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ABSTRACT

Leading logarithmic o(a®) corrections to Bhabha scattering near the Zg are
presented. These results improve previous analytical formulae for back-to-back et e
pair production to an accuracy of few %, and can be therefore used for precision tests

at LEP experiments.



First generation experiments at LEP/SLC have shown [1] so far good agreement
with the theoretical expectations of the electroweak standard model. The absolute
control of QED radiative corrections to a level of = 1% has been decisive to this
respect. This result has been achieved by combining soft photon exponentiation [2]
with exact calculation up to o(a?) [3] . In particular analytic [4,5] or semianalytic [6]
formulae have been proven to be very useful to extract the electroweak parameters

from the data.

The description of QED radiative effects for Bhabha scattering has been limited
so far to the one-loop calculation [7,8] , implemented by the resummation to all
orders of soft and collinear hard photon effects [7]. The corresponding analytical
formulae apply to a kinematical configuration where the electron - positron pair _
eventually detected together with hard collinear photons confined within a small cone
§ _ are produced approximately back-to-back. High statistics studies of this channel
from actual LEP experiments, which shall obviously add further information in the
leptonic sector of the Z decays, clearly require a treatment of QED effects to an

accuracy better than 1%, comparable to what has been achieved in the channel

ete > T (f=p1,.).

To pursue this aim we present in this letter the o(a?) leading results which
improve the previous treatment [7] in two respects. First, following ref.[5], the
factorisation properties of the radiative corrections _ the "infrared" factors to all
orders and the "finite" ones to o(c) and o(a?) _ are consistent to the structure

.observed to two - loop level. This fact has phenomenological implications relevant

for the Z, line shape in the channel et ¢ of the order of few %. Furthermore the
leading logarithmic "finite" factors to o(0?) are explicitly computed for the s and ¢
channels, from the corresponding form factors and bremsstrahlung contributions. The
radiative corrected differential cross - section _ with partial inclusion of hard photon
effects _ can be then written in the formalism of structure functions [9], after the

introduction [10] of K-factors to implement the Born approximation.



We start with the results of ref.[7], where, to one-loop and including infrared
factors to all orders, one writes the differential cross section in the form :
+ -+ 2 A -
do(e”e > e"e)=2do, ) {CY +C¥. (1)
i1 infra 2

The Born cross sections do,, (i) refer to all possible y and Z exchanges in the s

and t channels. The infrared factors C“(lga are obtained after adding virtual and real

corrections and fall into three categories corresponding to pure QED, resonant, and
QED - resonant interference terms. Then the "finite" C(:c) factors correspond to the
left over termis obtained after the exact one - loop calculation. Finally eq.(1) refers to
the kinematical configuration of a back - to - back electron positron pair, detected

v ) )
within an acollinearity angle J, which in tutn defines the energy resolution € = E of

the experiment, with E = ’\/% as the beam energy (e<<1).

Hard photon effects are not taken into account in (1). We shall return to this

point later.

Following the results of ref.[5], which are based on explicit o(a?) corrections
[3] applied to the reaction ete > u+ L, eq.(1) can be first put in the form

10 10 . —_ "
doe" e > ete)=Y dodi) = 2do, () [CY (1+€¥)+C?T L@

i=1 i=1
where the finite factors C(li:) of eq.(1) are splitted into two parts in eq.(2), according to

the factorisation properties explicitly verified to the two loop level. Eqs. (1) and (2)
are obviously mutually consistent to o(a), but differ phenomenologically by a few %

on the Z resonance. Furthermore the infrared factors are given by the form [2,5,7]

c® g2 Be*2PBin

infra

(i= 1,..,6)
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(cos Ba® - ctg 5 sin B P ),
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€+ (T) sienl 6]:
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200 s 0 .
where, as usual, B, = = L-1),L=In—3, Bjy = - Intg 5, and the other notations
me

are the same as in ref.[5,7]. The Z width I includes the usual dependence I' = I'(s) =

(M%) '15['5 The last of eqgs. (3) gives a correction of order of [, 2~ 0.01 to the

M?
previous [2] resonance tail factor 1+3, §"M—I':' o.

As a next step we shall study to leading o(a?) the expression of the finite terms
in eq.(2). To this aim the strategy to follow is twofold. First, from the explicit
expression of the form factors in the s and t channels, up to two loops [11] , and
including also the double bremsstrahlung contribution, we shall extend _ to the
leading logarithmic accuracy _ the o(a) expression of the factors C(I? in ref.[7]. Then,
following ref.[5], we also have to add the other o(B?) and o(Be) terms, corresponding
essentially to the hard terms of the initial and final electron radiators in the formalism
of the structure functions, taking into account initial and final interference effects, as
well. This second task can be achieved by virtue of the explicit correspondence [5]

between eq.(2) and the analogous one in the formalism of the structure functions.

In order to discuss the first point, let us consider the expressions of the

. 0 0
coefficients C(;) in eq.(1). One obtains (a = sin 3 b =cos 5 ):
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.3 2001 (T 1

@) _ =2 =t = i
Cp =3B+~ (3 —2)+ f}+..., (i=1,7,10)

. 20 [ 1t :
C(F)——BC+—;C— D 2) ( In a - In? a) +f] 5o (1=2,4.8,9) @

- 2

() 3 200 .n_. .}. .3. ] 1

CF 2B3+—1r - (6 +2) +2 (2 Ina-In? a) +f {+.., (i=3,5,6)

where f = F(a,b) defined in ref.[7], and the dots indicate the left over terms also given

in [7].

The above results have been obtained from the form factors F(s) = 8V (s), F(t) =

8, (t) and the bremsstrahlung contribution B to one loop as follows :

do® = do®  [E)l* B’ (i=1,7,10)
O =ds® |Fol B* .

do® =do® IFl” B (i=3,5,6) )
. . - - 2 .

do® =do® [Re F(s)] F@) B™, (1=2,4,8,9)

where f*‘(s) = Fz(s), E(t) = Fz(t), and the explicit form of B shall be given below. Then

eqs.(5) can be simply generalised to two loops, by taking

F&)=1+% [Re V) +iIm E)] + (%)2 [Re %) +i Im F2(9)|, ©)

PR P )2 @
FO)=1+"F () + (n) F o, | )

oM LA Cae)
B=1+ B +(n)B , ®

Then eqs.(4) are simply generalised to o(a?) using the expression of the form
factor of ref.[11]* and the corresponding bremsstrahlung terms to the leading

approximation , which we report below for the reader's convenience :

* In the following lepton loops are not included.
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Re F(s) = —;}1} + %L + 1‘5——1 ©
1 L 3
Im F s)=mn (-2' —Z), (10)

3 5n 3 n
Re F' ()—-—L4 T +(-3%+ )L2 (Gt +73
2

45
Y L2E 2te-Shno -5 T+ - ay
ImF@)(s): n[ "‘+"“L2 + (—- ) L—- 2C(?,)+ ] , (12)
) 1., 3 ﬁ
F(t)= 4L +4Ll+ 12~ 1, 13)
n
FP =351 -1 + (- ——+—-—) L+ Ga-E-5) L
59 n* n 1391 45
~4036 4’;(3) -5 + g e+ 57 » (14)
and
a1 2 .
B =§L2—"3—+f , (15)
(2) 1 mlz 2
4B -5 -1 (16)
where L -1n< ) L + In(a®) and { is the Riemann function ({(3) ~ 1.202). Notice

that we have put the infrared cutoff A=m in the above equatibns and also that the
usual infrared logarithms ~In € do not appear in eqgs.(15-16), being already included

in the infrared factors Chg)m (egs. (3)) . Furthermore eq.(16) is only expected to give

the correct L2 behaviour.

After substituting in eq.(5) the above expressions and some lengthy algebraic
manipulations we finally obtain the vertex and bremsstrahlung contributions C(;) to

C(;) as follows :



(O I O (CE R

[6@(3)+—-7- 2 93+6f]L
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(i=1,7,10)

@202 (2.1 2 Gre) o]
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+ [80‘-24£3+34F+§n2z2+ 12 c(3)5—3'nze——;c—9c(3)-2n21n2

1 4 211 5, 27 i=3.5.¢
—sem Sy n2+2+f2—8_t.2f+12lf—8f]},. . (=3,56) an

C)= ZBe 2a[(12 -; 1) (l t’)+f]
(a) {[26-6:- 7-—+—_f]L2

7, 93

[4!3—-1262+17£-— —-£+6C(3)+1 —-—4!f+6f]L

+ [2&‘—65’-—%—62 +7‘e2+6(;(3)c—'§£‘-9'c(3)—2n21n2

594_'_7_ 21 2 e con2e]]
~360 ™ 361c2+ > +H 4l f+6lf-8f+m f]} , (i=2,4,8,9)

where L—-lin‘ a.

The above equations extend, to the two—loop leading logarithmic accuracy, the:
results of ref.[7]). The splitting of the factors C(: into E‘.GF) and C'(;) in eq.(2) will be

discussed later, after considering further terms of o(B%) and o(Be), which can be
obtained by the method of the structure functions [7]. Indeed it has been shown [5] in

this framework, for the reaction et e~ —> p* 17, that a representation of the form



E
do® = fdx do® (s(1-x)) [Ac () A, () Be P (e - P +R(x,..)] (i=QEDRES INT)
0

(18)

has an analytic solution of the type (2), with the infrared factors indicated in (3). In
the above equation the first term in the r.h.s. takes into account the effect of the soft
radiation to all orders, while R(x,..) include the hard one up to o(a?) and gives further

correction terms of o(B?) and o(Pe) in the final cross section.

At the light of this result, eq(2), together with (3) and (15), can be rewritten in a
form similar to (18), taking into account two observations. First, the s, t channel
structure of the various cross sections do® in eq.(2) does not imply the same s —
channel initial and final states radiators for all do®, as in the case e¥ ¢~ —> p* ™.
This can be maintained however, as in the case of 0(0t3s) quark - antiquark scattering
in QCD [12], where the same structure functions are used, of course, for all s, t sub -
diagrams, provided appropriate K - factors are introduced for three classes of do®
corresponding to eqs.(17). These K - factors essentially take into account the different
scale involved and can be easily obtained by subtracting the first from the second and
the third of eqs. (17). For the sake of brevity we shall not report explicitly this result
here. We also observe that the structure function representation of the differential
cross section, as-in eq.(18) or in refs.[5,10], has to be limited to the very specific
kinematical region considered. The generic case, which includes hard photon
production, involves a much more complex analysis, as done for example in ref.[13]

fore e -> ll+ )", which is out of the purpose of this paper.

Having settled the general framework, we are able now to calculate some
further corrections, induced by the hard photon term R(x,..) in eq.(18), as obtained in

ref.[5]. We then get for the QED, interference and resonant contributions to the
coefficient C(: , respectively :



: n’ 1 1
CP > -Boe= B’ 5B’ € (= 1...6) a9
i 2 cos [(1+)®D] + tg 3 sin [(1+B)P]| ¢
C(F) - - BCE - gﬁez - ﬁe cOos (ﬁe (I)) +t SR i .
e g 9 sin (B, D) 1+ z
—’1'B2 cos @ +tg 8, sin @ e |PB 789
47C cos (B®) +tg 8 sin (B D) [1+£z| =789 0
o 2, cos [(1+P)D] - ctg & sin [(1+B)P]| ¢
F - - ﬁe - 6 ﬁe ~Pe cos (BC(D) -Cctg 8R sin (Beq’) l+ez

e |1B.

i+e z

1., cos®—ctgd,sind
T4 Be cos (B ®) — ctg &, sin (B.P)

, @n

with the same notation of [5], in particular with M> = M*~iI' M, and z = Ve
R

Notice that the coefficient of the third term in eq.(21) is only a half of the one of ref.

[5], because of the s ~ dependence of the Z — width, introduced here.

So far the p_ — dependence has been taken into account in the infrared factors

(3) only, which do contain the main effect. Some next — to — leading terms can also
be calculated, as done in ref.[10] for the reactione’ ¢~ -> ut u™. Then by collecting

all the effects discussed so far, we are finally lead to the following results for the

coefficients (—3(;:) appearing in eq.(2):

D P2 1,.= 1-B :
CP= €)= pee- R~ 3PP € " (=16 @
E0 - o0 Be- EEB 2 = cos [(1+]3e)(l)] +1tg 8R sin [(1+Bc)(l)] €
F 1 Fe 6"e ¢ cos (Be®) + tg 8y sin (BD) l+ez
- cos @ + tg &, sin P e |UB, .
"4 B ePe cos (Bo®) + tg & sin (BD) | 1+€2 (i=7.8,9) @3)
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2 = = cos [(1+B,)P] - ctg O sin [(1+B,)P]

SO _ 10 _p o Fa R £
Ce = C 1 Bee 6 BeBe — Be cos (B®) —ctg 3, sin (BD)

+ez|

= cos @ —ctg J sin 1-B,

£
~4 BeBc cos (B®) - ctg 8 sin (B, D)

1+ez

24)

with Be ﬂe + ﬁmt and Be [3e +2 Bim-

The expression of the factors C'(;) to o(o) can be extracted from ref.[7]. Being

no large logarithms involved, there is no need of the o(a?) terms, which would

require a complete two — loop calculation. Of course some relevant o(o?) terms, e.g.
from box diagrams, are already included in the exp'onent'iatt:dCi‘f?m factors. Then we

get for the factors C'(;) , with the same notation of {7] :
i _S% [ 22 gy
c=- { Vi, @+ 5AN® }

CP=ox { VI (s)+ AT (5)+ VT () + AY ® }

' (X
c@-2{ v*”(t)+ AY ® }

C'(;)-.-% { VI (s)+ AT (5)+VE (O + A% (1) }
co-Z{ [v,0+vi,0]+

(f2+f2)b“—-(f2
TR [AY 0+a% 0]} es

bt [ 2 g7+ a8%62] - €2-£2°

s _ & z z
CF_K{V“(O+A‘(0 4[ 26 22, 4 22] 2 e 22
b' | S+, +Af ] + (6,719
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Vg8 o+ o Vi,V o+ 2np [Vio-vE e ]} +

£2(1+2°) +£7 2z ,
P fv2(1+z2)+fA222} Lan@eat or2eglaro-2%0])

' o
CP-g{ Vi, 0+ Vi, 0+ AL 0+ 4% 0 }

+afli'.£(§s)5 { \/Y21r ([) -—sz (S) + A72 (t) ___AZ2 (S) +% }

) oL
C=o- { V2, 0+ V2 0+ A% ) +A% @ )

R,(S) Io { vz (9-v2 ) +a%m- AT, (s)+——}

AEH2A+H+ (£241H* 22
A v v A VA (S)}

oy & z
==1 V -
- { 1 )+ P+ A +D)+ 8%z

Eqs. (22-25) together with (2) and (17) represent our final result. Notice that we

have grouped the form factors and the soft bremsstrahlung 8 — dependent terms in the
6(;), and the corresponding box contributions in C’(I?. This separation is indeed
somehow arbitrary, in the absence of a complete exact two loop calculation.
However, due to the smallness of those terms to o(c?) a different procedure will lead
to irrelevant consequences for LEP experiments. We also observe that we have not
included in eqs. (22-25) the vacuum polarization terms 81: (s) and Sn (t) , unlike in

ref.{7]. This, of course, implies a corresponding use of the running coupling constant

eX(s) and eX(t) in the effective Born amplitudes.

So far we have not yet considered the emission of hard photons collinear to the

final particles, which are often detected within a small cone around the electron —
positron directions [14]. This effect was considered in ref.[7] to all orders for the
exponentiated factors and to o(c) for the rest. The analysis can be simply extended to
o(a?) in the leading logarithmic accuracy, by applying the Kinoshita — Lee —

Nauenberg theorem [15] on the mass singularities to eqs.(22-24). Then, following
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we obtain

: 4
with Ls =In 5

C C eBS—Be

infra infra infra

and
O O _ ol ®a los 1B, i1
c, — C.= Cl- Bse — 6 Be Bs + B, ) — y BeBe € , (i=1,..,6)

=G ) _ A _7_5_"
C¥ — c0=cV-PBse~ T Be B+ B,

_ cos [(1+B)®] + tg &y si;1 [(1+B,)D]

£
~Be cos (Be®) + tg O sin (B D) 1+ez
_ cos @ + tg 8, sin ® £ 1'(3, .
4 5(»,[3@ cos (B®) +tg & sin (B.D) |1+ez ’ (i=7.8.9)
~(10) ~(10) _ ~(10)
Cy — Cp=¢C, —Bge -
2 = = cos [(1+Bx)P] —ctg Oy sin[(1+B.)®@]| ¢
6 BaBe — Be cos (Be®) — ctg O sin (B, D) 1+ z
1 cos @ - ctg 8 sin @ e |18,
4 BCB@ cos (B®) — ctg & sin (BP) |1+€2z ’
where the factors (~3(;) are finally given by
0 _3 20 ORICE: ks
CO=3 B +By) + (1 £) + L~ - 5

L+Lg
LL + [6(‘;(3)+-117t2 93+6f]

20
[5,10], defining & the half opening angle of the small cone (8 << 1) and B, = o L

(26)

@n
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2t
[ 9L 27 In 2+ ~ Z 2+-2—-7-+f2+2n2f 8f]}
(i=1,7,10)

~@ 3 200 r
Cl=Z([3€+B5)+—*(1--——2{2+3t+f)

L2 +12
(“) {( 22 fr8F —121) —

2 L +L;

+%LL5+[1663~36c2+§n21+34£+6c(3)~%~93—8tf+6f]

+ [824~24z3+34f2+4n252+ 12 z;(3)z-3n2c—-—4—¢~9§(3)~2n21n2

11 211 2
9On4+ 75 T n? 27+f2 8t2f+12£f Sf]} (i=3.5,6) (28)

~0 3 200 n’ 3
C(1)=Z(Be+[38) + (1-—2——(2+~*£+f)

ORI AL

3LL + [453-1262+17z— —z+6c(3)+17 2

93 L+L

+ —~4£f+6f]

[26‘ 60 - —-(2+ {2 +6¢(3) - ——z—9 £3)-2n21n 2
35690 4 376 e +-277 +H2 4P E+6Lf-8F+ 1 f] } (i=2,4,8,9)

This concludes the discussion of collinear hard photon effects. We would like to
add a few comments on the phenomenological applications of our formulae, in
particular for LEP experiments. The kinematical regime envisaged by our formulae,
e.g. soft and / or collinear photon emission, is of course oversimplified to allow a
simple analytical treatment of the problem. In practical applications one has to correct
for the kinematical configurations not included in the formalism but clearly implied
by data, as for example, by applying a fixed cut on the acollinearity of the final
electrons. This, in turn, implies the necessity of relying on Montecarlo calculations
for Bhabha scattering. A treatment beyond one loop corrections [16] is still missing,

although some work along this line is actuaily in progress [17]. We expect, however,
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that our formulae can give an accurate description of Bhabha events on the Z, peak,

providing therefore an additional leverage to study the purely leptonic final states.

where a combined fit to all channels could provide a better determination of the Z,

production and decay properties.

To conclude, we have extended a previous analysis of e.m. radiative corrections
to Bhabha scattering in the vicinity of the Zy to include two - loop effects which are
relevant to improve the theoretical accuracy to a few %o, . Our analytical treatment is
similar to what already exists in the e €™ -> £* f channels and can be therefore used

to perform an overall coherent analysis of leptonic final states in LEP experiments.

&
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