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1. Introduction

The Green-Schwars actions [1] for type-II superstrings have been known for some time. Similarly
the superspace geometries for the D = 10, N = 2a (2] and N = 2b 3] supergravity theories have
been found. The Green-Schwarz action for the D = 10, N = 1 heterotic string has been quantized
as a nonlinear o-model using methods suggested by Kallosh et.al. [5]. However, the type-II theories
have not been investigated in this regard. As shown by Grisaru et.al. [4], the calculation of the
one-loop quantum corrections to these theories may be simplified tremendously if a special class
of constraints are chosen for the background D = 10 supergeometries. In this brief note, we will
construct the corresponding geometries for the type-II theories.

2. Improved Type-II A Supergeometry

We are considering a siiperspace ‘as 4 supermanifold with ten‘even coordinates z¢,g =1,...,10
and a pair of Majorana-Weyl spinors with 16 coordinates each, which are Grassmann variables and
have opposite chirality. We denote them by 6 and §%. Together, they can be put in a compact
form: ZM. = (g, 0%, 0%), M = m, o, &

The superspace. is describéd by a vielbein, Liorentz connection, a super one-form A 4, two-form
Bap and a super three-form I' gp¢. Taking exterior derivatives of these forms, corresponding 2-,3-
and 4-forms are defined: Fap, Gapc and Fapcp. The vielbein and Lorentz connection give rise
to torsion and curvature through-the definition of supercovariant derivative and graded commutator
of two such derivatives:

Vai= EAMDM +

| N (2.1)
(Va, Vil = Tap “V¢ +

Being superfields, torsions and curvatures have too many x-dependent components to describe
properly the dynamics of the superspace, so some of the components must be eliminated. This is
done by imposing appropriate constraints and using Bianchi identities (BI):

“V[As V_B_LVQ)} = 0. (2.2)
Using the definitions of torsions and curvabures we get:

ViaToc) 2 — Tiapy ETeig) 2 + Riase) =0

(2.3)

ViaRso)p & + Tiap) ¢Rejep B= 0.

If we now restrict any component of torsion or curvature, we liave made a relation among vielbeins
and connections and consequently, other components of torsions and curvatures are related through
Bianchi identities. It was shown [6] that if the first set of Bianchi identities is satisfied, then the
gecond ohe is also satisfied. All these identities are grouped according to engineering dimension.
Vector indices have dimension 1 (-1) when they are down (up) and spinor indices carry dimension
1(—1) under the same conditions. Gauge fields are of dimension 1 if they contain only vector
indices. Replacement of a vector index by a spinor one lowers dimension by 4. All field strengths
with dimension less than zero vanish. Since the field strengths are exterior derivatives of their gauge
fields, applying that derivative once more will give Bls for the field strengths:

ViaFse) — Tias BFpigy = 0,
ViaGpep) — Tiap #CGgisop) = 0, (2.4)

ViaFpope) — Tias “Feobe) = FlapGopr) + GlascFop)-



The field strength Fw differs from Fypgp by the addition of two Chern-Simons forms whose
exterior derivatives appear on the rhs of the final equation above. We also use conventions where
our supersymmetrization symbol {) is normalized so that each term appears with wieght one.

The solution of the Bls up to level 1 is: a) supertorsions, level 0, % and 1:

Taﬁﬁ= Tdﬁ T wp T = wp 7 =0,

Tug b Taa [ . Tg_ = 0,

Top &= i(0%) op TM; & = i(o’"‘)d,; )

Tup 7= 16058 + (0%)aple) P )
Tup * = 160at) + (0)45(a)Ix;

Tan = ~40")0Gus,  CasOMTy, ¢« = —4(e)2C 0,

CpiTaa ® = $5(08)arl(0%)57Bse ~ £5(c1)s7Dpuy]
C**Taq P = —5(0)*"[(0%9) 4" By ~ (o), Dy,
where
Ba= ¢ *Fg — xploa)a®x*
Dm: 28—(»1?'[4] + X,,(U[.{l)pd)(ﬁ.
{b) Gauge fields components are:

Fop= Ca‘e‘i’, Fop = FM; = 0,

F‘g_az ie(b(”g)aﬂxpy Fga = icaﬁeq’(ﬂg)aﬂ)(p )

Gapy = Guop = Gaba = Gaps = 0,

Gaap = i(0a)aps Coup = —il0day » (2.6)

Fopra= Faﬁg.lz = Fe.,é@ =0,
Fuﬂ'g_lz = eq,(ogé)aﬁcp[; ’
Fogpe = ~te®(0ape) apx®, Figphe = 1Cast®(04bc)Px 5.

® denotes a dilaton superfield, and x, is its partner dilatino. They satisfy:

Vol = Xa Va® = x4
Vaxp==Vixw  Vaxs=—8XaXa
C?*(0a)a’Vpxa = 66 Fop —8CT%x p(0as) "X 4 »
C1%(o1a)a’Vpxa = —4e™2Fiyy — 20745 4(014)) o X »
Vaxp= —i35(0%apVe®— i~1*e"q’(0[3’)aﬁ0[s| ~ XaXp 1
Vaxs= —133(0% 45 Va® + g5~ *(01%) 4 5G15) — xax s

(2.7)



3. Improved Type-IIB Supergeometry

Type-1IB theory is described by ten even coordinates z%, ¢ = 0,...,9 and two Majorana-Weyl
real spinors which have the same chirality. Unlike IIA model, Whl(’.h is vector-like, IIB is- chiral.
We can complexify these spinors to get the supercoordinate: ZM (zm,0%,6%), where §% = §°.
The content of the free IIB supergravity is described by a complex scalar @, a complex Weyl spinor
Ao, a complex antisymmetric tensor Agp, whose field strength is denoted by G gpe, a complex Weyl

gravitino 9%, a real graviton hgp and a real forth rank antisymmetric tensor Agbcq Whose field
strength Fgpeqe is self-dual.

Using the constraints proposed by Grisaru et. al. [4] we find the complete set of torsions and
gauge fields expressed in terms of scalar complex fields U and V and a spinor field A:

Taﬁg‘— o )otﬂa Taﬁg':TﬁBQ:O: Tpp < = 0,
Tap "= 160,58 + (69 aplod A5,

Tap 7= 6,05 + (%) )ap(oa)"%]As (3.1)
Tap "= —350 ) Tap? = 367Aa,
Tas —187 Kpy Tap” = 360K,
Gapy = 0, oo = 0,
Gaap = tU(0g)ap ) Gusp = V(08 ap »
Gagy = ~V(0a)ahp, Caw = ~Ulow)a’bp, (3.2)

Fopabe = Faﬁ be = 0
Faﬂ.@bﬁ: 20 0'_,b_c_)aﬂ) (3.3)

Faabcd: F&abcd = 0,

Taa ? = (0 an(cP)P + 4(01) 0y (00) PTG — VG, (3.4)
Taa P = %100 ar(e®)? + 4(0") ar(00) PIUGC)y ~ VG,
Toa P =60A0) + (ogh),,ﬂA(Z) + 25 (%) o Bape
+ 55(0a bed) PClheq + tdzilo 4])a al4]
Tag ? =60 A1) + (0404 ﬂA(2)+J_(Ub) PB4
+ &g 290 Cpea + 135 (0 ™) Dyjay
AN = —A) = ~iZ(0)*Rohp + 3(Le — L),
AR = —AQ) = —i3(0a)*PRoAp
Bgpe = Bape = —15(0abe)*PRhohp,
Case = Cute = ~i3(owe) ks )
Disy= —Dyg = id(ops)*Raks — i85,

. ) 1
Disj— Disj= ~ikalos) Ay Disy = 5eie) ® Dy



Solving the G-Bianchi identity we obtain the following differential equations for the fields U
and V:

VU= —-UA,, VJZ = -Vi,, (3.6)
~ 3.6
VoV = (V=2U)A,, VU = (U-2V)4, .
These equations give us the form of spinor derivatives of fields U and V in terms of U,V,A and A,
We can now try to express U and V as functions of a single chiral field, call it W, and still have the
equations (3.6) satisfied. If we achieve that, it shows that the physical number of degrees of freedom
is smaller than that which we started.

In order to solve these equations we impose two conditions:
a) U2 —|V|2 = 1 and b) U+V = U+V, (3.7)

These two conditions put very strong restriction on our system of equations. The first one can be
imposed because the G field can be rescaled which follows directly from the Bianchi identity for this
field. The right hand side still can not be zero because Lh.s appears in the denominators in our
calculations. The second condition is the condition for x-symmetry [4]. The solution of the given
system of equations with imposed restrictions is given in the form:

1 1+W 1 1-W

CVivwaw | Vivwaw

where W is a chiral superfield V, W = 0.

U VW = 2(W+W)A,, (3.8)

The spinor supercovariant derivatives for spinor superfields A and A are readily found:
Vahg= ~38alkp+ile(0Yap ,
Vahp = -gKaA,g +1Ly(0%) s,

. i _ (3.9)
Vohg= Shahp—id (o) aplUCp ~ VG,
where
1 vV,w 1 v W
= = L,=~ ——
La=swiw L2 W4W
As consequences for the fields U and V we now find:
VU= (Ly— LU —-2L,V
- - - (3.10)

VoV = (Lg— L)V —2L,U .

This set of torsions and gauge superfields represents the unique solution of Bianchi identities
subject to the condition of Grisaru et. al. , i.e. the condition for k-fermionic symmetry of correspond-
ing 1IB superstring propagating in the background of the massless sector of the string spectrum.
But, our goal being covariant quantization of a string in the curved background, we are not sat-
isfied with these results. In order to quantize string it is necessary to perform normal coordinate
expansion |7] and treat the normal coordinates as quantum fields. One can then easily see that
both bosonic and fermionic quantum fields contribute to one-loop divergencies [8]. The quantum
calculation can be simplified if we use a generalized Weyl [9] transformation. This amounts only to
field redefinitions; the new theory is completely equivalent to the one just derived. In order to see
how the Weyl transformation works, let us recall that the basic objects of the theory are V4, WA,
and M, & We can rotate these generators to get equivalent set of primed generators:



V= ed? [Va+ ‘zlfag M, i] , (3.11)

V= [Vt fo “Vat fo "Vt aa M, 4]
whose inverse are:
a = e-—-dd’VIa - lg‘fag gM_e_ d ’
e—d@vai _ %f&_d _Q_Mg d ,
e R A I A e T h L

Relations (3.11) tell us that the components of the supervielbein are related to each other:

<4

Vo=
Vo=

E’a M ed@Eu M 3

E's Mo cdop, M ) (3.12)

By M= o2 [E, My, B, M+ f, “E, u].

These formulas deserve some explanation. The real f-superfunctions are completely arbitrary
to begin. We can make them depend on the background fields. ®, a superspace scale parameter
can in general also be -arbitrary, but we choose it to be dilaton in order to cancel factor e~ % in
Ggap and G5 0 that the zero-dimension components of the field strength Hapc (see formula
(3.16)) which appears in the Wess-Zumino part of the string can be constant, i.e. independent of
the dilaton. That is conditioned by the requirement that the effects of gravity should not be visible
at the lowest dimensional level. The real constant d appearing in the exponent is the Weyl weight
factor which is doubled for the vector index which follows from the flat case:

(Dm Dﬁ) = i("g‘) apPa:

Multiplying vector derivative with ¢2¢ means that spinor derivatives are multiplied with et. Also, it
is important to notice the absence of factors in (3.11) which would relate unbarred spinor derivative
with barred and vector ones. If we had such factors they would make Tqp % and T, 5 & different from
zero and that would mean that the effects of gravity are introduced already at the zero-dimensional
level. Weyl transformations form a group and that makes possible to return to the original set of
fields. The transformation is performed on the objects of the dimension zero and and 4. With
newly constructed torsions and gauge fields we then again use Bianchi identity to determine the
components of the level one. The transformed components of the torsions and of the field G are:

1o %= Top®=0,

. 1
W = ed® -Tap T4 dA(a(S;) + Zf(alg o, d);) = Tap *fe 7] J

1= 4Ty T — Typ gfg"?] ,
T;ﬁg"z TaB & =i(0%ap

(3.13)

[ . 1
T'5 "= €| Tap " +dhp8l + 7134 %(0e DL — Tap “fo ”’] ;
- 1
T! 7= et [Top 7+ dhab] + ;1 fag 40 9]~ Tup a7
Zl_aﬂ £ e4d(]> [Gga_ﬂ + f_% 7G'1aﬁ + fl ﬁaﬁaﬁ]

’ag._Q = CSd(p [Gag,_b + f[g 7G_13]a'1 + f(g ﬁaélaﬁ]'



The requirement that the gravitational effects will not be present at the lowest level of G fixes the
constant d to be 1. The f-functions are determined imposing that the zero dimension torsions
should not be changed ( the same as in the flat case ) and that level 1 torsions should be such that
the quantum calculations give the smallest number of divergent graphs. We note that the improved
constraints found above have led us to observe that there are some ervors in reference [2]. These we
be completely enumerated in an expanded discussion of type-II theories in preparation.

The complete information of the I1B model up to level one is then:

a) supertorsions, dimension 3:
Taﬁg'= i(Ug)aﬂ, Taﬁy_ = T&ﬁ’l = 0, TEL’Q = O,
Tap ¥ = Tﬁﬁ T = Tu[g‘ T = [5(7(163) + (Ug')aﬁ(aﬁ)v(s]A6 ’ (314)
Toap "= Tap " = Tyz " = [6/,85) + (0%ap(0d)”’]hs,

b) 3-index field strength, level 0 and 1:

Gaap = i1+ W)(Uﬁaﬂ ) G_cyiﬁ = {1 -W)(0g)as
Gaap= 0, (3.15)
Ga b = %ezq)(aa_b)aﬂxﬁ ’ G&ab = “%ezq)(ag_lz)aﬁA—ﬁ ’

¢} real 3-form field strength which describes the Wess-Zumino term of the Green-Schwarz string
necessary for ensuring kK— symmetry.

Hppc = 3(Gapc + Gancg)

H_gaﬁ = H_&ﬁ = t(Ug_)aﬂ, Haaﬁ _-— 0,

(3.16)

W+ W = 12% | VW = e2%), , V0 = A, (3.17)
where @ is the dilaton superfield.

d) level one torsions:
Tug P = 31(00) an(0P) 7 [e22(1 4 W)G1g) — e722(1 = W)Glg) ~ i{o}e) P (Aahp — Raip)]
+5(0 ) ay(04) (Gl + Gg))
Tag ? = 35(00) ay (o1°) 77 [e“”(l +W)Gia — e 72 (1~ W) Gy + i(o[a) * (Aohp — xax,,)]
+35(0 ) ar(00) P(Glo) + Giay)
Tag * = ~Taa ? = 1(00)ar(08)7# [ 2294 (W — W) + % (o) PN o]

+idslop)a® | $oa W) ARy - §em20 B, W ] (3.18)

e) spinor derivatives of the dilatino:

Valkg=(0%ap [ie~2®ng + (Ug)wAvAG] - AlaAﬁ] )

Vakp = (0% ap [ie“zq’VgW + (‘EJWK*/A&] + KlorAﬂl )

VaK.ﬁ -+ VﬂAa = i(aﬂ)aﬂVQjI),



Viahp = Vahy = 0,

Vakpg = iﬁ(als!)aﬁ{enzq’ [(G’m - GIS]) + (W - W)H[;;l] — H[31} —3A,Ap+ Kaﬂﬁ ,

VO‘K[, = i—zli(o'lsl)aﬁ {e—2<b [(G{a] — G’[3]) + (W “'W)H[:B]] - H[?’]} - 3Ka1ﬁ + AaAp s (3.19)

f) and curvatures:
Raﬂg_b ziilﬁ(ag_b [3])01[.;{6—‘2@(1 + W)G{a] had 5—24)(1 - W)Gls] - 7:(0'[31)76 [A»,Ag b K,,K(s]
— 1(Gpay+ Cpap) } — 14 (0N {1+ W) Gy -

— ™1 = W)Gapa — i(019) ™ [Ayhs = RyRs] + 4(Gapa+ Cand) }

Rigay = 175(0a {3])aﬁ{€~2®(1 + W)y — e 28 (1~ W) Gy +i(013) " [As A5 — KK 4]

~ UG+ G } — i3 (0 Y {6721+ W)Gu - (3.20)

- 6—24’(1 - W)GM—*_ 1:(0'[‘3])76 [A.,A& - K,,,Ka] + ',];(ngﬁ_'i' G@,_i)} .

4. Type Il k—supersymmetry Invariance and Green-S¢hwarz Actions.

Among other space-time and world-sheet symmetries, the classical Green-Schwarz superstring
in the flat space possesses the so called fermionic k-symmetry. This is a local, world-sheet gauge
symmetry responsible for gauging away half of the fermionic degrees of freedom, which then makes
equal the number of bosonic and fermionic degrees of freedom in the light cone. In the curved
D = 10 background, k-symmetry is maintairied only if the Bianchi identities (and implicitly, the
field equations) for the background are satisfied [4]. This means that the background is on-shell
since the Bianchi identities of the efigiheering dimengion 2 are the background equations of motion.
Furthermore the requirements of x<symmetry and supersyinmetry combined give us the restriction
that the space-time must be of dimension 3,4,6 or 10. At the quantum level k-symmetry has even
more profound role. For the reason stated above this symmetry must be present while acting on
quantum fields which are obtained by the normal coordinate expansion. In order to quantize the
model as in ref [8], we have to fix the gaugé of this symmeétry and this procedure breaks space-time
global Lorentz invariance. In order to preserve the Lorentz invariance, infinite number of ghosts
are introduced, showing that k-symmetry has irfinite degree of reducibility. The most general
quantization procedure in tlhe Lagrangian formulation of gauge theories with open gauge algebra is
given by Batalin and Vilkovisky [10]. Some special truncation procedures were invented [5], with
the goal of making the algebra irreducible. In this case the problem of quantization is reduced to
the supergravity case without auxiliary fields, where the algebra is closed only on shell, which gives
rise to four-ghost coupling. We shall now show that the Green-Schwarz superstring propagating in
the curved background just derived possesses k-symmetry.

The string action is given by: *

4 1 A RPErY A A
S = /dzch‘l [n++ ol 4 + / dyll, €I, BI__ AHQBQ], (4.1)
0



where
My 4= Viy M3, ZMEy 4, N._4 =V__"m9,ZME,, 4,

M = ZM(q 1 y), fIyA = ByZ'MEM_A, I?[A_& = HABC(é) .

(We have changed our convention for H from some of our works [10].) Variation of this action is
given in [10]. We here only state that in the case of IIA theory this action is invariant under the
following x transformations:

§E* = —ikyyg(og)?olIE_, SES = —-’iic_l__i_[-,(aa)ﬁ‘iﬂg;_,_, 2)
§Viy™= 2kqqpll2 V__™ | §V_.m = 2r, P V™,

Here V™, V__™ are the components of the zweibein o the world-sheet and k is a two dimensional
vector, space-time spinor parameter defined on the world sheet. Also, §EA = §ZMEy\ A

For IIB theory there is also a set of variations of the fields ZM, V, . ™ and V__ ™ for which
the action (4.1) is invariant. In order to check the invariance it is convenient to define:

2E% = E“+ E®, 2E} = E*-E*,
Mg, = M3, +10%, 2I0¢__ = II*_ +11¢

——— ¥

with these definitions the action is invariant under:

SEf = —irgig(oa)oIE_ SEf = —ik__plog)? 1, , (4.3)
5V++m = 4f€++ﬂngi++v__m 3 6V_._m = 4IC___ﬁH€__V++m .

5 onclusion

We have derived the complete set of torsions, curvatures and gauge fields for IIA and 1IB
supergravities 1n curved space up to dimension one relevant for the analysis of string propagation
m the background made of its massless modes. The improved supergeometry is appropriate for
guantum calculations and for the study of anomaly cancelation. The invariance of these models
under x -transformations is clear. In order to apply the method of Batalin and Vilkovisky [11], the
complete algebra of all string symmetries in the curved space is needed. Besides the local Lorentz,
reparametrization, conformal and x symmetries, a bosonic A-symmetry must be included for N=2
models {12]. This symmetry is not a gauge symmetry and its relevance and role in the covariant
string quantization is not well understood.
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