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N = 8 supergravity

Is N' = 8 supergravity a consistent quantum field theory?

> Free of ambiguities associated to logarithmic divergences?

Explanation for the excellent ultra-violet behaviour of the
4-graviton amplitudes

* Supersymmetry and E7(7y duality symmetry

* Some more hidden symmetry of the quantum theory?

* |s there a non-perturbative completion that does not require the
embedding in string theory?



N = 8 supergravity
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Maximal supergravity in higher dimensions
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Maximal supergravity in higher dimensions

The 4-graviton amplitude seems to factorise at ¢-loop

dPk 1 g0 [ dPk 1
(2r)D k22~ P (27)(D K4E+6

would suggest that the theory is finite in four dimensions.
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Maximal supergravity in higher dimensions

The 4-graviton amplitude seems to factorise at ¢-loop
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Half-maximal supergravity in higher dimensions
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But the explicit computations give them finite.
[ Bern, Davies, Dennen, Huang]
[ Vanhove, Tourkine]




Outline

® The SL(2,R) anomaly
© Restoring modular invariance
® Ultra-violet divergences
© Conclusion and outlook

[G. Bossard, P. S. Howe and K. S. Stelle, 1212.0841]
[G. Bossard, P. S. Howe and K. S. Stelle, to appear]

[ G. Bossard, C. Hillmann and H. Nicolai, 1007.5472 ]
[ G. Bossard, P. S. Howe, K. S. Stelle and P. Vanhove, 1105.6087 |



N = 4 supergravity

N = 4 supergravity includes

* 1 complex scalar field 7 parametrizing SL(2,1R)/SO(2)
* 2 x 4 U(4)-Majorana fermions x/,

* 2 X 6 vectors A,

* 2 X 4 gravitinos 1,4

* 2 gravitons g,

of SL(2,C) x U(4).



Duality symmetry
SL(2,1R)/SO(2) is an axial symmetry, with 7 = a2 + je 2%
and e 2% x F; + aF; = dB;.
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Henneaux—Teitelboim action
Duality covariant complex field strength
.F,'j = e(b(@/Bj — 0]8,‘ + T(@,‘Aj — (’)J-A,-)) ,

The SL(2,R) invariant Lagrangian [ J. Schwarz and A. Sen]
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Wess—Zumino consistency condition

According to the quantum action principle
> Consistent anomalies % cohomology classes

For a compact group K = U(4) in 4 dimensions
H!(¢|d) = H3(K,R) @ H(K,R)
Such that

1
Tr dCE(Bgng + EBﬁ) & Tr(g ldg)®
Tr GR®AR,, ¥ Tr(g ldg)



Atiyah—Singer family's index

For M — Z — S? with 52 a two-parameters family of gauge field
source B for Jg

ch(Ind(Vs)) = /MZ\(Z)ch(Ez)

which gives for

asTrx® = —Trg, x3 + 2Trg, x3 — 3Trg, x>
2 2
1 1 7
a;Ilrx = ﬁTrR% X + é'l'rR1 X — gTrR% X

such that

1
ST = 8‘%% GeR™ A Rap + 5 s Tr ng<Bgng + =B ) .



Wess—Zumino consistency condition

Riemannian symmetric G/K is topologically trivial

> Trivial equivariant cohomology
Hy(d) = {0} for n >0
So we have the homotopy equivalence
G = K x R4im(g)—dim(t)
and in particular H°*(G, R) = H°(K, R)
Similarly, we prove that #J,(69|d) = {0} for n > 0

HL(6%|d) = HE (0 |d)



SL(2,R) anomaly in A = 4 supergravity

The Atiyah=Singer family’s index theorem gives [ Marcus]

—4x3x1/24-6%x2x1/6+4x1x7/8
1672

dJs® R?" R.,

1
= 16 ARe

Which corresponds to the non-linear anomaly

1
frioe = 1672 /(e2¢Rab/\ Rap + .. )

where
fr=—12 hr=2r er=1



SL(2,R) anomaly in A = 4 supergravity

The rigid SL(2) symmetry is anomalous, and is broken to its
parabolic subgroup.

2+n -
fro — o /(e 26Rb A Ryp +...)
where fr = —72 with 7 = a + je 2%,

Correspondingly at 1-loop

2+n
1672
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N = 4 supergravity's 1-loop anomaly

The rigid SL(2) symmetry is anomalous, and is broken to its
parabolic subgroup.

1
fro = [ (e R®ARp+..)
where fr = —72 with 7 = a + je 2%,
Correspondingly at 1-loop
Ms(ht, bt a3) = ﬁmyx

[ Dixon,Bern|

[ Carrasco,Kallosh,Roiban, Tsetlin]



Consistency with supersymmetry

For consistency, the anomaly must be supersymmetric.

In the linearised approximation, all fields appear in a chiral
superfield

. 1 . 1 ‘
W =71+6% + Es'fk’e,fl@fFaBk, +e U“e”eﬁmpaw + 0 Uk’e;yej‘?ezefcww ,

and
/ dBOW3 ~ 7Copys COP10 4

But in the nonlinear theory
{Da,,D }.7: EUkIX D ]:

and the chiral measure does not exist.



The supersymmetric R?

If we consider 52 as
1 )
La[1] = SR A Ryp — igabcdRab AR

Its integral is clearly supersymmetric, because it does not depend
on a specific metric.

It is d-closed as a superform.



Ectoplasm superform

The supersymmetry invariant L£4[F] is not defined as a superspace
integral, but only as a d-closed super 4-form. [ Gates]

1
dls = ﬂEE NEPANECANEBA EA(DA,CBCDE + 2TABF,CFCDE)

In the tangent frame, the indices A decompose as {4’ ,ai } with
respect to SL(2, C) x U(4).

1
L4[F] = ﬂeabchB ANEPANESANELL + -
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Ectoplasm superform

The supersymmetry invariant L£4[F] is not defined as a superspace
integral, but only as a d-closed super 4-form. [ Gates]

1
dls = ﬂEE ANEPANECAEBA EA(DACBCDE i 2TABF£FCDE)

In the tangent frame, the indices A decompose as {A,g i } with
respect to SL(2,C) x U(4).

* 1 b c d

L £4[‘F] = aeabcdea/\e ANe  Ne L|9:0+..4
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Ectoplasm superform

The supersymmetry invariant L4[F] is not defined as a superspace
integral, but only as a d-closed super 4-form. [ Gates]

1
dl4 = ﬂEE VAN EP AN EC A EB AN EA(DA£BCDE + 2TABF£FCDE)
Focusing on the lowest dimensional components
([r1, r2, r3] such that rp 4+ 2r + r3 = 5)
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Ectoplasm superform

The supersymmetry invariant L£4[F] is not defined as a superspace
integral, but only as a d-closed super 4-form.

1
dL, = ﬂEE NEP ANECANEBA EA(DAEBCDE + 2TABF£FCDE)

For an arbitrary anti-holomorphic function F[T]

uour ) € SU(1,1), and 1= ii=T

with UD(1 - TT) =1, ( 0 D -1

il i af F—25 17 il
MY 5 = capeys (FITIFD PO — U2 F[TIePx spx 5, F Y

1- - - = L
+6 o (8 - )('9.7:[T]E”"qak/’sx@px‘gqx?xf) + O

1-TT
and

" L 1 o =
M= —ease X (FITIFL, = SUT20F[TIEPIxsxeq) + O



The supersymmetric anomaly

For F[T] =1
L4[1] = %Rab A Rap + ésabcdRab A R<
therefore for F[T] =1[T] = /1+T
iLa[] — iZa[t] = Im[R® A Ry + Re[r]%eabcdRab AR 4
defines the anomaly.

o = 871rz/a*lm<£4[f’t— h]) :

with f7 — h = ife 2% + §¢.



The supersymmetric anomaly

For F[T] =1
1 .

[14[1] - ERab A Rab + igabcdRab A RCd

therefore for F[T] =1[T] = /1+T

= 1
iL4[T]) — iL4]t] = Im[1]R?® A Rap + Re[r]ieabcdRab AR+
defines the anomaly.

st =f 2 [ im(c ht R# A R

=52 tim 4[’5]—@ €abcd )

with f7 — h = ife 2% + §¢.



The supersymmetric anomaly

For F[T] =1
L4[1] = %Rab A Rap + ésabcdRab A R<
therefore for F[T] =1[T] = /1+T
iLa[] — iZa[t] = Im[R® A Ry + Re[r]%eabcdRab AR 4
defines the anomaly.
o = f871r2/b*|m<£4[‘c]> — hy(M) ,

with f7 — h = ife 2% + §¢.



The supersymmetric anomaly
For F[T] =1
1 ab i ab cd 1 AB / (1)
£4[1] = ER A Rap — ZgabcdR AR +£R /\RAB+§£4
therefore for F[T] =1[T] = i1=L

=I1FT

_ 1 .
iL4[7] — iL4[1] = Im[t] (Rab A Rap + 5€MPT Py A Pigg A Pog™ A P,SB)
1
+ Re[1] (EsabcdRab AR + Lﬁf)) 4.

defines the anomaly.

24+n [,
or = e /L Im(£4[f*c—h]> ,

with f7 — h = ife 2% + §¢.




The supersymmetric anomaly
For F[T] =1
1 ab i ab cd 1 AB i (1)
£4[1] = ER A Ryp — ZgabcdR AR +£R /\RAB+§£4

therefore for F[T] =1[T] = I}J}

_ 1 .
iL4[7] — iL4[1] = Im[t] (Rab A Rap + 5€MPT Py A Pigg A Pog™ A P,SB)
+ RE[T]( EadeRab RCd + 521)) +

defines the anomaly.

_ 2+n . 24+n . ) 2+n
o = f162/le(£4[t])+h327r2/L£4 h="x(M) .

with f7 — h = ife 2% + §¢.



The 1-loop divergence

The invariant fb*ﬁﬁf) defines the 1-loop divergence. At the
linearised level

/ LY~ / d*xd*ud*aV (u, 0)d*0d*0( Waga Was™)?
= %fd4x¢?g(6AsécD+26AC639)FéﬁFQBBI_-'SBI_-'dBD+...

At the non-linear level one can define the integral

///*Eif) :/dlt<4,z,z>(V34AV34A)2



The 1-loop divergence

The dilaton shift anomaly defines precisely the 1-loop divergence
[ Fischler, Fradkin, Tseytlin]

(=)~ e [ o] e,
which is associated to the SL(2,R) x SO(6, n) invariant
/h sLd = %6 / d*xV/ =g (6a8Scp + 28acdep) FAsFOPBEC FPD
String theory explanation [ Green, Russo, Vanhove]

In(87¢2s) = In(k%s) — 2(¢)



S-duality in string theory

Heterotic string theory on R%3 x T°
> SL(2,7Z) S-duality

non-perturbative

£s—0

6,2
K2 :87r<82('b>fs2 (: 87resRé;s [52) R—0

N = 4 supergravity satisfies SL(2,R) ~—  SL(2,7)



SL(2,7) transformations

Applying a finite transformation

([ a b

one obtains that

2+n . at+b
Pg+sgh = pgl + 6.2 //, Im(£4[fc1:+d

where g g~ = < ? 7eh )

Integrating this equation, one computes that

2+4n .
pgl =T+ 167r2/L |m<£4[ln(c’t+d)]).

).



SL(2,7) transformations

To recover modular invariance one must add the counterterm

S—r_ 28—17;; / L*Im(ﬁ[ln(ﬁ(f))]) ’

Using the property that the function 7)(7) transforms as

(22) <o

one gets [ Rohkhlin]

2+ nnh B
pel* = - Re(ﬁ[l])
2—|—n
= P+2r L R AR,
" o1 [ g

= 422+ )b&



Twisted self-duality equation

The modified equations of motion of the vector fields

24n 5
i 2 ikl /5
Flo =w % (|m[T]EZ(T) s b

+§Im[7—] (E2(7)27 %}HE( ) = Ea(T ))% k,% par (Fuﬁk/FquFjwrs+2Fuﬁpq’:ﬁwsp3n/ )>

are supersymmetric, and

. 2
Fi K2 4; (Im[r1E (7, 7) Caprys 3™ F 7k

aB

+ S Im[P (Ba(m. 7Y = Ea(7)) 3™ 3P (FapuiFipaF ™ s + 2FaspaFnrsF ) )

are SL(2,7) invariant.



Anomalous Ward identity

At higher order, the anomaly is renormalised consistently

2+n 2+n

=2 /[L*lm(u[r])' | +h /[L*Lﬁf).r}

Therefore if there is a logarithmic divergence

o 9 o~ 20 2042
(—@ T%) [~ —Beark®[SY T+ O
0 0 N :
<@ — K&) [L |m(E4[’C]) . r] ~ —"}%526[./4(;/) . r] + O(:‘i2£+2)

(g~ rae) ]

2+n
BedS® 162/A 322/“4

Q

_’Y;Z/’izg[Agf) . I—] + O(K2é+2)

Then



Slavnov—Taylor

Non-linear supersymmetry is realised through Slavnov—Taylor
(ZO,x0) = 0 @ OS50 4 5050 — g
Therefore S® is an on-shell supersymmetry invariant.
Question of completion of ¥ = Y@ +¥® 5@ 1 s
(Z0, X0 4 2(XO F@) = 0 @ FOSH 4 50O 4 A0 — o

If X does not exist, there is an algebraic anomaly.

> non-existence of S® does not prevent the divergence

> s associated to a supersymmetry anomaly A = (£ ¥®) |

(£O,4) =0, A#(TO, -25?)



Higher order invariants

The supersymmetry invariants satisfying SO(6, n) symmetry

* 1-loop  F(7)(R? + F?F?)

* 2-loop  F(r)VF?VF?+ (7 —7)0F (1) R?F? 7

* 3-loop  F(7)V2F2V2F2 + (1 — 7)0F (1) R*V2F?
(1 — 7)Fo(T)V3r V21 R?
(A —2)G(7,7)R* + G(7,7)(V2F2V?F2 + R*VFVF)
AG (1, T)R* + G (7, 7)V2F2V2F?



Anomalous Ward identity

At higher order, the anomaly is renormalised consistently
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Higher order invariants

The supersymmetry invariants satisfying SO(6, n) symmetry

* 1-loop  F(7)(R* + F?F?)

* 2-loop  F(T)VF2VF2 + (1 — 7)0F (1) R?F2 ?

* 3-loop  F(7)V2F2V2F2 + (1 — 7)0F (1) R2V2F?
(1 — 7)Fo)(1)V2r V21 R?
(A —2)G(r, F)R* + G(r, 7)(V?FV2F? + R?VFVF)
AG(7,T)R* + G (1, 7)V2F2V2F?



Higher order invariants

The supersymmetry invariants satisfying SO(6, n) symmetry
* l-loop  F?F?
*x 2-loop VF?VF?7?

* 3-loop VZF2V2F?

(A —2)G(r, 7)R* + G(7,7)(V2F2V2F? 4+ R?VFVF)
AG(S)(T,'F)RLL + G(s)(T, f)V2F2V2/_:2



Anomalous Ward identity

At higher order, the anomaly is renormalised consistently

28 flrmican o 258 [l 7

Moreover L’Ef) is duality invariant.
(5w )WL 1] = —un® AL 1]+ O

Therefore A'” will also be duality invariant at 1 and 2-loop. Then
h

(T?)acé:%):cy



Higher order invariants

The supersymmetry invariants satisfying SO(6, n) symmetry
* 1-loop F2F?
*x 2-loop VF?VF27?

* 3-loop VZF2V?2F?

R* — 3(V2F?V?F2 + R?VFVF)
(3 —2¢)R* + ¢(V?F2V2F? + R?VFVF)



Higher order invariants

The supersymmetry invariants satisfying SO(6) symmetry
* 1-loop
* 2-loop

* 3-loop

R* — 3(V2F?V2F2 4+ R?VFVF)



(4,2,2) harmonic superspace

Harmonics variables u";, u”; of (U(2) x U(2))\U(4) such that the
vector fields

D, = ui(D}— QLI (v jukedet + ufjukedst))
= i

Dar = u'p(Dai — Qai (0 juyds® + ufju¥eds?))

Consistency requires

st iJ Yk _
u'iutiu ch’yﬁ"’ =0, udau” Talﬁ_]k 0,

and
r s .t | pijk __ roj .t
u,-ujukuw‘?aﬁ/—O, u,-ufguku RBJI 0

and complex conjugates.



(4,2,2) harmonic superspace

One defines Grassmann normal coordinates (&, (" associated to
D! and Dg;;. The superfielbein Berezinian admits a normal
coordinate expansion

Ber(E) = Ewan (14 G By + (7 Bgp -+ + (L0551 )
One defines G-analytic superfields

DiLusz =0, DarLlusz=0.

The (4,2,2) harmonic superspace integral

/d,l,t(4,272) £(47272) = /‘d4)(d41.ld4[]\/(IJ7 L_l)d40d49_(€(4’272) 5(4,22)

is supersymmetric.



(4,1,1) harmonic superspace
Harmonics variables u';, u";, u*; of (U(1) x U(2) x U(1))\U(4)
such that the vector fields
Dolé:ul( QJkUUJd[),
Dia = u'4(Dai — Qi i’ juk /7Y
Consistency requires

1 k
u uju kT’J“Y =0, ualdqukaT. =0,

IBJk
and

1 K 11,1~
utiut ukR’J =0, st kRa,gj —3UI XaX g -

and complex conjugates.



(4,1,1) harmonic superspace

One defines Grassmann normal coordinates ({', (“* associated to

D! and D,4. The superfielbein Berezinian admits a normal
coordinate expansion

Ber(E) = 5(4.171) (1 + CIOCE;%4X;>?34>
One defines G-analytic superfields
D(1y£(4,1,1) =0 ) Dd4£(4,1,1) =0.
The (4,1,1) harmonic superspace integral
/d,l,t(4,171) £(47171) = /‘d4XdSUdSl_I\/(IJ7 L_l)d60d69_8(4’171) £(4,L1)

is supersymmetric.



(4,1,0) harmonic superspace

Harmonics variables u';, u”; of (U(1) x U(3))\U(4) such that the
vector fields
D = ul,-(D(; — Qfljk(uljuk,dlr + Urjukldrl)) s

«

Consistency requires
1 iJ Ak
utiu Ju kT k=0,

and
1 k
u uJu kR’J ;=0.



(4,1,0) harmonic superspace

One defines Grassmann normal coordinates ({* associated to D?.
The superfielbein Berezinian is itself G-analytic

Ber(E) = Eur)
One defines G-analytic superfields

DiLure=0.
The (4,1,0) harmonic superspace integral

/ ditaro) Liaso) = / d*xd®ud®aV (u, @)d®0d®0E 10 Liaro

is supersymmetric.



R* type invariants

Full-superspace integrals

/d XdleeBe"(E) (T, T /dM4 1,1) ( of uﬂXuXﬂXatim ((1 - T?)zaé - 2)
1 05 1.1 ~6 Al o 1 45 4671 y1a l
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1 o aBx Y T 3 T
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/dx A —2)AK C°C? + AK 8°F*9°F? + AK OFOFCC

+ DAK OFOFC? + DAK OFOFC? + . ..
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R* type invariants

1/4 BPS-superspace integrals

1 wB &b o o=
2 /du(4,1,1) (8 fe ﬂxixlgxaaxm (1—TT)8d - 2)

1 ap 1 al = 1 s _ 4571
— 25 Xaxﬁ(i >\'y4A>\§4 Ea — 56 Xl“XBAE )\’YA)\

1
1A
5 ma

1 S 3=1R = _
+26*? Aaaaxpe® ,\“‘XB4 + ZaaﬁAQAAAﬂAAs“ﬁAgBAgB) G(T,T)

= /d4x((A —2)G C?C% + G ?*F?0°F® + G 9F9FCT

+ DG OFOFC? + DG OFOFC? + . ..



R* type invariants
1/2 BPS-superspace integrals

% / dpia,2,2) (((x“’))? + XOXEIA 4 XxOXEDA(A +2) + XOXTOA(A? + 104 +12)) Gy
+ (XOXO L xOXEIA 4 xOXEIA(A +4)) DGy + coc.
+ (XWXO 4 xOx DAY D26 + XOX DD G, + c.c.)
- /d4x(AG(5) C2C% 4 Gy O*F20°F?

+ DGloy OFOFC® + DG(sy) OFOF T + ... )

where

i ol

o 1
X = et R XaXEXe

1 e o ;
X = MBS + g e Rar NN

‘BIaB 1

5 1
@) _ L yrl2 yrasiz s .? _ 75 Fiy A a
X J—ZMC.ESM +4s a,._gx,xy)\ A +1P0£m XrATA 25 AL AL AEN

X0 =—pA PoBy, — EMQE;“)\B A - EM;? Aatayae

%aﬁmxgh, . Z,\Lg)\;“’b\;[ s2e



Protected R*

Depending of the power of the dilaton

* non-BPS

(A —2)AG(1,7) R* ~ /d169E G(1,7) .
* 1-BPS
(A —2)G(r,7) R* ~ /d1295><2>z2 G(1,7) .

* 1-BPS
AG(7,7) R* ~ /d895F2F2 G(1,7) .



Heterotic string theory non-renormalisation

The corresponding R* coupling in heterotic string theory

/' 05 69Ber(E)e(2-2)® / O (—1)(0-2)(¢—3)(e—4)e (72 (1515~ 1ee) R

* 0-loop non-BPS tree-loop ((3) term
* 1-loop %-BPS 1-loop anomaly term
* 2-loop %-BPS

* 3-loop %—BPS

* 4-loop %—BPS

* 5-loop non-BPS

[ Tseytlin] [ Vanhove, Tourkine]



Conclusion

Can supersymmetry and duality invariance explain the absence of
logarithm divergence at 3-loop in N' = 4 d = 4 supergravity,
respectively 2-loop in 5 dimensions?

Yes for n = 0 and D = 5 with the rather strong assumption that an
off-shell harmonic formulation with a duality invariant action exists

‘<> This is a marginal case.

At 7-loop in N = 8 supergravity

/08/?4 . /d“ xd®0Ex*

is 7—BPS It is very similar to the R* invariant in N = 4.

/ d20Ber(E) G(®) = /(A + $)AG(¢) PR +



