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ABSTRACT

We consider the modifications of the theory of scalar fields coupled to QED induced
by large-scale topology-changing configurations. We compute the one-loop effective action
taking into account the physically relevant corrections to lowest order. We show the
existence of a critical scale which depends on the ratio of the coupling constants entering the
formulation of the model. The gauge dependence of the wormhole cortections is discussed.
In the case of a pure scalar theory, we also carry out the calculation of the higher-order
corrections, up to the fourth power of the Riemann tensor.

1. INTRODUCTION

The problem of the smallness of the cosmological constant, A, can be considered to
be one of the most outstanding difficulties in contemporary physics. The discrepancy
between the observed result of A<1047 (GeV)* and the value estimated from quantum field
theory of A=1072 (GeV)* giving an impressive difference of 120 orders of magnitude
deserves recording in the Guinness Book of Records!

A possible solution to this puzzling discrepancy was suggested by Coleman two
years ago [1].This solution is based on the hypothesis that quantum gravity can be treated in
Euclidean space. Separate universes can be connected by small-scale wormholes, with a
size of the order of the inverse of the Planck mass.Such universes can provide the largest
contribution to the functional integral of quantum gravity. In this case a vanishing value of
A corresponds to the minimum of the effective action.

Wormbholes are topology-changing configurations resulting in a multilply connected
spacetime. The space that corresponds to the maximum probability of having a vanishing
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cosmological constant is S$* (for A>0).The vacuum to vacuum transition probability is
proportional to a double exponential [1].The sum over all topologies must be carried out.
Just like A, all the parameters are driven to values maximizing the double-exponential
probability density. As a consequence, the quantity AG? is driven to 0%

One can extract information about the parameters (i.e. masses and coupling constants)
of the low-energy effective action by using a perturbative approach, in order to calculate
quantum corrections to any given field-theoretic model in a $* background. The effect of
Planck-size topology-changing configurations on the range of values of the physical
constants at low-energy can be computed in this way. One-loop order results have been
obtained for the simple theory of one scalar field and one Majorana fermion [2]. The
physically meaningful corrections have been taken into account to lowest order, i.e. to order
OR?).

In the present work, we take up the calculation of the radiative cotrections to scalar
electrodynamics, in the presence of large-scale wormholes, taking into account O(R?)
corrections. We derive the effective action in two different gauges for the vector field and
compare our results with those contained in a letter appeared recently [3], where the
wormbhole corrections to an abelian gauge degree of freedom in one special gauge are
discussed. In the case of a self-interacting scalar field, we carry out the calculation of the
higher-order corrections, up to the fourth power of the Riemann tensor. These corrections
modify the ranges for the physical constants of the low-energy theory.

This paper is organized as follows. In the next section we present the wormhole effect
on the quantized theory of scalar electrodynamics in the physical gauge where no U(1)
ghost contribution is present. The third section is taken up with quantizing the theory
according to the procedure of ref. [3]. This section contains a careful treatment of the gauge
dependence of the wortmhole corrections. The results presented in this section correct an
etror published in ref. [3]. The analysis of a critical scale for the wormhole parameter space
and the solution of the renormalization group equations are the object of the fourth section.
The following section presents the higher-order radiative corrections for a pure scalar theory
in the background of S*. This section contains an accurate analysis of the Hadamard-
Minakshisundaram-DeWitt (HaMiDew) coefficients up to the fourth order, mentioning, in
passing, errors in the results of ref. [4]. We close with some concluding remarks. A
discussion of the dependence of the wormhole corrections on the dimensional regularization
scheme is demanded to an appendix. &

2. ADIABATIC EXPANSION OF THE EFFECTIVE ACTION

We begin with the classical action for scalar electrodynamics on Euclidean curved
space If we specialize to a unitary gauge this may be written in the following form [5]

Sel060,A,00] = [ dtxdz{- L6010 + V@R + V(®)
+3A - gy, + Ry, + €202 gy, + V.V, JAR) )



We may expand the action about ¢(x) = ¢o(x), and the background value Ay, = 0. Here
dg(x) is the solution to the equation of motion for the charged scalar. We retain only terms
of second order in ¢(x) - dpg(x). Following ref. [2], d(x) can be taken as a constant on the
Euclidean four sphere which is televant to the wormhole case. Define the operator

B (V) Bly) = —E @
o Y OV = Sx)80(x)

Hence the effective action is given in the usual way by

r600.A4,0] = 8 [oo00] + I Trtn By (W) + 11 Tr in Fy (9) 3)
In the ptesent case we have the operators

B, (V) == [ + U"@oR + V"(40) . 4
By (V) == [ g3y + Ry, + 20,285, + V3, . 5)

In general for quantum corrections of the form Xh Tr In F (V), A=z for vector and
real scalar fields, and A = - 5 L for fermionic fields. For an operator of the form O+ X, in
Euclidean space we have the DeWitt-Schwin ger [6] as follows

oG

A'(x) = - Al Tr OJ d“sﬁ exp [— s’%‘ (V)] + constant ©6)

and

exp[- s (V)] 8(xx)

= g LG expl - Ox)] 3 2 g(xx) o )

Here A(x,x ) is the VanVleck-Morette determinant, which is unity in the coincidence
limit, x = x. The quantity 6(x,x) is half of the geodesic distance froni x to x’, and this is
zero in the limit x = x. The coefficients gi(x,x' ) are the HaMiDew coefficients which are to
be determined for the operator — ] + X.

For an operator of the form — [] + X, the first three coefficients have been
determined by Gilkey [7]. They have been conveniently listed by Jack and Parker [8]. Only
the traces of these coefficients in the coincidence limit will be required. We denote the trace
of gi(x,x' ) as g. These traces will be calculated on $4, where

1 , ,
Rivps = r? [gupgvc - guong] ®)

and 1,2 is the radius of the four sphere. Following ref.[2] we choose to re-express the
coefficients gi(x,x' ) in terms of alternative coefficients, ai(x,x' ), given by the expansion,
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In this case X may have an R dependence, and there will be a logarithmic expansion
of the curvature in the effective action which may easily be evaluated on S*. Hence the
contribiition to the effective action for an operator of the minimal form —[] + X is

d

Trz f ddx v*gd[as 72 exp(-sX) ax) . (10)

AT = " (4 )d/2

Here the coefficients ai(x,x' ) hdve to be determined for the operator in question using
Gilkey's results.
For dimension d = 2w, and letting w = 2-¢ we fihd the general expression

AR
(411:)24;

AT = - Tr ‘(i%) O}S [ d2ox vg a(x) X243 I'(-2+¢) . ¢80
j=0

The divergent patt is therefore
s Ah 1 i
APSY = - Tr -5 J atx Vg [ -sveamen]fape-axea] .« @2

Here v is the Euler's constant. In writing eq. (12), we have chosen a regularization
prescription where the momenta of the eXpanSi‘o"n are analytically continued to dimension d,
while the geometrical tensors Ru\'pc’ , dnd R are taken in d=4. An appendix shows that
another choice of the regularization scheme where the gravitational tensors are considered
in four dimensions, leads to some changes in the finite one-loop effective action.The
divergent part will be seen to give an extra finite contribution to order R? which we may
choose to inclide in the effective dction to thdt order. This dimensional anomaly results
from the use of dimensional regularization and the dimensional dependence of the curvature
terms. For example, on $4 the curvatute scalar has a value R = 1212, In d = 2@, we have R
= 200(200-1)ry2. Since terms up to order R? do not contribute to wormhole physics [9], the
dimensional anomaly will not be required. Also the anomaly will not affect the
tenormalization grotip equations.

The finite contribution is

AT = - Ty 162Id4xxl‘g{a0X [4 21n 2]+a1X[1+1n 2]

X
-azlnp+a3X'1+2}, (13)
where

Y = ‘oz:asz-i I'G-2) . (14)
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In order to quickly read off the wormhole contribution, one could use the coefficients
gj(x,x' ), and use the fact that the heat kernel for the operator — [J + X + m? is equal to the
heat kernel of the operator — [] + X multiplied by exp[— sm?}] where m is a constant that
does not depend on the curvature. Then, the wormhole contribution, to lowest order, is
simply the R3 contribution to the effective action and, in this case, is simply

AR
AT® = - Tr o2 B3 m2, (15)

The coefficients for the minimal operator found by Gilkey and listed by Jack and
Parker are [7,8]

gox) =1, (16)
R

g®=¢gl-X, (17)
1R, 1 1 1. OR

g () =3 [6_*11 X[+ [- 780 RuvR™ + 755 RuvpoR* P + 730 I

+g OX 43 Woo WP, (18)

W =[V,V,l . (19)

We take for the vector field (Wm,)p(y = vapo We use a Euclidean translation of the
conventions by Jack and Parket. The coefficient g4 has forty three terms and we choose not
to list them.

Converting these coefficients to the ai(x,x' ) coefficients and specializing to spaces
with constant Riemann tensor, such as sS4, yields

ag=1, (20)
R

4= '(7) 1 s (21)

8y = a5 [SRZ— 2R RV + 2R, RWVPOT1 435 W Wee (22)

Due to cancellations we find conveniently, on any space of constant curvature (e.g.
S

a3 = P(R7)1+ 30wanBpwpa+ 60RaBYSWaBWY B 90Ruvwmwva+ 72RwaﬁW((12:°>)

The polynorhial P(R?) consists of eight terms
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P(RY) =5 TR~ TRRgR™+ZRR ) ROPVE TR o RORPEEER | REORY,
44 Vi B 80 o ﬂ Vv O
LR RUGBRY o+ TR REveBReo 4 80R  RuepBRY o0 ] (24)

Evaluating P(R?) on $* gives
1 74
3y — 14
PR =; 5551 - 25)

For the charged scalar contribution we consider the operator in equation (4) and
apply equation (13). The result is simply twice that of ref. [2] for a real scalar field. We
have the finite contribution, ighoring the dimensiondl anomaly,

AT =-Tr if d'x Vg {V"Z[%-%ln V—2]+12_‘_;_ [o-4][1-1n YE]

[244U" 720" — 29]1 —;+ 6[1A4U"2 288 U™ — 116U" 63]}

(26)

V"

We introduce next the B-coefficients in the expansion of the effective action in powers
of the Riemann tensor

Br, %4 —3—} 7
TSI AL

= —Jd“X\IEIiBO +

‘Hence for U" =& the O(r,®) contribution is

2 3_116, 74
By=1— 2v" [14482 - 23883 - L0e + B (28)

Had we defined ¥ (V) =—[7] + X + m2 we would also find B, to be the above using
the coefficient g;.

Next we consider the vector contribution. As it was shown by Coleman and
Weinberg [10], i renormalized scalar electrodynamics the vector field develops a dynamical
mass proportional to the (arbitrary) vacuum expectation value of the scalar field. At this
point, we can resort to the method of ref. [11], in order to evaluate the trace of the operator
for the vector field which appears in nonminimal form. In fact, in the unitary gauge, with
no ghosts, we may write the vector contribution to the effective action (3) as follows [11]

1 A 1 A | P
ETTTr InF, (V)= EhTr InF, (V) - SshTrin Fx V) . (29)

where

B, (V) ==+ 22 | (30)
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and F A is given in (5). Hence we have the sum of the trace of an operator acting on a vector
and one acting on a scalar, which we choose to call a compensating scalar, and both are in
elliptical form. Therefore we can use Gilkey's coefficients to evaluate the traces. The result
will reduce to the well known flat limit, with the required factor of —e2¢0 , in the form
given, for example, in eq. (2.1) of ref. [12]. This agreement checks part of our calculation.
Notice that, in order to have agreement with tef. {12] as for the finite part of the effective
action, it is necessary to include the dimensional anomaly, i.e. to consider the gravitational
tensors in dimension d. This is because, when the regularization of the divergent integrals
entering the radiative corrections is carried out by analytically continuing the spacetime
coordinates to d dimension, it is natural to analytically continue all the geometrical
quantities. In the appendix we calculate the finite part using the dimensional regularization
of ref. [12] and check the agreement of our "dimensional anomaly"” with the results of
Larsen and Nielsen.

Using equation (13), but this time taking care with the vector indices, we obtain for
the finite minimal spin-one contribution

20,2
=-Tr fdA \/E{c4¢4[3 -21n :)O] 462% [ :) ]

4 e%, 4_[H.4,1])

+15r041“ TERR e29,2r,5 63 5 *s

(32)
where we split the O(r,®) contribution to the effective action into three terms. The first term
represents the contribution of the expression P(R?) in eq. (25). The second term is
produced by the part of ay(x) that vanishes wh‘en‘Wpc = (. The third term comes from the
_ . o V'+12r,20" | .
power series expansion of the logarithm In — . We must add to the effective

action (28) the contribution due to the compensating scalar field

&2, 2 e2d.2
AF—-Tr—Id4xxf§{e4¢04[3+ In :] c¢0 [1 In j]

0 2 )
BB (33)
15tgt T U2 632, 2,6

The dimensional anomaly has not been included. The full contribution of the matter
(scalar plus vector) fields to the effective action is therefore

R ré] - GY
0 0 0

AT = Id“xﬁ;[- B, -

Here



a2
K lq) 4 24 _}L(b()
B, = Eﬁ{z[m“ += + m2ho 2] [% - liln —*“é'*“]
2
+ e4¢04[9 3 1 ¢20 ]} ) (35)
‘—}\.4)0
B, 32n2{24[§ 1][‘“ “M’OZ] [1 - ln 2 ]
2
+ et -31n j 1}, (36)
—M) 24 2
h , 0 ed
B, =il 1e2+ase- 3] R el 15—11n—-1—1-é0—} : @7
_ i _ 3 aga 1164 412 118 1
B3 - 327(32{ [ 288& + 144& §+ 2y 157\,(1)02 + 105 32¢02} . (38)
From this we obtain the renormalization group equations
dg
du 32nz{27»[§ 6] rer} (39)
da .
a; = gﬁ;[&w 36e4] , (40)
12 h ;
u(—idmu. = 3—2;5[27&m2] : (41)

It is argued in ref. [9] that.the O(R?) corrections in the effective action for the large-
scale topology of our four-dimensional euclidean de Sitter space do not contribute to any
quantity having physical significance. After dropping the O(R2) terms from (34), and using
the renormalized values of the constants A and G, the effective action for S* reads

B .
AT = [d*xVgla - B Za ) 42)
16nG Ty

with B, given by eq. (38) above.
In order to calculate the probability of a set of wormhole parameters having values
between o and a+da., one introduces the weighting factor Z(ot)

Zo)= exp{ Yexp[-T, @]} . 43)

topologies



where each possible topology is characterized by the background metric Buv- We require
the radius of the four sphere that minimizes I(8,)- Following ref. [2], and assuming
constant ¢y, integration over the four sphere gives (omitting o, for convenience)

82 3,2 Biq
r@ =l 31 | (@4)

The extremized form of the effective action for the background gravitational field is
then ‘

3 64>

I(g) = -

The validity of this expression, obtained by integrating out the matter fields (i.e. the
scalar and gauge vector degrees of freedom), holds to the one-loop order and neglecting
O(R?) corrections.

3. GAUGE DEPENDENCE OF THE EFFECTIVE POTENTIAL

Coming back to the gauge-fixing choice we adopted in the ptevious section, we start
with the lagrangian for a complex scalar field @ = ¢ exp (if), D* = ¢ exp (- in), coupled to
a U(1) gauge field

L =1V, 0'ViD + 2e2A AHD*® + U@ D)R + V(®*D)

1. 1. . 1,

- 51e2A”(I)*Vu<I) + —2—1c2A“<I)V-u(D* +5(V A, - VLA VRAY . (46)

Then, we carried out a gauge transformation to a unitary gauge

O =Dexp (-in) , A7)
where the phase of the field @ is discarded as being irrelevant to our purpose. The vector
field is subject to the constraint VuA" = (. This allows us to rewrite the lagrangian as
follows

L'=L=1v,0v + V) tU@R- A A, +2e2AkA 92 + 3A vvwma, - @s)

Here the gauge invariance of the classical action has been used. Recalling the
expression

[VEVYIA, =RWA (49)
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we can immediately obtain the action (1) from eq. (48). As we have seen in section 2, in
this gauge there is no ghost contribution.

The calculation of the one-loop effective action can be carried out using gauge-fixing
prescriptions which differ from the one above. The resulting effective potential depends on
the prescription chosen. The gauge dependence of the éffective action was observed by
Jackiw [13]. However, this dependence can be removed, at least within the context of the
so called R-gauges [14]. This can be achieved by compensating a gauge transformation
connecting any two given Re-gauges by a corresponding change in the value of <¢>. The
possibility of studying the gauge dependence of the resulting effective action makes
important to calculate the radiative correctiotis to scalar QED in the $* background using a
different gauge choice.

We consider the action

5el000.A,00] = [ dhxdz{ - 1o06 + V@R + Vi®)

+ A= g, + Ry, + et gy, +V,V, JAR) (50)

where ¢; = Re ¢, ¢,=Im ¢. This action is obtained by-adding to the classical action (1) the
gauge-fixing term. The constants p,, p, have been introduced, following ref. [15], in order
to get rid of the vector-scalar couplings in the Feynman rules.

In this gauge there dre ghosts. Their lagrangian reads

Lypost = - ¢ [ V4V, - 200 ]c .- 51

Herce the effective action obtained expanding about the background values of the
fields, reads ‘

r{oe.A,0] = S [®0] + I TrinFy (V) + L Trin F. (V)

A
-fiTrin Fohost W~ , (52)
where

A R *

thost(V) =—[] +e2dy" D, . . (53)

Since the operator F 5 is in-the standard minimal form %0 given by eq. (31)
A A v , s

the vector field contribution to the effective action in this covariant gauge can be obtained
using Gilkey's coefficients and directly read from eq. (32)



11

h ) Czd)o*q)
AT, = - Tr — | d*x vg { 4@ dor[3 ~ 210 —5—]
2n 0]
SO POy g Py 4 m 4,1
1o2 p2 1514% 112 Xy Dyr b (63 5 50
(55)
To this we must add the ghost contribution
(¥ (I)O*(I)O
AI*ghostz 16 2Id4X\/§ {54((1)0*(1)0)2[ ) 1 (12 ]
+2€2‘I)0*(D0 [1-1 ?3‘39*_?19] 29 PPy 54 } (56)
1'02 u2 151'04 uZ 63 CZCDO*(D()I'Oé |

Adding the contributions to the divergent effective action coming from the gauge
vector and the ghosts yields

ATV = - “—'J d*x g [ 2 2Y+32 1“ (47‘)] [34((1)0 D)?

%
862(1)0 (I)O 62
+ 2 54
Ty Ty

(57)

It can be shown that this agrees with eq. (7.19) of ref. [16], after taking into account
an overall sign difference in our definition of the effective action with respect to ref. [16]. In
fact, calculating in the same covariant gauge that we employ in the present section, Parker
and Toms obtained, for the pole part of the O(R%) contribution to the effective action

j d4x Vg [ 2 3Y+75 ln (41t)] [e4((1)0 (D0)2

vectory —
P.P.([Vector) = o
862(1)0 q)o
T 68

In writing the result of Parker and Toms, we considered only one vector field and
took into account the difference in the conventions. After specializing to a $* background,
this coincides with the O(r,™*) term in our eq. (57).

However, our result (55) disagrees with eq. (16) of ref. [3], as far as the O(r, ©)
term is concerned. The disagreement probably arises from the sum of the contribution
coming from P(R?) and the term generated by that part a; of which goes to zeto in the limit
Wp0=0. This gives us the result
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b
r o3l dtx Vg { o[-}

e?d, *(I)

h
=-Tr 5 ld% Ve { —[32] } . (59)

2d> *cp

to be compared with the result by Gavilanes and Perez-Mercader

-Tr—~——1d4x«/‘g{ o (D ;’gg‘s‘ } . (60)

The third term in the O(f," 6) contribution to our eq. (55) agrees with one of the two
terms of the same order appearing in eq. (16) of ref. [3], which seemingly represents the

| V"2, 20"
contribution obtdined expanding the logarithm ln”—*zg@ Unfortunately, Gavilanes
and Perez-Metcader do ot further separate the different contributions, as we did in writing
our result, hence a more detailed comparison is tiot possible.

Finally, we must add the scalar conttibution with the results (55) and (56).
Considering only the B, coefficient defined in (34), we obtain

LR , 116
R sl | ey ye

1 16 1
E ] 4351} ©1)
m2 + lgmoz +e2p 2 315¢2,2

This should be compared with eq. (38) and shows explicitly how using different
gauge-fixing prescriptions yields different results. This is in accordance with an observation
made by Jackiw [13].

4. THE WORMHOLE CRITICAL SCALE AND PHASE TRANSITION

We now turn to the analysis of the consequences of our calculation on the low-
energy wormhole physics. The value of the B, coefficient determines the one-loop
correction to the radius of the four-sphere that minimizes the probability distribution of
wormbhole parameters

3212
r02max 8nAG TGZAB3 s (62)

The maximum of the function Z(o) is obtained for values of o that drive B, toits
maximum (B,>0) or minimum (B4<0) value. For a pure scalar theory one finds a critical
coupling & which is obtained from the real root of B, i.e. £-=0.10227 [2].
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The solution of the tenortnalization group equations for pure scalars is readily found

tw-¢* |
13 '
So-g" ““5127&01115;
A 1
g . B M
1 321!2127\,0 ln uo
m6
;(1%)= - L— = (63)
my h o 3
1 - 12, In "
321 to

where we indicate by &, Ay, m,? the initial values at the Planck scale. Notice that §
has an infrared-attractive fixed point at &g = é.

| o Eweg

There is a scale-invarianit quantity, namely the ratio'—;iy([l-)-ﬁ This ratio has positive
(negative) value for Eg>Ey (Eg<bip). If Eg<Ec., there appears a critical scale [l whete the
theory undergoes a phase transition from massless to massive scalat fields [2].

The situationt of the spontancously broken abelian gauge theory can be analyzed
along similar lines. The critical parameters &g, W, defined by the vanishing of the
coefficient B, in eq. (45), have values that depend from the mass of the gauge vector field
e2¢02. The calculation of the one-loop effective action carried out in section 3, choosing a
covariant gauge-fixing presctiption, adds a negative contribution, cotniig from the gauge
field, to the £-dependent polynomial that comes from the charged scalar field. Hence, B4
cannot be rendered always positive by adjusting the mass ratio of the scalar and gatge field.
This is qtiite the opposite of what is found by Gavilanes and Perez-Mercader [3].

There is 4 need for the O(R?) contribition to the effective actiofi, in order to calculate
the effect of wormhole physics beyond the leading order.This procediite gives still the
wormhole effect on the low-energy parameters, but for the case whete 1, is not so large.
Then, our riext task will be to find the O(B,) corrections to the radius of the four-spere that
minimizes the effective action for the background gravitational fields.

5. HIGHER-ORDER WORMHOLE CORRECTIONS

In the previots sections we catried out the analysis of the quantum cottections to the
field theotetic model itt the S, background using a perturbative approach. The geometrical
tensors have been expanded in powers of the geodesic distance and this procedure allowed
us to calculate the one-loop effective action up to terms proportional to the third power of
the Riemann tensor. Clearly, this procedure can be followed including the next order
correction and this will improve the approximate validity of our result. In what follows, we



14

will calculate the O(R?) contribution to the efféctive action of a self-interacting real scalar
field. This is enough to give us a more accurate description of the impact of wormhole
physics on the low-energy parameters of the field theory, in comparison with the results
obtained above.

We start with the classical action for a pure scalar theory. This is obtained from eq.
(1) by setting Au=0. After renormalization, the finite effective action is given by eq. (13) to
all perturbative orders in the Riemann tensor. What we need at this point is the value of the
fourth Gilkey's coefficient g,. Then, after integrating out the matter field ¢, the expansion
of the action for S, defined in terms of the B 4 coefficient, reads

B, B, B, B

F=~Id4X\IE BO+ ‘*2—4- —%:4-‘ "‘5‘4- -3
ey T Ty T

The value of the HaMiDew coefficient g 4(x) is needed, in order to evaluate the O(r,8)
correction appearing in eq. (64). This coefficient has been calculated for a scalar field in a
curved background spacetime in ref. [17]. All we have to do, in principle, is to specialize
that result to the case of S;. First, we want to check that the lower order result, i.e. the
value of g;(x) provided in ref. [17], coincides with the coefficient calculated by Gilkey.
This is quite a nontrivial check, since the method for computing the valie of HaMiDew
coefficients devised by the authors of ref. [17] is completely independent from Gilkey's
method. In this way, we can be reassured about the correctness of the calculation of the
higher order coefficient.

-On a space of constant curvature, eq. (3.3) of ref. [17] gives

be = —[(— 8403 + 420E2 — 70E + 35)R3 + (285 - 14)RR 4R

14 8 podody , 8 e
+ (=28 + 5)RR g RO+ SR o ROTRBY 4 SR RUORY

" .53§RWRWBYRV + 808 RuapoRy p_26p p hoborve P ] . (65)

ay’ 9 uvpo af ~ 9 Tpvpo

Specializing this expression to the case of the backgrotind space $4, we get

it

b ri(; (- 288E3 + 144£2 — «1—;9?, + %_;1 . (66)

0

This coincides with the result obtained evaluating, in the case of the four-dimensional
sphete, the O(RY) coefficient calculated by Gilkey [7]. Next, we consider the higher-order
coefficient computed by Amsterdamski et al..

We can write the O(R4) coefficient by = % T,, where T, denotes all terms with four
curvature tensors
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- £4 3 2 ngpt 4 3NNp4
T, = (151205% - 10080E> + 252062 ~ 2808 + )R
+ (100882 - 3365 + 28)R?(R 13, R* — R ,gR%F)

+ (2048 - 1024)RR

wrpoRHBORY g P + (- 48648 + BIDRR , RHAPORY P

Hwvpos

+ (- 13448 +224)RR R YPORM® + (- 192E + 32)RR,;RIORYP

Hvpo o uvpo

+ (- 64 + )RR RUoRY, + 10BR  Re

ORV PROYOP
pvpo BR%R

_4672 R GRV pRaﬁyB 422922 13632 R RM

G v oc )
5 uvpo aB 5 Tuvpo of RY ;“RP1P

- 2044 Ry, RH ORY, BREo - BB R oRY, PRPW

Hvpo uvpcR of

96
+ R R PO (- REPIORY o 42 REPIR, )

-1792R °R"7°‘f’RYB +4352R

KB o g
uvocR af RV(WPRY

hvpoR op

+ 3R R0 (- 173 RYORPP + 447 RPRP® + 28 RVPRP)

+4RPOR 9 [103R

opu R + 5 (16 Ry oo REY + R R ")]

+ B[R g, ROV (R 5 RTPO -2 R RPO) + Ry RER RPO] . (67)

Note that all terms T, (i=1,2,3) of ref. [17], with less than four curvature tensors,
vanish in a constant curvature space, such as the four-dimensional Euclidean de Sitter
space. In writing eq. (67) we are correcting a misprint in the second contribution to the
r.h.s. of eq. (3.4d) of ref. [17]. Specializing to the case of $%, we obtain

_ 1 (opqrd ¢3 , 6962 296 | 149
bg-rog (864E2 - 57683 + 202 2% + 3 . (68)

This yields the O(rog) contribution to the effective action

[ 86424 — 576E3 + §%§52 2291@& + ;‘g : (69)

h
Be == mvi (@)
The fourth coefficient of the heat kernel asymptotic expansion has been computed
also in ref. [4], using a manifestly covariant technique. The use of this technique and his
results look very promising for use in the case where a gauge vector particle is present in the
theory, as in this case there are no results obtained following Amsteramski et al.. Hence, we
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turned our attention to the HaMiDew coefficients calculated in ref. [4] and compared those
vis-a-vis the results discussed above. In the process, we have detected several errors in the
formulae of ref. [4] and hence believe that a more careful application of the covariant
method is needed, in order to calculate the O(R?) correction in the case of scalar
electrodynamics.

APPENDIX

The Dimensional Anomaly

In order to calculate the dimensional anomaly, we consider the contribution up to
order ry* given by equation (12). We retain the dimensional dependence of terms of the
form R, R?, R RE, and R, ;RHP® contained in X, a,(x) and a,(x). In so doing we
obtain the extra finite contribution

R
3on2

1 " W 493
—;;1-[336U2—112U +—9?]}. (A.D)

Aranomaly — _ Ty [d*x Vg {— et - ;1—5 [3 e292 + 28 V"(U" - -é—)]
0

As was mentioned, the divergent contribution

: 2
A" 1 = iﬁ—~fd2‘°x ngr[aO—x—~ a;x + azjl (A.2)
£ 3212 £ 2

splits up into a finite part and a divergent part when dimensional regularization is used on
the S, manifold. We denote these

A (1) = AT (1)01\’ + Al (l)FIN , (A.3)
€ £ €

where ATTIN s what we term the dimensional anomaly.
On S, we have the following results in 23 dimensions, where € = 2-:

20

R= =5 Qo-1) = 25 [12- 14+ 0 (€))] , (A4)

To To
1 ,
RWR,, = ;;)—4—[36~668+0(82)] : (A.5)
1, .

1Y - _ 2

R pGRquo = r04 [24 -28 e+ 0 (e%)] . (A.6)
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When € = O the above reduce to the usual results for d = 4. Substitution of the above

into equation (A.2) gives the anomaly for the complex scalar contribution , AT’y and the
vector contribution, Al ,.

For the complex scalar field we find

AL, (Do - . h L __g[V 12V" (U" __)

*le 1612
_1_ AT Wy LT
. (72U 24U" + 15),] : (A7)
NN 4 14V L
AT, (E)F'N = 16n25dx vel- 7 (U- £)
._l_._ w2 " 401
o (168 U2 - 56U ) 1. (A.8)

For the vector field we have

AI‘A(;) AT, (8)+AI‘ (E) (A.9)

1 I y e20 11 1]
AT, (FPV = - d2‘°x—g{ 4446 —— = |, A.10
A(E)D 321t2I a U A1
24) T
N - _ 4 } A 0 103 1
AT, ( )F! ———32n2]d x«/g[ edot 2t %0 57 (A.11)

Hence we obtain the full extra finite contribution to the effective action. This does not
affect the wormhole contribution, nor does it affect the renormalization group equations.
The resulting new flat limit becomes

AT ®R - 0) = - [d*x g B,

m?2+ 1514)02]

S S Y o, Mgt 2 2)3.
_-32n21dx\f§(m + =+ dm%y? |5 - In .2

62 2
ret ¢l (3_ 32—1n -f%) : (A.12)

This result is obtained in the unitary gauge described in section 2.
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