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ABSTRACT

Hankel transforms are representations of the conformal inversion operator in Hilbert
space. Their action on eigenfutictions of the dilatation operator exists and is consistent,
however, only in the sense of analytically regularised ititegrals. Special cases of this action
reduce to Fourier transformss, more specifically to sine atid cosine transforms, of these:
eigenfunctions. These transforms ate, in general, not Cauchy-convergent. It is shown here that'
they may be analytically regulatised by Cesiro summability.

Regularisation is another name for summability. The basic idea of summability is that
before an integral can be assumed to have a valie it must first be given a definition. In other
words, for any given integral, the first question about it should be "How is its value to be
defined?" rather than "What is its value?"(1), And there can be diffetent definitions, giving rise,
in principle, to different values for the same integral. Uniqueriess of the value of the integral is
not the issue. The issue is consistency. The purpose of regularisation is to elininate
ambiguities. An ambiguity may be the classic one of outright divergence of the integral such as
the ultraviolet divergences in quantum field theoty. It may be failure to respect symmetry
constraints of a theory as a result of naive manipulations of the integrals involved. This is the
case of the famous Adler-Bell-Jackiw anomaly(2.3). Or more simply, the behaviour of the
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integral does not allow for the application of the standard Cauchy ctiteria for the existence of
limits in order to draw conclusions about its convergence. For lack of a better name one says in
this case that the integral is Cauchy - ambiguous. In all cases, the ambiguity is eliminated and
consistenicy restored by a suitable procedure of regularisation.

In this papet we consider, basically, generalisations of the well known integral

" sin x) =@
I dx X = —2'
0

1)
whose value is easily established by the method of residues. The generalisations are
AL = f dx x" sin (x)
0 (2.a)
AW := f dx x" cos (x)
0 (2.b)

where the parameter | can have any value, real or complex. For i = -1, A, (1) reduces to the
integral in eq. (1). The integrals in eqs. (2) are Cauchy-ambiguous for positive integer values of
W, ie p=0,1,2. Thisiseasy to see by integration by parts. They are outright divergent for
negative integer values of {L.

This behaviour does not come about quite as obviously as the behaviour of the integrands
for x — o would suggest. It will be seen later that A, (1) diverges for even negative integer
values of pie. p=-2N(N=1,2,...)and A_() for odd negative integer values of |1, i.e. L =
- (2N+1) (N =0, 1, 2,...). The existence of these singularities is fundamentally different from
the existence of the ambiguities at p = 0, 1, 2,.... The singularities are those of analytic
functions and cannot be eliminated by any method of regularisation. If it were possible to
regulate them away, then the corresponding analytic functions would have no singularities. By
Liouville's theorem these functions would then be constants, independent of . This would lead
to a contradiction, for there are different values of | for which the integrals are Cauchy-
convergent to different values. On the other hand, the ambiguities at jt = 0, 1,2, ... and at other
values of {1, do not have a fundamental origin. They arise from the inapplicability of a particular
definition of convergence. They do not exist in a wider theory of convergence(l). The
application of this wider theory constitutes regularisation.

) Befote coming to this, let us remark that the integrals in egs. (2.a) and (2.b) are special
cases of Hankel transforms. Hence their regularisation re-enters as part of the regularisation of
Hankel transforms discussed in ref. (4). To see this we recall that ®

172

sin (x) = (52—"— Jipp ® (3.2)
1/2
cos (x) = (F—z’i) V1 ® (3.b)



where J+1/2(x) is the Bessel function of order v = 11/2. Substituting from egs. (3) into (2), one
gets the Hankel transforms

12 pe
A = (1“2-) f dx x"*1/? Jip ®

A= (%’)mfudx x# 172 J1p ®
(4.b)

As Hankel transforms, the integral in eq. (4.a) exists for - 2 < Re(lL) < - 1 while that in
€q. (4.b) exists for Re(l) pinched at Re(i) = -1 ie. -1 - € < Re(lt) < -1+ €. The valies of the
integrals are(4.6)

(4.a)

=

RTRTST) H+1/2 r 1+"‘)
dx x J1/2’ (X) = 2
"0

'}

[\®

N|-~
E"_’i

(5.a)

=

- | [l=+ -—)

f dx xMPT_ 0 = 202 27 2)

b : u

r{-4)

2 (5.b)

Since the gamma function I'(z) is an analytic function of its argument with simple poles at

z=-N (N=0,1,2,...), one uses this analyticity propetty in egs. (5), (4) and (2) to define the
integrals A4(lt) in the whole pi-plane as

I ( 1+ )

AL () -fdx x* sin(x) = WZ“—-—-—%—

1 _g)

r (2 2 (6.2)
- | r (—1— + _!l_)

A Q) := f dx x* cosx) =y 2h 2 2]
o r-4
2 (6.b)

The furiction A +(1) is therefore analytic in the p-plane with singularities (simple poles) at

L=-2N N=1,2,..) (7.a)
and zeroes at
U=2N+1 (N=0, 1, 2,..) (7.b)

The singularities arise from the poles of the gamma function I'(1 + (1/2) in the numetator
of eq. (5.a) while the zeroes arise from the poles of ['(1/2 - (1/2) in the denomihator. Similatly
the funiction A_(j1) is analytic in the p-plane with simple poles at

=-2N+1) (N=0,1,2,..) (8.2)



and zeroes at
p=-2N (N=0,1,2,..) ,_ (8.b)

Using the Legendre duplication formula ™)

Tezn = 22 ' ' T r(-12-+z)

)
and the identities (8)
_ yis
T@ T'-2 = S 102)
1 1 7
F(f +g) T -2 = cos(nz) (10.b)
egs. . (6.a) and (6.b) can be re-expressed as
A ) = f dx x"sin(x) = ~T
0 Y e B_l_)
2 T W) sm( 5 L)
AW = f dx x" cos(x) = n
0 i o E"_L.)
2 T'(-1) cos( 5 b

Egs. (11.a) and (11.b) constitute the regularisation of the integrals A4(it) by analytic
continuation. We now wish to show that the regularisation of A+(}l), and yielding the results in
eqs. (11.4) and (11.b), may be obtained directly be Cesaro summability of the integrals
involved®. This corresponds to a definition of convergence more general than that of Cauchy.
It includes Cauchy convergecne as a special case (1), For simplicity let us rewrite the integrals
in egs. (11.2) and (11.b) in the combined form

A = f dx x* £,00

0 ; (12)
with
f,(x) = sinx) (13.3)
f (x) = cos(x) (13.b)
Let
Au(W) = f dx x" £4%)
0 (14)

be the cut-off versions of the original integrals with the cut-off L. We choose an increasing
sequeice L] <Ly <...< LN (N =1,2,...) of these cut-offs and denote the cotresponding

cut-off integrals by



L,

Al = f dx x" f.(x) N=1,2,...
0 (15)
Next, we form the hierarchy of arithmetic means
(V)
Caw = Apw (15.2)
N
®) 1 X (keD)
C-__I-N (u) = Nzcin (ll) k=192,-~-
n=1 (15.b)
and investigate their limits '
©) N (0)
C, W = im Cow
N -3 o0 - (16.3)
~ &) ~(K) ;
C. w =tim Co)  k=1,2,...

The Cg% (W) (k=0,1,2,..)are known as Cesiro means. The cut-off integrals A4n (L)
and their Cesaro means C.ﬁ){ (W) are easily generated with the help of 4 computer. By the same
means, one investigates theit behdviour as functions of Ln (N =1,2,3 ...) and consequently
the manner of approach to the limits defined in egs. (16) when they exist. By definition, if the
limit in eq. (16.a) exists then

(0) ,
C.wm = Aw (17.a)
and the original integrals A+() are said to be Cauchy convergent. In this case the limits

Cg?,(u) of all the Cesaro means Cﬁ% (W) (k= 1,2,...) also exist and otie has

(k) - _ _
C.ow = Aw  k=1,2,.... (17.b)

This follows from egs. (15.a), (15.b) and (17.4). On the other hand if the limit in
eq(16.4) does not exist, one of the limits i €q(16.b) may nevertheless exist. Let kK be the
minimum order of the Cesiro mean for which this happens. We then have the following
situation: the limits

(k-k) _ (k -k) _

C, w=1m Cypy (0 k=1,2,.k

N - o0 (18)
do not exist, but the limits



(k +X) (k +X)
C, w =1m Cyy ® k=0,1,2,..

all exist and one has the equality

(k+k) &)
C, w = Ciw (20)
In this case one defines the values of the original integrals A+(il) in the following
extended sense _
‘ ~&)
A,w = Co w v 1)

and one says that the corresponding integrals are Cesaro stimmable to Cq_(].( ) (1) or, equivalently
Cesaro summable at order k. Eq. (21) is nothing else but a condition of analytic continuation.
Consequently Cesaro summability regularises the integrals A4(p) analytically. It is easily
checked that the values of the integrals obtained in this way agree with egs. (1 1.4) and (11.b).
The results of the check are presented graphically in Figs. (1) and (2) for |t = 0, 1 and 3/2.
These plots give the behaviour of the Cesaro means Cg% () as a function of Ly for £ =0, 1,

3/2 and k =0, 1, 2, 3. They also illustrate the rapidity of the approach of the cﬁi (W) to their
limits, when these exist. The limits when they exist, agree i all cases ie forpu=0,1,3/2,
with the values of A+(l) given by egs. (11.a) and (11.b).

It is useful to see the explicit values of the integrals A+(l) in egs. (11) for a few values of
1. Here are some of these integrals:

=-1:
B dx sinx) _=®
] X~ T 2
0 (223)
[~ dx cos(x) _ -
J x ‘
0 (22.b)
=-1/2;
[~ sin(x) n
dx = =
2
JO Tx (23.a)
i cos(x) _ \/3_{
J dx ——v_; >

0 (23.b)



u=0:
fo dx sin(x) = 1 (24.a)
de cos(x) = 0 (24.b)
= 1/2:
o . _ n
L dx Yx sin(x) = g (25.a)
oo ) v _ n
L dx ¥x cos(x) = 3 (25.6)
n=1:
| j “dx x sin(x) = 0 '
. - (26.3)
fa dx x cos(x) = -1 (26.b)
= 3 21
f wdx %32 sin(x) = ;3;‘ 2n
A (27.a)
f _dx x3/2 cos(x) = % 2n
b (27.b)

In conclusion we tecall the physical context uniderlying these integrals. As shown in
ref(4) the conformal inversion opetator is represented in Hilbert space by a Hankel transform.
Let R denote the inversion operator and Dy, a dilatation by the parameter A in the configuration
space of the variable x. One has, by definition

X' = Rx = l v
X (28)
and consequently
Let
dD
D = .
dA Ja=1

@31



stand for the infinitesimal generator of dilatations. Then from egs. (30) and (31) one finds that
R and D anticommute, i.e.

RD+DR=0 32)

These are well known results. There is nothing ambiguous about eq(32) and no infinities
involved. However the representation of eq(32) in Hilbett space is not ambiguity - or infinity -
free. This is related to the fact that the operator D is not bounded. The consequence is that the
representation of eq(32) in Hilbert space does not exist except in the generalised sense of
analytically regularised integrals. This regularisation is what we have been concerned with in
this paper. The integrals involved heed not necessarily have direct physical applications. The
operators e.g. R and D, which the elements of the integrals represent have direct physical
meanings. For instance, the function xM in the integrals considered is an eigenfunction of the
dilatation operator D with eigenvalue j1. The functions sin(x) and cos(x), as we have seen, are
related to the Bessel functions Ja/2(x) [cf. egs. (3)]. The resulting Hankel trahsforms represent
in Hilbert space the action of the operator R on eigenfunctions of D. A consistent mathetnatical
implementation of this action requires regularisation. This is out thesis. The analytic
regularisaton of the integrals considered in this paper is a practical applicatioti of this thesis.
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