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N = 8 supergravity

Is N = 8 supergravity a consistent quantum field theory?

Free of ambiguities associated to logarithmic divergences?

Explanation for the excellent ultra-violet behaviour of the
4-graviton amplitudes

Supersymmetry and E7(7) duality symmetry

Some more hidden symmetry of the quantum theory?

Is there a non-perturbative completion that does not require the
embedding in string theory?
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Maximal supergravity in higher dimensions
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Maximal supergravity in higher dimensions

The 4-graviton amplitude seems to factorise at `-loop∫
d`Dk

(2π)`D
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,

would suggest that the theory is finite in four dimensions.

R4 ∂4R4 ∂6R4 ∂8R4 ∂10R4 ∂12R4

1-loop D = 8
2-loop D = 5 D = 7 D = 8
3-loop D = 4 D = 6 D = 8
4-loop D = 5 D = 6
5-loop D = 4
6-loop D = 4 D = 5
7-loop D = 4
8-loop D = 4
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Half-maximal supergravity in higher dimensions
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But the explicit computations give them finite.
[ Bern, Davies, Dennen, Huang]

[ Vanhove, Tourkine]



Outline

The SL(2,R) anomaly
Restoring modular invariance
Ultra-violet divergences
Conclusion and outlook

[G. Bossard, P. S. Howe and K. S. Stelle, 1212.0841]

[G. Bossard, P. S. Howe and K. S. Stelle, to appear]

[ G. Bossard, C. Hillmann and H. Nicolai, 1007.5472 ]

[ G. Bossard, P. S. Howe, K. S. Stelle and P. Vanhove, 1105.6087 ]



N = 4 supergravity

N = 4 supergravity includes

1 complex scalar field τ parametrizing SL(2,R)/SO(2)

2× 4 U(4)-Majorana fermions χi
α

2× 6 vectors Aµij

2× 4 gravitinos ψµαi

2 gravitons gµν

of SL(2,C)× U(4).



Duality symmetry

SL(2,R)/SO(2) is an axial symmetry, with τ ≡ a + ie−2φ

and e−2φ ? Fij + aFij = dBij .

τ ′ =
aτ + b

d + cτ

χi ′
α =

(
d + c τ̄

|d + cτ |

) 3
2

χi
α(

B ′ij
A′ij

)
=

(
a b
c d

)(
Bij

Aij

)
eφ
′(
B ′ij + τ ′A′ij

)
=

d + c τ̄

|d + cτ |
eφ
(
Bij + τAij

)
ψ′αi =

(
d + c τ̄

|d + cτ |

) 1
2

ψαi



Henneaux–Teitelboim action

Duality covariant complex field strength

Fij ≡ eφ
(
∂iBj − ∂jBi + τ(∂iAj − ∂jAi )

)
,

The SL(2,R) invariant Lagrangian [ J. Schwarz and A. Sen]

L =
1

2
εijk
(
∂0Ai∂jBk − ∂0Bi∂jAk + 4N l∂[iAl ]∂jBk

)
− 1

4
N
√
h hikhjl F̄ijFkl

leads to the twisted selfduality equation

Fµν −
i

2
√

-g
εµν

σρFσρ = 0
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Wess–Zumino consistency condition

According to the quantum action principle

Consistent anomalies cohomology classes

For a compact group K ∼= U(4) in 4 dimensions

H1(k|d) ∼= H5(K ,R)⊕H1(K ,R)

Such that

Tr dCk

(
BkdBk +

1

2
Bk

3
)

Tr (g−1dg)5

Tr Ck R
ab ∧ Rab Tr (g−1dg)



Atiyah–Singer family’s index

For M → Z → S2 with S2 a two-parameters family of gauge field
source Bk for Jk

ch(Ind(∇s)) =

∫
M
Â(Z )ch(EZ )

which gives for

a3Tr x3 = −TrR 1
2

x3 + 2TrR1 x3 − 3TrR 3
2

x3

a1Tr x =
1

24
TrR 1

2

x +
1

6
TrR1 x− 7

8
TrR 3

2

x

such that

δΓ =
a1

8π2
Tr Ck R

ab ∧ Rab +
a3

24π2
Tr dCk

(
BkdBk +

1

2
Bk

3
)
.



Wess–Zumino consistency condition

Riemannian symmetric G/K is topologically trivial

Trivial equivariant cohomology

Hn
K (d) ∼= {0} for n > 0

So we have the homotopy equivalence

G ∼= K ×Rdim(g)−dim(k)

and in particular H5[4](G ,R) ∼= H5[4](K ,R)

Similarly, we prove that Hn
K (δg|d) ∼= {0} for n > 0

H1(δg|d) ∼= H1(δk|d)



SL(2,R) anomaly in N = 4 supergravity

The Atiyah–Singer family’s index theorem gives [ Marcus]

dJu(1) =
−4× 3× 1/24− 6× 2× 1/6 + 4× 1× 7/8

16π2
Rab
∧Rab

=
1

16π2
Rab
∧Rab

Which corresponds to the non-linear anomaly

fΓ1-loop =
1

16π2

∫ (
e−2φRab

∧Rab + . . .
)

where
fτ = −τ2 hτ = 2τ eτ = 1



SL(2,R) anomaly in N = 4 supergravity

The rigid SL(2) symmetry is anomalous, and is broken to its
parabolic subgroup.

f Γ(1) =
2 + n

32π2

∫ (
e−2φRab ∧ Rab + . . .

)
where fτ = −τ2 with τ = a + ie−2φ.

Correspondingly at 1-loop

〈
gµν(p1)gσρ(p2)a(−p1 − p2)

〉
=

2 + n

16π2
εσ)(µ

κλ
(
ην)(ρp1 · p2 − p2ν)p1(ρ

)
p1κp2λ



N = 4 supergravity’s 1-loop anomaly

The rigid SL(2) symmetry is anomalous, and is broken to its
parabolic subgroup.

f Γ(1) =
1

16π2

∫ (
e−2φRab ∧ Rab + . . .

)
where fτ = −τ2 with τ = a + ie−2φ.

Correspondingly at 1-loop

M3(h+
1 , h

+
2 , a3) =

i

16π2
[12]4

[ Dixon,Bern]

[ Carrasco,Kallosh,Roiban,Tsetlin]



Consistency with supersymmetry

For consistency, the anomaly must be supersymmetric.

In the linearised approximation, all fields appear in a chiral
superfield

W = τ + θαi χ
i
α +

1

2
εijklθαi θ

β
j Fαβkl +

1

6
εijklθαi θ

β
j θ
γ
k ραβγl +

1

24
εijklθαi θ

β
j θ
γ
k θ
δ
l Cαβγδ ,

and ∫
d8θW 3 ∼ τCαβγδCαβγδ + . . . .

But in the nonlinear theory

{D̄α̇i , D̄β̇j}F = εα̇β̇ εijkl χ
αkD l

αF ,

and the chiral measure does not exist.



The supersymmetric R2

If we consider C̄
2

as

L4[1] =
1

2
Rab ∧ Rab −

i

4
εabcdR

ab ∧ Rcd ,

Its integral is clearly supersymmetric, because it does not depend
on a specific metric.

It is d-closed as a superform.



Ectoplasm superform

The supersymmetry invariant L4[F ] is not defined as a superspace
integral, but only as a d-closed super 4-form. [ Gates]

dL4 =
1

24
EE ∧ ED ∧ EC ∧ EB ∧ EA

(
DALBCDE + 2TAB

FLFCDE

)
In the tangent frame, the indices A decompose as {A,iα ,α̇i } with

respect to SL(2,C)× U(4).

L4[F ] =
1

24
εabcdE

a ∧ Eb ∧ E c ∧ EdL + · · ·

+
1

24
Eδl ∧ Eγk ∧ Eβj ∧ Eαi M ijkl

αβγδ +
1

6
E δ̇l ∧ Eγk ∧ Eβj ∧ Eαi M ijk

αβγδ̇l
.
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∣∣
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j ∧ ψ

α
i M

ijk

αβγδ̇l

∣∣
θ=0



Ectoplasm superform

The supersymmetry invariant L4[F ] is not defined as a superspace
integral, but only as a d-closed super 4-form. [ Gates]

dL4 =
1

24
EE ∧ ED ∧ EC ∧ EB ∧ EA

(
DALBCDE + 2TAB

FLFCDE

)
Focusing on the lowest dimensional components

([r1, r2, r3] such that r1 + 2r2 + r3 = 5)

Dp
ηM

ijkl
αβγδ + 2T p

η
i
α
ς̇qM jkl

βγδς̇q+ 	 = 0

Dη̇pM
ijkl
αβγδ + 4D i

αM
jkl
βγδη̇p+ 	 ≈ 0

2Dη̇pM
ijk

αβγδ̇l
+ Tη̇pδ̇l

ς
qM

ijkq
αβγς+ 	 ≈ 0

Tη̇pγ̇l
ς
qM

ijq

αβςδ̇l
+ 	 ≈ 0



Ectoplasm superform

The supersymmetry invariant L4[F ] is not defined as a superspace
integral, but only as a d-closed super 4-form.

dL4 =
1

24
EE ∧ ED ∧ EC ∧ EB ∧ EA

(
DALBCDE + 2TAB

FLFCDE

)
For an arbitrary anti-holomorphic function F [T̄ ]

with UŪ(1− TT̄ ) = 1,

 U UT

ŪT̄ Ū

 ∈ SU(1, 1), and τ = i 1−T
1+T

M ijkl
αβγδ = εαβεγδ

(
F [T̄ ]F ij

α̇β̇
F α̇β̇kl − Ū−2∂̄F [T̄ ]εijpqχα̇pχβ̇qF

α̇β̇kl

+
1

6
Ū−4

(
∂̄ −

2T

1− TT̄

)
∂̄F [T̄ ]εijpqεklrsχα̇pχβ̇qχ

α̇
r χ

β̇
s

)
+ 	

and

M ijk

αβγδ̇l
= −εαβεη̇ς̇χk

γχη̇l

(
F [T̄ ]F ij

δ̇ς̇
−

1

3
Ū−2∂̄F [T̄ ]εijpqχδ̇pχς̇q

)
+ 	



The supersymmetric anomaly

For F [T ] = 1

L4[1] =
1

2
Rab ∧ Rab +

i

4
εabcdR

ab ∧ Rcd

therefore for F [T ] = τ[T ] ≡ i 1−T
1+T

iL4[τ̄]− iL̄4[τ] = Im[τ]Rab ∧ Rab + Re[τ]
1

2
εabcdR

ab ∧ Rcd + . . .

defines the anomaly.

δΓ =
1

8π2

∫
ι∗Im

(
L4[f τ− h]

)
,

with f τ − h = ife−2φ + δφ.
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L4[1] =
1

2
Rab ∧ Rab −

i

4
εabcdR

ab ∧ Rcd +
1

4
RAB ∧ RAB +

i

2
L(1)

4

therefore for F [T ] = τ[T ] ≡ i 1−T
1+T

iL4[τ̄]− iL̄4[τ] = Im[τ]
(
Rab ∧ Rab +

1

2
εijklεpqrsPijA ∧ PklB ∧ Ppq

A ∧ Prs
B
)

+ Re[τ]
(1

2
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)
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The 1-loop divergence

The invariant
∫
ι∗L(1)

4 defines the 1-loop divergence. At the
linearised level∫

ι∗L(1)

4 ∼
∫

d4xd4ud4ūV (u, ū)d4θd4θ̄(W34AW34
A)2

= 1
16

∫
d4x
√
−g
(
δABδCD+2δAC δBD

)
FA
αβF

αβB F̄C
α̇β̇

F̄ α̇β̇D+...

At the non-linear level one can define the integral∫
ι∗L(1)

4 =

∫
dµ(4,2,2)(V34AV34

A)2



The 1-loop divergence

The dilaton shift anomaly defines precisely the 1-loop divergence
[ Fischler, Fradkin, Tseytlin](

µ
∂

∂µ
− κ ∂

∂κ

)
Γ ≈ −2 + n

64π2

[∫
ι∗L(1)

4 · Γ
]

+O(κ2) ,

which is associated to the SL(2,R)× SO(6, n) invariant∫
ι∗L(1)

4 =
1

16

∫
d4x
√
−g
(
δABδCD + 2δAC δBD

)
FA
αβF

αβB F̄C
α̇β̇

F̄ α̇β̇D + . . .

String theory explanation [ Green, Russo, Vanhove]

ln(8π` 2
s s) = ln(κ2s)− 2〈φ〉



S-duality in string theory

Heterotic string theory on R1,3 × T 6

SL(2,Z) S-duality
non-perturbative

κ2 = 8π〈e2φ〉` 2
s

(
= 8π

` 6
s g 2

s
R6 ` 2

s

) `s→0

R→0

N = 4 supergravity satisfies SL(2,R) SL(2,Z)
non-perturbative



SL(2,Z) transformations

Applying a finite transformation

g ≡
(

a b
c d

)
∈ SL(2,R) ,

one obtains that

ρg+δgΓ = ρgΓ +
2 + n

16π2

∫
ι∗Im

(
L4

[
f
aτ + b

cτ + d
− h
])

,

where δg g−1 =

(
h e
f −h

)
.

Integrating this equation, one computes that

ρgΓ = Γ +
2 + n

16π2

∫
ι∗Im

(
L4

[
ln(cτ + d)

])
.



SL(2,Z) transformations
To recover modular invariance one must add the counterterm

ΓS = Γ− 2 + n

8π2

∫
ι∗Im

(
L
[
ln(η(τ))

])
,

Using the property that the function η(τ) transforms as

η

(
aτ + b

cτ + d

)
= e

iπb̃
12 (cτ + d)

1
2 η(τ)

one gets [ Rohkhlin]

ρgΓS = ΓS − 2 + n

8π2

πb̃

12

∫
ι∗Re

(
L[1]

)
= ΓS + 2π

2 + n

2
b̃
−1

24

∫
1

8π2
Rab ∧ Rab

= ΓS + 2π(2 + n)b̃
Ind(/∇)

2
.



Twisted self-duality equation

The modified equations of motion of the vector fields

F̄
ij
αβ = κ

2 2 + n

48π

(
Im[τ ]E2(τ)Cαβγδ

1
2 ε

ijklFγδkl

+
π

3
Im[τ ]2(E2(τ)2 − 6

πIm[τ ] E2(τ)− E4(τ)
)

1
2 ε

ijkl 1
2 ε

pqrs(FαβklFβγpqFβγ rs + 2FαβpqFβγrsF
βγ

kl

))

are supersymmetric, and

F̄
ij
αβ = κ

2 2 + n

48π

(
Im[τ ]Ê2(τ, τ̄)Cαβγδ

1
2 ε

ijklFγδkl

+
π

3
Im[τ ]2(Ê2(τ, τ̄)2 − E4(τ)

)
1
2 ε

ijkl 1
2 ε

pqrs(FαβklFβγpqFβγ rs + 2FαβpqFβγrsF
βγ

kl

))
are SL(2,Z) invariant.



Anomalous Ward identity

At higher order, the anomaly is renormalised consistently

δΓ = f
2 + n

16π2

∫ [
ι∗Im

(
L4[τ]

)
· Γ
]

+ h
2 + n

32π2

∫ [
ι∗L(1)

4 · Γ
]

Therefore if there is a logarithmic divergence( ∂
∂µ
− κ ∂

∂κ

)
Γ ≈ −β`+1κ

2`[S (`) · Γ] +O(κ2`+2)( ∂
∂µ
− κ ∂

∂κ

)[
ι∗Im

(
L4[τ]

)
· Γ

]
≈ −γ`κ2`[A(`)

f · Γ] +O(κ2`+2)( ∂
∂µ
− κ ∂

∂κ

)[
ι∗L(1)

4 · Γ
]
≈ −γ′`κ2`[A(`)

h · Γ] +O(κ2`+2)

Then

β`δS
(`) = γ`f

2 + n

16π2

∫
A(`)

f + γ′`h
2 + n

32π2

∫
A(`)

h .



Slavnov–Taylor

Non-linear supersymmetry is realised through Slavnov–Taylor

(Σ(0),Σ(1)) = 0 δ(0)S (1) + δ(1)S (0) = 0

Therefore S (1) is an on-shell supersymmetry invariant.

Question of completion of Σ = Σ(0) + Σ(1) + Σ(2) + . . . is

(Σ(1),Σ(1)) + 2(Σ(0),Σ(2)) = 0 δ(1)S (1) + δ(0)S (2) + δ(2)S (0) = 0

If Σ(2) does not exist, there is an algebraic anomaly.

non-existence of S (2) does not prevent the divergence

Is associated to a supersymmetry anomaly A = (Σ(1),Σ(1)) !

(Σ(0),A) = 0 , A 6= (Σ(0),−2Σ(2))



Higher order invariants

The supersymmetry invariants satisfying SO(6, n) symmetry

1-loop F(τ)(R2 + F 2F̄ 2)

2-loop F(τ)∇F 2∇F̄ 2 + (τ − τ̄)∂F(τ)R2F 2 ?

3-loop F(τ)∇2F 2∇2F̄ 2 + (τ − τ̄)∂F(τ)R2∇2F 2

(τ − τ̄)F(2)(τ)∇2τ∇2τR2

(∆− 2)G (τ, τ̄)R4 + G (τ, τ̄)(∇2F 2∇2F̄ 2 + R2∇F∇F̄ )

∆G(s)(τ, τ̄)R4 + G(s)(τ, τ̄)∇2F 2∇2F̄ 2



Anomalous Ward identity

At higher order, the anomaly is renormalised consistently

δΓ = f
2 + n

16π2

∫ [
ι∗Im

(
L4[τ]

)
· Γ
]

+ h
2 + n

32π2

∫ [
ι∗L(1)

4 · Γ
]

Therefore if there is a logarithmic divergence( ∂
∂µ
− κ ∂

∂κ

)
Γ ≈ −β`+1κ

2`[S (`) · Γ] +O(κ2`+2)( ∂
∂µ
− κ ∂

∂κ

)[
ι∗Im

(
L4[τ]

)
· Γ

]
≈ −γ`κ2`[A(`)

f · Γ] +O(κ2`+2)( ∂
∂µ
− κ ∂

∂κ

)[
ι∗L(1)

4 · Γ
]
≈ −γ′`κ2`[A(`)

h · Γ] +O(κ2`+2)

Then

β`δS
(`) = γ`f

2 + n

16π2

∫
A(`)

f + γ′`h
2 + n

32π2

∫
A(`)

h .



Higher order invariants

The supersymmetry invariants satisfying SO(6, n) symmetry

1-loop F(τ)(R2 + F 2F̄ 2)

2-loop F(τ)∇F 2∇F̄ 2 + (τ − τ̄)∂F(τ)R2F 2 ?

3-loop F(τ)∇2F 2∇2F̄ 2 + (τ − τ̄)∂F(τ)R2∇2F 2

(τ − τ̄)F(2)(τ)∇2τ∇2τR2

(∆− 2)G (τ, τ̄)R4 + G (τ, τ̄)(∇2F 2∇2F̄ 2 + R2∇F∇F̄ )

∆G(s)(τ, τ̄)R4 + G(s)(τ, τ̄)∇2F 2∇2F̄ 2



Higher order invariants

The supersymmetry invariants satisfying SO(6, n) symmetry

1-loop F 2F̄ 2

2-loop ∇F 2∇F̄ 2 ?

3-loop ∇2F 2∇2F̄ 2

(∆− 2)G (τ, τ̄)R4 + G (τ, τ̄)(∇2F 2∇2F̄ 2 + R2∇F∇F̄ )

∆G(s)(τ, τ̄)R4 + G(s)(τ, τ̄)∇2F 2∇2F̄ 2



Anomalous Ward identity

At higher order, the anomaly is renormalised consistently

δΓ = f
2 + n

16π2

∫ [
ι∗Im

(
L4[τ]

)
· Γ
]

+ h
2 + n

32π2

∫ [
ι∗L(1)

4 · Γ
]

Moreover L(1)

4 is duality invariant.

( ∂
∂µ
− κ ∂

∂κ

)[
ι∗L(1)

4 · Γ
]
≈ −γ`κ2`[A(`)

h · Γ] +O(κ2`+2)

Therefore A(`)

h will also be duality invariant at 1 and 2-loop. Then

(τ − τ̄)
∂G (τ, τ̄)

∂τ
= c1 .



Higher order invariants

The supersymmetry invariants satisfying SO(6, n) symmetry

1-loop F 2F̄ 2

2-loop ∇F 2∇F̄ 2 ?

3-loop ∇2F 2∇2F̄ 2

R4 − 1
2 (∇2F 2∇2F̄ 2 + R2∇F∇F̄ )

( 1
2 − 2φ)R4 + φ(∇2F 2∇2F̄ 2 + R2∇F∇F̄ )



Higher order invariants

The supersymmetry invariants satisfying SO(6) symmetry

1-loop

2-loop

3-loop

R4 − 1
2 (∇2F 2∇2F̄ 2 + R2∇F∇F̄ )



(4, 2, 2) harmonic superspace

Harmonics variables ur i , u
r̂
i of (U(2)× U(2))\U(4) such that the

vector fields

Dr
α = ur i

(
D i
α − Ωi

α
j
k(us ju

k
t̂ds

t̂ + uŝ ju
k
tdŝ

t)
)
,

D̄α̇r̂ = ui r̂
(
D̄α̇i − Ωα̇i

j
k(us ju

k
t̂ds

t̂ + uŝ ju
k
tdŝ

t)
)
,

Consistency requires

ur iu
s
ju

t
kT

i
α
j
β
γ̇k = 0 , ui r̂u

j
ŝu

k
t̂Tα̇i β̇j

γ
k = 0 ,

and

ur iu
s
ju

t
ku

l
r̂R

i
α
j
β
k
l = 0 , ur iu

j
ŝu

t
ku

l
r̂R

i
αβ̇j

k
l = 0 ,

and complex conjugates.



(4, 2, 2) harmonic superspace

One defines Grassmann normal coordinates ζαr , ζ̄
α̇r̂ associated to

Dr
α and Dα̇r̂ . The superfielbein Berezinian admits a normal

coordinate expansion

Ber(E ) = E(4,2,2)

(
1 + ζαr B

r
α + ζ̄α̇r̂ B̄α̇r̂ + · · ·+ ζ3r

αζ̄
3
β̇ŝL

αβ̇
r
ŝ
)

One defines G-analytic superfields

Dr
αL(4,2,2) = 0 , D̄α̇r̂L(4,2,2) = 0 .

The (4, 2, 2) harmonic superspace integral∫
dµ(4,2,2) L(4,2,2) ≡

∫
d4xd4ud4ūV (u, ū)d4θd4θ̄E(4,2,2) L(4,2,2)

is supersymmetric.



(4, 1, 1) harmonic superspace

Harmonics variables u1
i , u

r
i , u

4
i of (U(1)× U(2)× U(1))\U(4)

such that the vector fields

D1
α = u1

i

(
D i
α − Ωi

α
j
ku

I
ju

k
JdI

J
)
,

D̄α̇4 = ui 4
(
D̄α̇i − Ωα̇i

j
ku

I
ju

k
JdI

J
)
,

Consistency requires

u1
iu

1
ju

1
kT

i
α
j
β
γ̇k = 0 , ui 4u

j
4u

k
4Tα̇i β̇j

γ
k = 0 ,

and

u1
iu

1
ju

1
kR

i
α
j
β
k
l = 0 , u1

iu
j
4u

1
kR

i
αβ̇j

k
l = −1

2ul
1χ1

αχ̄β̇4 ,

and complex conjugates.



(4, 1, 1) harmonic superspace

One defines Grassmann normal coordinates ζα1 , ζ̄
α̇4 associated to

D1
α and Dα̇4. The superfielbein Berezinian admits a normal

coordinate expansion

Ber(E ) = E(4,1,1)

(
1 + ζα1 ζ̄

β̇4χ1
αχ̄β̇4

)
One defines G-analytic superfields

D1
αL(4,1,1) = 0 , D̄α̇4L(4,1,1) = 0 .

The (4, 1, 1) harmonic superspace integral∫
dµ(4,1,1) L(4,1,1) ≡

∫
d4xd5ud5ūV (u, ū)d6θd6θ̄E(4,1,1) L(4,1,1)

is supersymmetric.



(4, 1, 0) harmonic superspace

Harmonics variables u1
i , u

r
i of (U(1)× U(3))\U(4) such that the

vector fields

Dr
α = u1

i

(
D i
α − Ωi

α
j
k(u1

ju
k
rd1

r + ur ju
k

1dr
1)
)
,

Consistency requires

u1
iu

1
ju

1
kT

i
α
j
β
γ̇k = 0 ,

and
u1

iu
1
ju

1
kR

i
α
j
β
k
l = 0 .



(4, 1, 0) harmonic superspace

One defines Grassmann normal coordinates ζα1 associated to D1
α.

The superfielbein Berezinian is itself G-analytic

Ber(E ) = E(4,1,0)

One defines G-analytic superfields

D1
αL(4,1,0) = 0 .

The (4, 1, 0) harmonic superspace integral∫
dµ(4,1,0) L(4,1,0) ≡

∫
d4xd6ud6ūV (u, ū)d6θd8θ̄E(4,1,0) L(4,1,0)

is supersymmetric.



R4 type invariants

Full-superspace integrals

∫
d4xd16

θBer(E) K(T , T̄ ) =
1

4

∫
dµ(4,1,1)

(
ε
αβ
ε
α̇β̇
χ

1
αχ

1
β χ̄α̇4χ̄β̇4

(
(1− TT̄ )2

∂∂̄ − 2
)

−
1

2
ε
αβ
χ

1
αχ

1
βε
γδ
λγ4Aλδ4

A 1

Ū2
∂̄ −

1

2
ε
α̇β̇
χ̄α̇4χ̄β̇4ε

γ̇δ̇
λ̄

1
γ̇Aλ̄

1A
δ̇

1

U2
∂

+2εαβλα4Aχ
1
βε
α̇β̇
λ̄

1A
α̇ χ̄β̇4 +

1

4
ε
αβ
λα4Aλβ4Aε

α̇β̇
λ̄

1B
α̇ λ̄

1
β̇B

)
(1− TT̄ )2

∂∂̄ K(T , T̄ )

=

∫
d4x
(

(∆− 2)∆K C 2C̄ 2 + ∆K ∂
2F 2

∂
2F̄ 2 + ∆K ∂F∂F̄CC̄

+ D∆K ∂F∂FC 2 + D̄∆K ∂F̄∂F̄ C̄ 2 + . . .
)



R4 type invariants

1/4 BPS-superspace integrals

1

4

∫
dµ(4,1,1)

(
ε
αβ
ε
α̇β̇
χ

1
αχ

1
β χ̄α̇4χ̄β̇4

(
(1− TT̄ )2

∂∂̄ − 2
)

−
1

2
ε
αβ
χ

1
αχ

1
βε
γδ
λγ4Aλδ4

A 1

Ū2
∂̄ −

1

2
ε
α̇β̇
χ̄α̇4χ̄β̇4ε

γ̇δ̇
λ̄

1
γ̇Aλ̄

1A
δ̇

1

U2
∂

+2εαβλα4Aχ
1
βε
α̇β̇
λ̄

1A
α̇ χ̄β̇4 +

1

4
ε
αβ
λα4Aλβ4Aε

α̇β̇
λ̄

1B
α̇ λ̄

1
β̇B

)
G(T , T̄ )

=

∫
d4x
(

(∆− 2)G C 2C̄ 2 + G ∂
2F 2

∂
2F̄ 2 + G ∂F∂F̄CC̄

+ DG ∂F∂FC 2 + D̄G ∂F̄∂F̄ C̄ 2 + . . .
)



R4 type invariants

1/2 BPS-superspace integrals

1

4

∫
dµ(4,2,2)

((
(X (0))2 + X (2)X (−2)∆ + X (4)X (−4)∆(∆ + 2) + X (6)X (−6)∆(∆2 + 10∆ + 12)

)
G(s)

+
(
X (2)X (0) + X (4)X (−2)∆ + X (6)X (−4)∆(∆ + 4)

)
DG(s) + c.c.

+
(
X (4)X (0) + X (6)X (−2)∆

)
D2G(s) + X (6)X (0)D3G(s) + c.c.

)
=

∫
d4x
(

∆G(s) C 2C̄ 2 + G(s) ∂
2F 2

∂
2F̄ 2

+ DG(s) ∂F∂FC
2 + D̄G(s) ∂F̄∂F̄ C̄

2 + . . .
)

where



Protected R4

Depending of the power of the dilaton

non-BPS

(∆− 2)∆G (τ, τ̄)R4 ∼
∫

d16θE G (τ, τ̄) .

1
4 -BPS

(∆− 2)G (τ, τ̄)R4 ∼
∫

d12θEχ2χ̄2 G (τ, τ̄) .

1
2 -BPS

∆G (τ, τ̄)R4 ∼
∫

d8θEF 2F̄ 2 G (τ, τ̄) .



Heterotic string theory non-renormalisation

The corresponding R4 coupling in heterotic string theory∫
d10xd16θBer(E)e

(
2`− 3

2

)
Φ ∼

∫
d10x(`−1)(`−2)(`−3)(`−4)e

(
2`− 3

2

)
φ(t8t8− 1

8
εε)R4

0-loop non-BPS tree-loop ζ(3) term

1-loop 1
2 -BPS 1-loop anomaly term

2-loop 1
4 -BPS

3-loop 1
4 -BPS

4-loop 1
2 -BPS

5-loop non-BPS

[ Tseytlin] [ Vanhove, Tourkine]



Conclusion

Can supersymmetry and duality invariance explain the absence of
logarithm divergence at 3-loop in N = 4 d = 4 supergravity,
respectively 2-loop in 5 dimensions?

Yes for n = 0 and D = 5 with the rather strong assumption that an
off-shell harmonic formulation with a duality invariant action exists

This is a marginal case.

At 7-loop in N = 8 supergravity∫
∂8R4 + · · · ∼

∫
d4xd28θEχ4

is 1
8 -BPS. It is very similar to the R4 invariant in N = 4.∫

d32θBer(E )G (Φ) =

∫
(∆ + s)∆G (φ) ∂8R4 + . . .


