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Abstract. We show that the identification of the con-
formal anomaly of the general bosonic two-
dimensional non-linear o-model as the generating
functional for on-shell string scattering amplitudes is
correct up to O(«) terms. The absence, in the loop
corrections to the spacetime effective action, of contri-
butions from the explicit coupling to the dilaton field
is suggested as a general feature for s-models describ-
ing tree-level string physics.

1 Introduction and summary

The postulated correspondence between two-
dimensional non-linear g-models and string theories
has been clarified in recent literature [1-7]. For
compactification from higher-dimensional to ordinary
D =4 spacetime, the solution of the equations of
motion for the massless excitations of the string is
needed. Hence, some effort has been devoted to deriv-
ing effective actions for massless particles, in the
context of string theory. More precisely, two-
dimensional non-linear & models are believed to
describe the classical physics of strings propagating in
background fields. The crucial feature required for
consistency of such description is provided by con-
formal invariance. The requirement of conformal
invariance translates into a generalized condition on
the B-functions of the s-model, which can be imple-
mented in perturbation theory, with the string para-
meter 2’ providing the loop expansion parameter. The
conditions for conformal invariance of the o-model
are identified with the equations of motion for the
massless string modes [1-7]. These equations can be
derived from a single spacetime low-¢nergy effective
action, which reproduces the classical S-matrix
elements for the massless states of the string theory
[8,9].

The above ideas have been implemented in explicit
calculations for the purely bosonic 6-model up to two-
loops in perturbation theory [8], as well as for the
N =1 and N = 2 supersymmetric g-models up to four

loops [10-13]. In {8] the conformal invariance con-
dition is used to obtain the conformal anomaly (or
dilaton B-function), as an integrability condition from
the B-function of the pure metric bosonic o-model to
the two-loop order. At the same time, it is suggested
that the action function obtained integrating the
dilaton f-function is equivalent to the generalized
conformal invariance condition. This equivalence
should hold on-shell for the massless modes of the
string, i.e. modulo field redefinitions of the graviton
and dilaton fields. The two-loop effective action
derived for the bosonic s-model in [8] generates the
bosonic string tree-level three and four-particle scatter-
ing amplitudes.

A similar philosophy motivated the work of [12,13]
dealing with the N = | supersymmetric c-model (the
N =2 being a particular case of the N = | model). In
[13] the procedure of [7] is extended to obtain a
consistency condition which, if satisfied by the loop
correction to the graviton f-function, ensures the
existence of the integrability condition which permits
to identify the dilaton g-function to the corresponding
loop order. Then, it is shown that the four-loop
graviton f-function [14] satisfies the abovementioned
consistency condition. This allows to obtain the five-
loop dilaton B-function of the N = | supersymmetric
o-model [12,13]. The latter is used to construct the
on-shell effective action which generates the O(«?)
classical string S-matrix elements with external
graviton and dilaton fields. This result agrees with the
four-loop 1PI generating functional for the tree-level
string four-particle amplitudes [15,16]. The explicit
form of the O(x'®) low-energy effective action was
computed also in [12], based upon the integrability
condition [8].* .

The two-loop B-functions B¢ and B?; governing
the renormalization of the target space metric tensor
g;; and torsion potential b; of the bosonic two-

* We should notice that the overall sign of the O(x"*) terms tn (12)
and (17) of [12] should be reversed from + to —. as a result of an
algebraic error
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dimensional non-linear g-model with Wess-Zumino-
Witten-like terms have been recalculated recently
[17,18], correcting an error in previous computations
[19]. A consistency condition for BY and g% was
presented in a recent letter [20]. The consistency
condition, together with the requirement of vanishing
conformal anomaly, suffice to establish the existence
of an integrability condition for the generalized
conformal invariance equations of [8]. The conditions
for ultraviolet finiteness of the g-model were further
restricted in [20], to include only field redefinitions
which guarantee that the conformal anomaly vanishes
[21].

In the present work we discuss the conditions for
ultraviolet finiteness of the ¢-model in the case of a
generic vector function on the manifold V,. We derive
the consistency condition for the loop corrections to

{i and B, showing that it is satisfied by the two-loop
corrections of [17,18]. This allows us to evaluate the
two-loop conformal anomaly, and to construct, up to
O(«) terms, the 1PI generating functional for the
massless particle string tree S-matrix.

We plan our work as follows. In Sect. 2 the applica-
tion of the ideas outlined above is reviewed, for the
cases of both the pure metric bosonic and the N=1
supersymmetric o-models. We carry out such analysis
not merely for introductory purposes. It is our aim to
illustrate the rather suggestive and simple interplay of
various conditions for conformal invariance, pointing
out that they are equivalent in a perturbation theory
with o’ as the loop expansion parameter, modulo the
trace anomaly on the string world-sheet [21]. Section
3 is devoted to the derivation of the consistency con-
dition for the generalized bosonic o-model with Wess-
Zumino-Witten-like terms. The feature of non-
vanishing torsion spoils the criterium of perturbative
equivalence for conformal invariant conditions on the
flat world-sheet, pointed out in Sect. 2. In order to
achieve conformal invariance on the flat world-sheet,
one must restrict the form of the field redefinitions
allowed for the -model with torsion. Such a restriction
coincide with the one which ensures that conformal
invariance is maintained in the curved world-sheet
calculations [21]. In Sect. 4 we prove that the two-loop
B-functions B9, B?; satisfy the consistency condition
of Sect. 3. As a consequence, the B-functions possess
an integrability condition which allows us to calculate
the O(«') conformal anomaly $° and the string tree-
level effective action L pacerime- We discuss in Sect. 5
the resuits and draw the conclusions of the present
work. We remark that D¢ terms in the loop corrections
to B can be eliminated on-shell, i.e. by suitably re-
defining the quantum corrections, for all conformally
invariant two-dimensional s-models which describe
classical string physics. Such D¢ terms are not present
in the loop corrections to I paceiimes Provided surface
terms originating from integrating by parts are
negligible. Finally, we exhibit in the appendix the
algebraic manipulations showing that the consistency

condition is satisfied by the two-loop corrections of
[17,18].

2 Conformal anomaly of o-models

We; start from the generalized equation for ultraviolet-
finite s-models with vanishing torsion 8]

R+ Tij=DiVj+Dth 2.1

where T, represents the corrections to contributions
of leading order in . In writing (2.1) for a generic
vector function V on the manifold, we are setting the
“flat-space” trace of the stress tensor to zero [4]. In
order to achieve full conformal invariance, one must
also make sure that the conformal anomaly, i.e. the
Schwinger term in the stress-tensor algebra, vanishes,
This is guaranteed by the restriction [21]

Vi=iD;¢ (2.2)
which gives
R+ T;—- D:D;¢p =0. (2.3)

Carrying out manipulations on flat string world-sheet
for the torsion-free g-model, we can recover (2.2), at
least perturbatively in «/, by a consistency condition
on T; given in (2.11) below. Taking the divergence of
(2.1) and using the Bianchi identity, as well as (2.1
itself, we get

$D,R +D,;T,; = D*V, + D.D;V;+iD(V?)
+ViDiVi— T,V (2.4)
By taking the curl of (2.4), we obtain
(D*+2 ViDj)DyVy + 2Ry;;Dy Vi
=Dy(D) Ty, +2T V) — Ty, (D, ¥y~ Dyv) (25)

We can solve (2.5) perturbatively in «’. Recalling that
T,; vanishes by construction in the limit 2 =0,
we have

(DZ + 2 VOJDJ)D[" Vpi] + 2R/¢IUDU Voﬂ = O (2.6)

for the contribution ¥° of leading order in «". In
compact Euclidean spacetimes (2.6) has the unique
solution

D[k VO‘] = 0. (2.7)
For spacetimes with trivial cohomology (2.7) implies
Ve=1iD,¢° (2.8)

for some scalar function ¢° on the manifold. Using
(2.8), we write the expansion in « of the vector func-
tion V

Vi=4Di¢° + W, (2.9)
where W, contains the corrections to the leading order
in «". From (2.5) we get

[D? + (D;8)D;1Dy Wy + 2Ry;Dy W



Let us assume that T;; satisfies the condition
D,T;+T,D,¢=DS (2.1

for some scalar S. Then, the rhs of (2.10) vanishes, so
that the solution to (2.10) is uniquely determined, order
by order in perturbation theory, by

- Equations (2.9, 2.12) imply that ¥; may be expressed

as in (2.2).

All this indicates that a crucial feature for con-
sistency of the procedure is to check that the condition
(2.11) holds. If this is so, then we should expect that
the generalized conformal invariance equation (2.3)
have a condition of integrability requiring constancy
of the conformal anomaly #°, including Igop effects.
In fact, using manipulations analogous to (2 4), we get
from (2.3)

D[~%R+D*¢ + 4D¢)*1=D,T,;+ T,;D,;6 = D5S.
(2.13)

The last passage in (2.13) clarifies that the existence
of an integrability condition proceeds from (2.11). This
allows us to extract the form of the associated 8, by
integrating (2.13) (setting the constant of integration
equal to zero, as required for the existence of flat empty
spacetime)

B®=—R+2D*¢ +(Dg)* —25=0. (2.14)

The spacetime equations of motion for the graviton
and dilaton fields given by (2.3,2.14) may be derived
from a single spacetime effective action

Ispacetime = - j.dDX“/l’zewB[b
={d°Xg'2e’[R +(Do)* + 251, (2.15)

where D = 26 for the pure metric bosonic g-model,
while D = 10 for N =1 and N = 2 supersymmetric o-
models. The actien (2.15) represents the 1 PI generating
functional for the massless particle tree S-matrix of
string theory. Recalling the results of [8,12,13], we
conclude that (2.11) is satisfied by the loop corrections
to all torsion-free g-models [22,14]. The scalar
functions corresponding to (2.11) read, respectively [8]

= %fRabcd Rubcd (2 16)

for the pure metric bosonic o-model and [12,13]

S =2 (1/16)(3) — RuancR pangRucapR sca
— 3 Ryap R pgab Rhcap Rocak
+ (1/9)D; D (Rypac Racar Rocan)
+ (1/9%(D;®)D (R bk Racak Rocan) 1 (2.17)

for the supersymmetric case. Recalhng (2.14,2.15), one
may exhibit loop-corrected expression for B° and
I pacerime- The last two terms on the rhs of (2.16) can
be removed by a field redefinition of the superfield
action of the N =1 supersymmetric o-model, which
modifies the counterterm T, as follows [14]
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T;j—> T;; — (2/3)D.:D;[ Rytas Rhcap(Rigea + Riaea)]  (2.18)
The result (2.17) becomes, then
S = 1I3(1/16)C(3)( - Rhakanathhcdqucdk

- %thabquathcdqucdk) (2 19)

Notice that the contribution to [ ;,ccume from the last
two terms in the rhs of (2.17) is explicitely eliminated
by performing an integration by parts. The loop cor-
rections to the action (2.15) agree with the results from
the low-energy scattering of strings [8, 12, 13].

3 The consistency condition

Next we focus on the bosonic s-model with torsion
terms, We introduce the torsion potential b,;, as well
as H;; = 3D[‘bm Defining the tensor A4;; as the loop
correction to g° ij» in analogy to (2.1), we have for the
ultraviolet-finite s-model [8]

Rj—iHyHy+T,;=D,V;+ D}V, (3.1)
- %DkHijk + A‘J = VkHijk' (32)

Neglecting, for the time being, the trace anomaly due
to the curved two-dimensional metric, we go on taking
the divergence of (3.1) and use the Bianchi identity, as
well as (3.1), (3.2) and (A.20) from the appendix

ID:R+D;T;j—(1/24)D(H*) ~3A3H jy+ 1 Hip H i,V

The curl of (3.3) can now be considered, giving the
expression

(D* +2V,D))Dy Vyy + 2Ry, Dy ¥
= D[k(DIAT + ZT]j j %HI]JIAII)
+GH i e — Tip)(D Vg — (3.4)

Notice the presence in the rhs of (3.4) of a torsion
term of leading order in %', which makes it impossible
to solve (3.4) perturbatively in o’ for a generic vector
function V, even assuming that the world-sheet is flat.

Since the one-loop trace anomaly for curved world-
sheet vanishes, provided one restricts V; in (3.1,3.2) to
be the gradient of a scalar, we will make the assumption
(2.2) in the following. We expect that this restriction
suffices to guarantee the vanishing of the trace
anomaly, even to higher loops. Thus, a sufficient
condition for the theory to enjoy full conformal
invariance is obtained restricting (3.1) and (3. 2) as
follows

B%;=Ry— iHyHyy+ T,;—D;D;¢p =0, (3.5)
B;= —3DyHj + Ayj—3H,3 D¢ = 0. (3.6)
Carrying out manipulations similar to the ones which
lead to (3.3), we obtain

D[~1R+D*¢ +3(D¢)* +(1/24)H*]

Thus, checking the validity of the following consistency

t] J)
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condition )

D;T; + T,D,¢—3H,,A,=DS (3.8)
for some scalar function S on the manifold, ensures
that (3.5) and (3.6) admit an integrability condition
D[ 2R+ D¢ +4(D¢)* +(124)H* = S]=0. (3.9)

Notice that (3.9) is completely general, as long as T;
and A4,; remain unspecified. When considering loop
corrections to the S-functions satisfying (3.8), one can
integrate (3.9) to obtain

—R+2(D*$)+(D$)* +(1/12)H? — 25 = const. (3.10)

Equation (3.10), with S defined by (3.8), represents the
generalization to higher loops of the equation of
motion of the dilaton field, for the o-model with
torsion. For the existence of the flat spacetime solution
we must set the constant to zero. We identify. the
conformal anomaly, including higher orders in «, as

B®= —R+2D%¢ + (D$)* +(1/12)H? — 25. (3.11)

This generalizes the arguments of [8] to the case in
which a background antisymmetric field is present.

4 The O(«') dilaton p-function

Turning our attention to the two-loop corrections of
[17,18], we notice that the O(«’) contributions to the
tensors in (3.5,3.6) have the explicit form
Tj= - %1/[ - 2Rilkajlkm - %HhijhlmRiklm

= RuijiHimH iy + (D1 H jpi )(D  H 1)

- %Hhkithijklm - %HjmlHimkaqulpq

—%Hpialmquijqml]p (41)
Ax’j = %1/[(Dkaq[i)Rﬂkpq - %Hkm[i(Dj]Hkpq)Hmpq

+ %Hkmft(lelH]]pq)Hmpq

- —lz'(Dm Hijk)Hkqumpq]' (42)

Performing an algébraic exercise, whose details can
be found in the appendix, one can show that the
consistency condition (3.8) is satisfied by (4.1,4.2)

D;,T;+T,;D;p— %Hilejl
= —32D{ - $RascaRapea + %Haijamekjbm
+ ( 1/16) [HkqumquImmeb
- (1//3)anpraqumkamb] } (43)
Thus, we conclude that the conformal invariance
equations (3.5,3.6) admit indeed to O(x) an integra-
bility condition requiring the constancy of a scalar
function, which is identified with the conformal
anomaly of the s-model and the dilaton equation of
motion. Comparing (4.3) with (3.8), we have
S=—32{- 3R Rapea + fHaijamekjbm
+ (1/16)[Hkqumqukameab
—(1/3)anpraqumkamb]}' (44)

Substituting (4.4) into (3.11), we obtain the two-loop
expression of the conformal anomaly

B® = —R+2D*¢ +(D¢)? +(1/12)H?
+ 30 { = Rupea Ropeq + %Haijamekjbm
+ (1/16)[Hkqumqukameab
= (U3 H oo H yoi H g H 1} (4.5)

The spacetime equations of motions (3.5,3.6,4.5) for
the massless string modes may be derived from the
following spacetime effective action

Ispacetime
= — deGXgl./Zed’pdt =fd26Xgl/2e¢{R + (D¢)2
= (1/12)H* — o[- $Rapea Ribea
+ 7}}Iakjlzlalmlth:jbm + (1/16)Hkqumqukameab
- (1/48)anprnqumkamb] } . (46)

This action is the 1PI generating functional for the
massless particles tree scattering amplitudes. In fact,
(4.6) agrees on-shell with the action of [9] which
generates all bosonic string tree-level three-particle
amplitudes correct to O(x). Four-particle scattering
amplitudes, which correspond to quartic H-field inter-
actions, are computed for the heterotic string in [23].
A low-energy effective action, restricted to the case
D¢ =0, appears in [ 18], but the coefficient of the term
(Rapea)® differs from the one in (4.6), as well as from
the result holding for the pure metric g-model [8]. We
believe that (4.6) is correct because it reproduces the
result from the low-energy scattering of strings.

5 Conclusions

The results of the present work show that the identifi-
cation of the on-shell effective action with the
conformal anomaly suggested in [8] is correct includ-
ing O(«) terms. In the context of the N =1 and N = 2
supersymmetric g-models we see from (2.15, 2.19) that
no terms containing the dilaton field appear in the
O(a’®) corrections to the spacetime effective action
[12,13]. This feature is present in (4.6) as well, showing
that the explicit coupling to the dilaton field does not
contribute to the O(«') corrections to Lipaceume- Thus,
in computing the two-loop corrections to all the
B-functions of the bosonic s-model with torsion, one
can assume that the world-sheet is flat. It is interesting
to conjecture that a general proof of this statement
could be derived for all conformaily invariant two-
dimensional o¢-models describing classical string
physics. ‘

Added note. After the completion of our work, we became aware
of the work of [24], which analyses the renormalization scheme
dependence of the f-functions, and also performs the perturbative
check of the equivaience of the O(«) terms in the equations of
motion for the string massless modes with the two-loop corrections
to the conformal anomaly. The presence of an additional x(D¢)*
term in the effective action (4.6) is remarked, although the coefficient
of such term is seen to cancel out, after a rescaling of the field
variables.



Acknowledgement. We wish to thank the Department of Physics
and Astronomy at University of Maryland for hospitality extended
during the undertaking of this work.

Appendix

Algebraic manipulations for the two-loop B-functions

In the following we outline the proof of (4.3). The
two-loop corrections of (4.1,4.2) can be written as

6
T;= -4« lzl T(l)ij» (A.)
2

Ay=—to T 42, (A2)
where £
T“)ij = — 2Ry R jikchs i < (A3)
T(z)u = - %HhijhlpRiklps (A4
T = — RyjHipHipa, (A.5)
T(4)ij = %(DlHihk)(DlHjhk) — (1/6)(D:H un)(D ;H 14)

= (Dlijk)(DhHilk): (A.6)
T(s)ij = "'_LngkithpRjklpv (A.7)
T(s)u = - riHiji,,kH,‘qu,pq - %Hhithpqujk qul’

(A.8)

A= (DiH o) Ry e, (A-10)

Amu‘ =- %th(i(Dj]Hlpk)thk + %ch(i(DmHj]pk)thk
_%(DlHijk)Hkqulpq' (All)

From (3.5) and the Bianchi identity, we get

DR e = — RjpcD ;o0 + i Dpp(H oy H o + 01, (A.12)
while (3.6) gives

DkHl'jk = — H"jka¢ + O(al). (Al3)

The use of (A.12,A.13), neglecting higher orders in «/,
eliminates entirely the ¢-dependence of the lhs of (4.3).
Using (A.12,A.13) and the definitions (A.4-A.7), one
readily obtains
DjT“)ij + T(“UDJ(b

= - Z(DjRiabc)Rjabc - RiabcDb(Hcleakl)7
Dijij + T(Z)iij(b

= - —ZLRiAbt(DIHkbc)Hkal - %Hm(thtmD,Riktm,

(A.15)

(A.14)

D,-Tm,-,- + T‘”,}chb
= RiabcDb(Hcleckl) - %D[k(Hi]aleab)chdchd’
(A.16)
D,T®;+T%,D;é
= %(DmHi&)Hlaijaijmk + Rimij H i Dy H it
+ RyjmHini(D;H ) — 1R iape{ Dy H ) H i
(A.17)
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Adding up (A.14-A.17), we obtain the cancellation of
terms with the structure R;---H---D-H---, where the
dots stand for dummy indices. The partial result reads

4
I;l [DJIT”)u + T(l)iij¢]

== %Di(Rjabchabc) - %HhijhlijRiklm
+ RumiiH i Dy H gt + Ryjm H it D H i)
+ %HlaijaijmkDmHilk
— 4H e H 1Dyl H yap H 1ap).
From (A.8) and (A.12), we get
DjT(s’ij + T(s’,ijdJ
== %Rjklij(Hhkithm) - %Dt(Hmakaab)Hhkithrn'
(A.19)
Using the Bianchi identity and the closure property
of the antisymmetric tensor H
D}'Hikl—Dl'ijl_DkHijl—DlHikj:O’ (A20)
one can rewrite the second term on the rhs of (A.18)
as follows
- %HhijhlijRiklm
=- %(DnHikj - 2DkHihj)thmRkjlm
+ ZLDi(HhijhlmRkjlm)' (A.21)
Summing (A.18) with (A.19) and recalling (A.21),
one has
5
Z [DjT(”ij + T(nl_ij(p]
=1
= Dy(— 3R upeaRapea + %HhijhlmRkjlm)
+ RyjmH ik DjH e — 3 R jim H i D H i
+ 5 HypH jop H jpic Do H i
—iH, H 1ea Dy (H 3 H 15)

(A.18)

—4Dy(H oy Hiap) Hyii H - (A.22)
The definition (A.10) gives
- %HijkA“)jk = - Hihk(DjHlmh)Rkﬂm' (A.23)

The cancellation of unwanted R — H — DH terms is
achieved by adding (A.22, A.23)

s
121 [Dj'I'(!)‘.j + T”)qD;¢] - %HijkAu)jk

=D —5RuscaRapea + %HhijhlmRkjlm)
+ 3H oo H jap H jmi D H i —4HyeqH 1 Dy(Hpap H o)

- iDl(Hmakaab)Hhkithm' (A24)
Using (A.13) and the definition (A.9), we get
D,T®,+ T®,D;¢

= %H jsz j(H imcH kcdH ed)
- %chij(HdilHdmkHcml)' (A.25)

Combining the terms appearing on the rhs of (A.24)
with the terms on the rhs of (A.25), one can prove the
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following relations

%HlaijaijmkDmHilk - %chdchd(D[kHi]ab)Hlab

- %Hjml(DjHimk)chdchd =0, (A.26)
%chdchdeabDiHlab - il.'chk(Dme)HdmkHcml
={ls 16)Di[chdchdealenb
- (1/13)chldekHcmkHdml]' (A27)

Also, we read from the definition (A.11)
- %HijkA(Z),k = %HiijIm;(Dktha)Hmha
- inijlmJ(DlHkha)Hmha + %Hijk(Dlija)Hacdchd‘
(A.28)
Collecting all the remaining terms for a final cancel-
lation, we define
Ci= —iHoqHicaH oo DiH 1oy — 5D H s H o) H pici H i
- %HjmlHimij(chdchd)
- %chkHdile(HdmkHcml)
+ %Hiijlnu(Dktha)Hmha
- %Hiijlmj(DlHkha)Hmha
+ %Hijk(Dlija)Hacdchd‘
[t is easy to check that
%Hiijlmj(D(kHl]ha)Hmha - %chkHduDj(HdmkHcmt) =0
(A.30)

(A.29)

which implies

C,=0. (A31)

The proof of (4.3) is completed, by recalling (A.1, A.2)
and casting together (A.24-A.31)
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