 6 + nv vector multiplets.

A further argument for the identification of the supergravity U(1) symmetry with the U(1)
symmetry appearing in (

decomposition
2.19) is that they have similar consequences on scattering amplitudes.

Indeed, the supergravity U(1) symmetry acts on vector fields as electric/magnetic duality ro-
tation; as such it implies (see e.g.

ros
[34]) that scattering amplitudes of vector fields of the same

flavor vanish identically unless they have equal number of positive and negative helicity fields. If
scattering amplitudes preserve the U(1) symmetry of eq. (

decomposition
2.19), then they must carry vanishing

charge. Restricting, as above, to the scattering of a single type of vector field it immediately
follows that the amplitude vanishes unless one scatters an equal number of positive helicity and
negative helicity fields. Thus, the two symmetries have the same consequences on scattering
amplitudes.

With the U(1) charges in eq. (
PSGmultiplet
2.21) we can compute the anomaly contribution of the N = 4

graviton multiplet following (
an
2.7), (

an9
2.8) as

kPSG = 4k3/2(q) + 6k1(2q) + 4k1/2(3q) = −24q = 12 , (2.24){ghm} ghm

13

In the pure N = 4 CSG the count of non-abelian SU(4) anomaly goes as follows
rvn
[12]: nor-

malizing the anomaly to the dabc symbols in the fundamental representation, d4abc, a left-handed
spinor ψi (or Majorana spinor whose left-handed part transforms in 4 of SU(4)) contributes
+1; then, the CSG spinor Λi contributes −1; the left-handed gravitino ψi

µ contributes +4; T ij
µν

does not contribute as the two-index antisymmetric representation of SU(4) is real; χ[ij]
k gives17

−7, and thus the total axial gauge anomaly is

A(gauge)
CSG = AΛ + Aχ + A(c)

ψµ
= (−1)A1/2 + (−7)A1/2 + 4A1/2 = −4A1/2 , (2.15){9}

A1/2 =
1

24(4π)2
Tr(FF ∗) . (2.16){99}

If we add coupling to n of N = 4 VMs with the left-handed spinor ψi being in representation
4 of SU(4) (like the gravitini), then

A(gauge)
VM = nA1/2 , A(gauge)

CSG + A(gauge)
VM = (n− 4)A1/2 . (2.17){10} 10

Thus for n = 4 we have the cancellation of the SU(4) anomaly while for n = 6 we have the
anomaly equal to 2A1/2.

Let us now compare this with the count of SU(4) anomaly in N = 4 PSG
mar
[3] interpreted as

a superconformal system in the broken phase
roo
[14] with all extra gauge symmetries fixed. Here

we have the same four spinors Λi in the fundamental representation of SU(4) and the same
gravitino ψi

µ, but no spinors χ. The standard gravitino contribution to the gauge anomaly is
proportional to the helicity so it should have relative factor of 3 compared to the chiral spin
1/2 fermion. This implies

A(gauge)
PSG = AΛ + A(s)

ψµ
= (−1)A1/2 + 3A1/2 = 2A1/2 . (2.18){11} 11

This reproduces the count of the SU(4) anomaly in conformal supergravity in (
10
2.17) for n = 6.

2.3 U(1) anomaly in Poincaré supergravity coupled to nv vector multiplets{U1nv}U1nv

In the case when CSG is coupled to n = 6+nv rather than just six vector multiplets, i.e. to extra
nv “matter” multiplets, the anomaly relation (

ta
2.12) does not directly apply. Indeed, the matter

VMs surviving as dynamical fields in the broken phase may acquire different U(1) charges than
the ones assumed in the unbroken phase.18 As the chiral weights should be consistent also with
the supersymmetry of the PSG theory, a way to fix them is to use that for nv = 6 the resulting
N = 4 PSG + matter theory can be interpreted as a truncation of N = 8 supergravity.

Namely, let us decompose the N = 8 graviton multiplet into the N = 4 components following
the embedding

SU(8) ⊃ SU(4)× SU(4)× U(1) . (2.19)decomposition} decomposition

17One may use the relation between the dabc symbols in a mixed-symmetry representation and in the funda-

mental representation, d
χ
[ij]
k

abc = 1
2 (N

2 − 7N − 2)dNabc
∣∣
N=4

= −7d4abc.
18The in the presence of matter multiplets, the U(1) ⊂ SU(1, 1) symmetry is a combination of the U(1)

symmetry in the matter-free theory and U(1) duality symmetries of the matter VMs. It is also possible that,
in the process of fixing the conformal (super)symmetry the matter vector fields absorb some power of a CSG
field that was charged under the U(1) symmetry and thus acquire different charges than in eq. (

6
2.11).
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DUALITY

N=8 SG N=4 SG

This decomposition encodes the KLT relations
KLT
[33] of string theory which imply that the spec-

trum of the theory and its on-shell interactions may be represented in terms of two copies of
N = 4 sYM theory, each of which having an SU(4) symmetry. The lone U(1) in (

decomposition
2.19) will

be identified with the U(1) symmetry of N = 4 supergravity (at least up to conjugation by
SU(1, 1) elements) and the first SU(4) will be identified with the R-symmetry of N = 4 super-
gravity. This is possible because the charges of PSG and matter multiplet asymptotic states
are the same under the two symmetries.

The decomposition of the SU(8) representations appearing in N = 8 theory in representa-
tions of SU(4)× SU(4)× U(1), denoted by (SU(4), SU(4)′)U(1), is:

1 = (1, 1)0

8 = (4, 1)q ⊕ (1, 4)−q

28 = (6, 1)2q ⊕ (1, 6)−2q ⊕ (4, 4)0 (2.20){26}
56 = (4̄, 1)3q ⊕ (1, 4̄)−3q ⊕ (6, 4)q ⊕ (4, 6)−q

70 = (1, 1)4q ⊕ (1, 1)−4q ⊕ (4̄, 4)2q ⊕ (4, 4̄)−2q ⊕ (6, 6)0 .

Here q is the normalization of the U(1) charge which will be fixed below. All components that
are invariant under the second SU(4) group form the N = 4 supergravity multiplet:

(1, 1)0, (4, 1)q, (6, 1)2q, (4̄, 1)3q, (1, 1)4q, (1, 1)−4q . (2.21)PSGmultiplet} PSGmultiplet

We can also identify four N = 4 gravitino multiplets, transforming in the 4 of the second SU(4)
group,

(1, 4)−q, (4, 4)0, (6, 4)q, (4̄, 4)2q, (4, 4̄)−2q ; (2.22)

as well as six N = 4 vector multiplets transforming in the 6 of the second SU(4) group,

(1, 6)−2q, (4, 6)−q, (6, 6)0 . (2.23){Vmultiplet} Vmultiplet

The conjugate representations (i.e. asymptotic states with opposite helicity) have opposite
U(1) charges. We note that, as expected from the discussion in the beginning of this section,
the charges of the fields of matter vector multiplets under U(1) are different from the U(1)
charges in the unbroken phase of CSG coupled to n = 6 + nv vector multiplets.

A further argument for the identification of the supergravity U(1) symmetry with the U(1)
symmetry appearing in (

decomposition
2.19) is that they have similar consequences on scattering amplitudes.

Indeed, the supergravity U(1) symmetry acts on vector fields as electric/magnetic duality ro-
tation; as such it implies (see e.g.

ros
[34]) that scattering amplitudes of vector fields of the same

flavor vanish identically unless they have equal number of positive and negative helicity fields. If
scattering amplitudes preserve the U(1) symmetry of eq. (

decomposition
2.19), then they must carry vanishing

charge. Restricting, as above, to the scattering of a single type of vector field it immediately
follows that the amplitude vanishes unless one scatters an equal number of positive helicity and
negative helicity fields. Thus, the two symmetries have the same consequences on scattering
amplitudes.

With the U(1) charges in eq. (
PSGmultiplet
2.21) we can compute the anomaly contribution of the N = 4

graviton multiplet following (
an
2.7), (

an9
2.8) as

kPSG = 4k3/2(q) + 6k1(2q) + 4k1/2(3q) = −24q = 12 , (2.24){ghm} ghm

13

In the pure N = 4 CSG the count of non-abelian SU(4) anomaly goes as follows
rvn
[12]: nor-

malizing the anomaly to the dabc symbols in the fundamental representation, d4abc, a left-handed
spinor ψi (or Majorana spinor whose left-handed part transforms in 4 of SU(4)) contributes
+1; then, the CSG spinor Λi contributes −1; the left-handed gravitino ψi

µ contributes +4; T ij
µν

does not contribute as the two-index antisymmetric representation of SU(4) is real; χ[ij]
k gives17

−7, and thus the total axial gauge anomaly is

A(gauge)
CSG = AΛ + Aχ + A(c)

ψµ
= (−1)A1/2 + (−7)A1/2 + 4A1/2 = −4A1/2 , (2.15){9}

A1/2 =
1

24(4π)2
Tr(FF ∗) . (2.16){99}

If we add coupling to n of N = 4 VMs with the left-handed spinor ψi being in representation
4 of SU(4) (like the gravitini), then

A(gauge)
VM = nA1/2 , A(gauge)

CSG + A(gauge)
VM = (n− 4)A1/2 . (2.17){10} 10

Thus for n = 4 we have the cancellation of the SU(4) anomaly while for n = 6 we have the
anomaly equal to 2A1/2.

Let us now compare this with the count of SU(4) anomaly in N = 4 PSG
mar
[3] interpreted as

a superconformal system in the broken phase
roo
[14] with all extra gauge symmetries fixed. Here

we have the same four spinors Λi in the fundamental representation of SU(4) and the same
gravitino ψi

µ, but no spinors χ. The standard gravitino contribution to the gauge anomaly is
proportional to the helicity so it should have relative factor of 3 compared to the chiral spin
1/2 fermion. This implies

A(gauge)
PSG = AΛ + A(s)

ψµ
= (−1)A1/2 + 3A1/2 = 2A1/2 . (2.18){11} 11

This reproduces the count of the SU(4) anomaly in conformal supergravity in (
10
2.17) for n = 6.

2.3 U(1) anomaly in Poincaré supergravity coupled to nv vector multiplets{U1nv}U1nv

In the case when CSG is coupled to n = 6+nv rather than just six vector multiplets, i.e. to extra
nv “matter” multiplets, the anomaly relation (

ta
2.12) does not directly apply. Indeed, the matter

VMs surviving as dynamical fields in the broken phase may acquire different U(1) charges than
the ones assumed in the unbroken phase.18 As the chiral weights should be consistent also with
the supersymmetry of the PSG theory, a way to fix them is to use that for nv = 6 the resulting
N = 4 PSG + matter theory can be interpreted as a truncation of N = 8 supergravity.

Namely, let us decompose the N = 8 graviton multiplet into the N = 4 components following
the embedding

SU(8) ⊃ SU(4)× SU(4)× U(1) . (2.19)decomposition} decomposition

17One may use the relation between the dabc symbols in a mixed-symmetry representation and in the funda-

mental representation, d
χ
[ij]
k

abc = 1
2 (N

2 − 7N − 2)dNabc
∣∣
N=4

= −7d4abc.
18The in the presence of matter multiplets, the U(1) ⊂ SU(1, 1) symmetry is a combination of the U(1)

symmetry in the matter-free theory and U(1) duality symmetries of the matter VMs. It is also possible that,
in the process of fixing the conformal (super)symmetry the matter vector fields absorb some power of a CSG
field that was charged under the U(1) symmetry and thus acquire different charges than in eq. (

6
2.11).
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DUALITY

N=8 SG N=4 SG

This decomposition encodes the KLT relations
KLT
[33] of string theory which imply that the spec-

trum of the theory and its on-shell interactions may be represented in terms of two copies of
N = 4 sYM theory, each of which having an SU(4) symmetry. The lone U(1) in (

decomposition
2.19) will

be identified with the U(1) symmetry of N = 4 supergravity (at least up to conjugation by
SU(1, 1) elements) and the first SU(4) will be identified with the R-symmetry of N = 4 super-
gravity. This is possible because the charges of PSG and matter multiplet asymptotic states
are the same under the two symmetries.

The decomposition of the SU(8) representations appearing in N = 8 theory in representa-
tions of SU(4)× SU(4)× U(1), denoted by (SU(4), SU(4)′)U(1), is:

1 = (1, 1)0

8 = (4, 1)q ⊕ (1, 4)−q

28 = (6, 1)2q ⊕ (1, 6)−2q ⊕ (4, 4)0 (2.20){26}
56 = (4̄, 1)3q ⊕ (1, 4̄)−3q ⊕ (6, 4)q ⊕ (4, 6)−q

70 = (1, 1)4q ⊕ (1, 1)−4q ⊕ (4̄, 4)2q ⊕ (4, 4̄)−2q ⊕ (6, 6)0 .

Here q is the normalization of the U(1) charge which will be fixed below. All components that
are invariant under the second SU(4) group form the N = 4 supergravity multiplet:

(1, 1)0, (4, 1)q, (6, 1)2q, (4̄, 1)3q, (1, 1)4q, (1, 1)−4q . (2.21)PSGmultiplet} PSGmultiplet

We can also identify four N = 4 gravitino multiplets, transforming in the 4 of the second SU(4)
group,

(1, 4)−q, (4, 4)0, (6, 4)q, (4̄, 4)2q, (4, 4̄)−2q ; (2.22)

as well as six N = 4 vector multiplets transforming in the 6 of the second SU(4) group,

(1, 6)−2q, (4, 6)−q, (6, 6)0 . (2.23){Vmultiplet} Vmultiplet

The conjugate representations (i.e. asymptotic states with opposite helicity) have opposite
U(1) charges. We note that, as expected from the discussion in the beginning of this section,
the charges of the fields of matter vector multiplets under U(1) are different from the U(1)
charges in the unbroken phase of CSG coupled to n = 6 + nv vector multiplets.

A further argument for the identification of the supergravity U(1) symmetry with the U(1)
symmetry appearing in (

decomposition
2.19) is that they have similar consequences on scattering amplitudes.

Indeed, the supergravity U(1) symmetry acts on vector fields as electric/magnetic duality ro-
tation; as such it implies (see e.g.

ros
[34]) that scattering amplitudes of vector fields of the same

flavor vanish identically unless they have equal number of positive and negative helicity fields. If
scattering amplitudes preserve the U(1) symmetry of eq. (

decomposition
2.19), then they must carry vanishing

charge. Restricting, as above, to the scattering of a single type of vector field it immediately
follows that the amplitude vanishes unless one scatters an equal number of positive helicity and
negative helicity fields. Thus, the two symmetries have the same consequences on scattering
amplitudes.

With the U(1) charges in eq. (
PSGmultiplet
2.21) we can compute the anomaly contribution of the N = 4

graviton multiplet following (
an
2.7), (

an9
2.8) as

kPSG = 4k3/2(q) + 6k1(2q) + 4k1/2(3q) = −24q = 12 , (2.24){ghm} ghm

13

In the pure N = 4 CSG the count of non-abelian SU(4) anomaly goes as follows
rvn
[12]: nor-

malizing the anomaly to the dabc symbols in the fundamental representation, d4abc, a left-handed
spinor ψi (or Majorana spinor whose left-handed part transforms in 4 of SU(4)) contributes
+1; then, the CSG spinor Λi contributes −1; the left-handed gravitino ψi

µ contributes +4; T ij
µν

does not contribute as the two-index antisymmetric representation of SU(4) is real; χ[ij]
k gives17

−7, and thus the total axial gauge anomaly is

A(gauge)
CSG = AΛ + Aχ + A(c)

ψµ
= (−1)A1/2 + (−7)A1/2 + 4A1/2 = −4A1/2 , (2.15){9}

A1/2 =
1

24(4π)2
Tr(FF ∗) . (2.16){99}

If we add coupling to n of N = 4 VMs with the left-handed spinor ψi being in representation
4 of SU(4) (like the gravitini), then

A(gauge)
VM = nA1/2 , A(gauge)

CSG + A(gauge)
VM = (n− 4)A1/2 . (2.17){10} 10

Thus for n = 4 we have the cancellation of the SU(4) anomaly while for n = 6 we have the
anomaly equal to 2A1/2.

Let us now compare this with the count of SU(4) anomaly in N = 4 PSG
mar
[3] interpreted as

a superconformal system in the broken phase
roo
[14] with all extra gauge symmetries fixed. Here

we have the same four spinors Λi in the fundamental representation of SU(4) and the same
gravitino ψi

µ, but no spinors χ. The standard gravitino contribution to the gauge anomaly is
proportional to the helicity so it should have relative factor of 3 compared to the chiral spin
1/2 fermion. This implies

A(gauge)
PSG = AΛ + A(s)

ψµ
= (−1)A1/2 + 3A1/2 = 2A1/2 . (2.18){11} 11

This reproduces the count of the SU(4) anomaly in conformal supergravity in (
10
2.17) for n = 6.

2.3 U(1) anomaly in Poincaré supergravity coupled to nv vector multiplets{U1nv}U1nv

In the case when CSG is coupled to n = 6+nv rather than just six vector multiplets, i.e. to extra
nv “matter” multiplets, the anomaly relation (

ta
2.12) does not directly apply. Indeed, the matter

VMs surviving as dynamical fields in the broken phase may acquire different U(1) charges than
the ones assumed in the unbroken phase.18 As the chiral weights should be consistent also with
the supersymmetry of the PSG theory, a way to fix them is to use that for nv = 6 the resulting
N = 4 PSG + matter theory can be interpreted as a truncation of N = 8 supergravity.

Namely, let us decompose the N = 8 graviton multiplet into the N = 4 components following
the embedding

SU(8) ⊃ SU(4)× SU(4)× U(1) . (2.19)decomposition} decomposition

17One may use the relation between the dabc symbols in a mixed-symmetry representation and in the funda-

mental representation, d
χ
[ij]
k

abc = 1
2 (N

2 − 7N − 2)dNabc
∣∣
N=4

= −7d4abc.
18The in the presence of matter multiplets, the U(1) ⊂ SU(1, 1) symmetry is a combination of the U(1)

symmetry in the matter-free theory and U(1) duality symmetries of the matter VMs. It is also possible that,
in the process of fixing the conformal (super)symmetry the matter vector fields absorb some power of a CSG
field that was charged under the U(1) symmetry and thus acquire different charges than in eq. (

6
2.11).
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Correct choice of charge q under U(1) leads to 
anomalous part of effective action

where we have chosen the chiral weight of the gravitino to be q = �1/2, i.e. the same as in
(
4
2.10) and (

7
2.13) to reproduce the anomaly coe�cient 12 in eqs. (

7
2.13) and (

77
2.14).

With this choice the anomaly contribution of one N = 4 vector multiplet is:

kv = k1(�2q) + 4k1/2(�q) = �12q = 6 , (2.25){vv} vv

which is di↵erent from the anomaly (
6
2.11) of a VM in conformal phase.19 The total anomaly

coe�cient for the N = 4 supergravity coupled with nv vector multiplets is then

kPSG+VM = kPSG + nvkv = �12q(2 + nv) = 6(2 + nv) . (2.26){vvv} vvv

Then, (
3
2.9) implies that the corresponding anomalous part of the e↵ective action is

�N=4,nv
an =

1

2
(2 + nv)�

N=4,nv=0
an =

2 + nv

4(4⇡)2

Z
RR⇤r�2r

µ

aµ . (2.27){nv_anomaly} nv_anomaly

In secs. 3 and 4 we will reproduce this dependence on the number of vector multiplets from
scattering amplitude calculations.

2.4 Structure of the anomalous part of e↵ective action
{sec33}sec33

Let us now comment further on the meaning of the above U(1) anomaly and the the related
breaking of the global SU(1, 1) symmetry of N = 4 PSG theory in the context of the one-loop
supergravity e↵ective action in an external scalar and gravitational background.

2.4.1 General comments

Let us first not fix a U(1) gauge, so that the composite U(1) gauge field a
µ

in (
1
2.2) transforms

by a gradient under a chiral rotation of �
↵

. Suppose we consider the one-loop e↵ective action
for a Majorana fermion coupled to gravity (though the Lorentz connection) and chirally (i.e.

with �5) to a
µ

. If we split a
µ

into the longitudinal and transverse parts, a
µ

= a
||
µ

+a?
µ

, rµa?
µ

= 0
then, integrating the U(1) anomaly to the corresponding e↵ective action (

3
2.9), we find that the

latter may be written as20

�[a; g] = �an[a
||; g] + �inv[a

?; g] , �an[a
||, g] = {

Z
RR⇤r�2rµa

µ

, (2.28){1a} 1a

where { stands for the overall coe�cient in (
3
2.9). As both a

||
µ

and a?
µ

are separately SU(1, 1)
invariant, the same applies to �an and �inv.

Let us parametrize the scalar doublet �
↵

as

�1 =
p
1 + r2 ei(a�b) , �2 = r ei(a+b) , (2.29){1b} 1b

19One may understand this and the fact that the vector fields in the supergravity and matter multiplets have
the same U(1) charges as a consequence of the O(6, nv) symmetry of matter-coupled N = 4 supergravity.

20For a real fermion there is no gravitational (i.e. local Lorentz) anomaly, so the local Lorentz symmetry is
unbroken and the e↵ective action depends on the metric g rather than on the vierbein.
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Preview (anomalous amplitudes):

M(1);N=4
3 (1, 2, 3) =

i

(4⇡)2

⇣
2

⌘3
�(8)(

3X

i=1

⌘̃Ai �̃i)

M(1);N=4
4 (1, 2, 3, 4) =

i

(4⇡)2

⇣
2

⌘4
�(8)(

4X

i=1

⌘̃Ai �̃i)

s + +

+++

s N=4 SG

M(1);N=4
5 (1, 2, 3, 4, 5) =

2i

(4⇡)2

⇣
2

⌘5
�(8)(

5X

i=1

⌘̃Ai �̃i)

M(L)
n (1, 2, . . . n� 1, n)

kn!0�! 

2
S(0)
n M(L)

n�1(1, 2, . . . n� 1)

related by soft-limits

...more very soon....
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Notes on Direct Verification of Duality

John Joseph M. Carrasco and Renata Kallosh
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I. EXPLICIT FORM OF ACTION AND MANIFEST DUALITY SATISFACTION.

Through the first duality untested order (W10) the BIK action [1] is

SBI = Sfree + Sint,10 (1.1)

where the interaction term is given (up to total derivatives):

Sint,10 =

Z
d12Z

(
1
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(1.2)

One can directly verify the duality-covariance of the action through W10 by checking the self-duality constraint:
Z

d8Z
⇣
W2 +M2

⌘
�
Z

d8Z
⇣
W2

+M2
⌘
= 0 , (1.3)

using iM ⌘ 4 d
dW S[W,W]. One simply brings the di↵erence between the two integrands from

R
d8Z and

R
d8Z
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For duality to be satisfied, each such group could be expected to vanish independently (under boundary conditions of
the integration), and it is straightforward, if perhaps somewhat tedious, to verify that it in fact does. Here we show,
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One can directly verify the duality-covariance of the action through W10 by checking the self-duality constraint:
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For duality to be satisfied, each such group could be expected to vanish independently (under boundary conditions of
the integration), and it is straightforward, if perhaps somewhat tedious, to verify that it in fact does. Here we show,
e.g., one of the terms that had to vanish.
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For duality to be satisfied, each such group could be expected to vanish independently (under boundary conditions of
the integration), and it is straightforward, if perhaps somewhat tedious, to verify that it in fact does. Here we show,
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I. EXPLICIT FORM OF ACTION AND MANIFEST DUALITY SATISFACTION.
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2

supersymmetric model with N = 2 hidden supersymme-
try [18] where the action at the superfield level W(10) is
available3. Prior to the calculation presented here it was
not known if it is also self-dual (although it was conjec-
tured in ref. [18] to be so).

To appreciate the use of duality consistent sources of
deformation, it is helpful to begin by considering the
purely bosonic case. One way [24] to find N = 0 du-
ality satisfying theories is to apply the Noether-Gaillard-
Zumino (NGZ) condition [7, 12]

FF̃ +GG̃ = 0 (1)

in the form of the Courant-Hilbert equation

L2
x

� L2
y

= 1 (2)

where G̃

µ⌫ = 2@L(F )
@Fµ⌫

, t = 1
4F

2
, z = 1

4FF̃ , x = t , y =p
t

2 + z

2. Requiring analyticity of L for small values of
F – one may use an ansatz [24]

L =
⇣
g

�2
X

m=0,p=0

g

2(p+2m)
c(p,2m)t

p

z

2m
⌘
� c(0,0)g

�2
, (3)

and solve eq. (2) algebraically, order by order in g

2, fixing
the constant coe�cients c(i,j). One set of solutions of the
self-duality condition is the Born-Infeld Lagrangian

LBI = g

�2(1�
p
�) (4)

where g is the coupling constant, and � = 1 +
2g2(F 2

/4) � g

4(FF̃/4)2. Using t, z variables, one can
rewrite the Born-Infeld Lagrangian simply as

LBI = g

�2(1�
p

1 + 2g2t� g

4
z

2 ) . (5)

This procedure can be understood as introducing a
generic sum over sources of duality-satisfying deforma-
tions [24]

I(T�
, T

⇤+) =
1X

n=0

a

n

8g2

⇣
1
4 g

4(T ⇤+)2(T�)2
⌘
n+1

(6)

where T = F �iG and T

⇤ = F +iG. It leads to a twisted
non-linear self-duality condition

T

+
µ⌫

=
g

2

16
T

⇤+
µ⌫

(T�)2
h
1 +

X

n=0

d

n

⇣
1
4 g

4(T ⇤+)2(T�)2
⌘
n

i
,

(7)
Here a0 = 1 + d0 and a

n

= dn
n+1 for n � 1, where d

n

are arbitrary real parameters. For BI the sum is a hy-
pergeometric function4 [24]. Another model, introduced

3 The W10 level was given implicitly in [18], and we thank S.
Belluci for providing also an explicit expression in recent com-
munication.

4 Recently understood in [33] as a function satisfying a hidden
quartic equation of the Schrödinger construction of the BI model.

by Bossard-Nicolai [23, 24], has all vanishing d

n

. No lo-
cal change of field variables A

0
µ

= A

0
µ

(A
µ

) relates these
theories.
The perturbative relation between G and F follows

from eq. (7) and an action depending only on F , where
G is the functional of F , has the reconstructive form [25]

S(F ) =
1

4g2

Z
d

4
x d

�
g

2
�
FG̃ . (8)

For any choice of d
n

the action has the self-duality prop-
erty.
It should be noted that the various powers of�

1
4 g

4(T ⇤+)2(T�)2
�
i

available as deformations form a
vector space in duality-satisfying N = 0 theories. Any
value of the coe�cients a

i

represents a valid duality sat-
isfying theory. But these vectors ~a, up to trivial normal-
izations, completely distinguish theories which cannot be
related by local field transformations. From this point of
view the fact that Bossard-Nicolai model has vanishing
a

i

for all i > 0 completely distinguishes it from the BI
theory.
The models with manifest N = 1 supersymmetry and

no space-time derivatives follow the same pattern as dis-
cussed in ref. [24].
To discuss N = 2 we introduce the notation of

ref. [17, 24, 26]. Many new examples of manifestly N = 2
supersymmetric models with self-duality were given in
[26]. Some corresponding choices of the sources of defor-
mation were given in the form

I(T�
, T

+) =

Z
d12Z

 
� a0 (T�)2(T +)2

+ �

2
a1 (T�)3⇤(T +)3 + �
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((T�)2)D4((T +)2)

+O(�4)

!
(9)

with ZA = (xa

, ✓

↵

i

, ✓̄

i

↵̇

), with a and ↵ being a vector and
Weyl spinor Lorentz indices and i = 1, 2 being the SU(2)
R-symmetry index. Analogous combinations

T

+ = W � i M , T

+ = W + i M (10)

T

� = W � i M , T

� = W + i M , (11)

are given in terms of duality doublets, the superfields W
and M, where M are treated independent of W. Car-
rying out the deformation procedure of [26] we recover
the set of N = 2 self-dual actions depending on arbi-
trary parameters ~a. The Born-Infeld (and as we will
argue hidden-supersymmetry) action from the literature
requires a special choice of these parameters to reproduce
the

~a0�3 = (�2�4
,�2�6 3�2

,�2�12 3�2
, 210) (12)

through W^8

4

supersymmetry, only one (up to local5 change of variables
and trivial normalization) has the superfield action with
an extra hidden N = 1 supersymmery. We claim the
directly analogous structure holds for N = 2.

Observation 2. The N = 2 + N = 2 V3 model [47]
has very simple properties: complete to all orders, when
truncated to pure vectors, it is a BI model

S

V 3|
�=�=0 =

1

↵

2

Z
d

4
x
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1�

q
� det(⌘

µ⌫

+ ↵F

µ⌫

)

�
.

(16)
I.e. when the fermions � and the scalars �

I are absent
it becomes a BI action with clear self-duality property
FF̃ +GG̃ = 0.

When we truncate the 2-forms and the scalars covari-
antly from the V3 action we find that it depends on
fermions as a Volkov-Akulov type action for a Goldstino

S

V 3|Fµ⌫=⇧I
µ=0 =

1

↵

2

Z
d

4
x

�
1� det(�µ

⌫

� ↵

2
�̄�µ

@
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�)
 

.

(17)
According to [50] this then satisfies the fermionic part of
the N = 1 self-duality condition with account of a non-
linear Goldstino field change of the variables. We suggest
that this model is related by local field redefinitions to
the BIK action.

Our conjecture ‘hidden supersymmetry implies dual-
ity’ explains why the BIK action up to W8 in [18] with
established hidden second supersymmetry coincides with
the action in [17] with established manifest self-duality
and predicts that the W10 terms in the BIK action has a
manifest N = 2 self-duality, which we now verify. Hap-
pily a much more elegant option than “brute-force” cal-
culation is available to us. We simply find the duality-
consistent sources of deformation necessary to generate
the action through order W10. We find that only two
additional sources of order �4 are required:

I
�

4(T�
, T

+) = �

4

Z
d12Z

 
a4 (T�)5⇤3(T +)5

+ a5 (T�)3D4((T +)2)⇤(T +)3D4
((T�)2)

!
. (18)

The values of the new coe�cients required to reconstruct
the BIK action through known orders:

~a4,5 = (2�5 3�2 5�2
, 2�3 3�2) . (19)

5 Only models sharing symmetries may be related to each other via
a non-linear local change of field variables, e.g. A0

µ = A0
µ(Aµ).

One can craft relations between distinct solutions of the self-
duality condition but this would involve transformations non-

local in the field variables, i.e. transformations taking the form
t0 = t0(t, z) and z0 = z0(t, z) with t = 1

4F
2, z = 1

4FF̃ .

These coe�cients could be any numbers and still satisfy
duality, but these and those given in eq. (12) are the
particular values required to reconstruct the BIK action
through order W10, and thus we argue possess a particu-
lar hidden-supersymmetry. The discovery of these defor-
mation sources is all that is required to demonstrate that
the BIK action, through this order, is a solution to the
self-duality condition. Of course one can also directly
verify this property of the action by checking the self-
duality constraint which we elide to an auxiliary file [51].

In conclusion, in models of N = 2 supersymmetry with
a hidden second N = 2 supersymmetry, self-duality is a
feature, whereas generic manifest N = 2 supersymmet-
ric and self-dual models do not necessarily come with
a second hidden supersymmetry. We showed construc-
tively that the W10 action of [18] is self-dual. The dra-
matic cancellations [51] between the many various terms
in this action’s explicit satisfaction of the self-duality con-
dition is further explained by the existence of the com-
plete model with N = 2 + hidden N = 2 supersymme-
tries of ref. [47]. It will be interesting to see if this model
can be entirely understood to all orders at the level of du-
ality preserving sources of deformation as was done for
the purely bosonic BI case [33].
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