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1. ABSTRACT

We note the inability of the multiple scattering model of Glauber and similar
geometrical picture models to fit data at Collider energies, to fit low energy data at large
momentum transfers and to explain the absence of multiple diffraction dips in the data. We
argue and show that a unitarity correction to the multiple scattering amplitude gives rise to
a better model and allows to fit all available data on nucleon-nucleon and nucleus-nucleus

collisions at all energies and all momentum trasnfers. There are no multiple diffraction
dips.

2. INTRODUCTION

The geometrical picture of diffraction scattering comprises many phenomenological
models such as the Glauber model, the Chou-Yang model, the eikonal approximation, the
spectator model, etc.(1), The idea common to these models(2) is that at very high energies a
projectile has very little time, in its collision against a target, to suffer a large deviation of
its path. Consequently it loses very little of its initial energy during the collision. If it -
trasverses the target, the projectile rarely suffers multiple collisions against target
constituents and is out of the target long before the changes which it induces in the target
occur. These features make diffraction scattering very closely related to elastic scattering.
Inelastic diffraction scattering is, in fact, sometimes referred to as quasi-elastic scattering.
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One would expect the assumptions underlying these models to be better satisfied as
the energy increases and hence for these models to provide better desctiptions of the data
at high energies. Experimentally(®) the opposite of these expectations are actually borne
out:

(1) Firstly the expected multiple dips in the proton-proton (pp) and proton-antiproton
(pp) elastic differential cross sections do not show up at the collider energies®).

The first and only dip in the pp differential cross section, seen at lower energies, is

less pronounced at the collider energies and tends to be less so at the higher

energies. For the pp differential cross section even this first dip is practically
absent.

(2) The observed pp and pp elastic differential cross sections tend to be much larger
than the theoretical cross sections especially for large momentum transfers where the
latter are, in comparison, negligibly small(®3.

(3) At collider energies, the measured ratio of the real to the imaginary part of the elastic
scattering amplitude, in the forward direction, is relatively large (of the order of
about 20%), in strong constrast with the basic assumptions of phenomenological
models according to which this ratio is either zero or negligibly small(3).
Geometrical picture models are therefore faced with a seeming paradox: a

purposefully constructed high energy approximation does not work at high energies! This

difficulty is not resolved by including higher and higher order multiple scattering
corrections: the differences between experiment and theoretical predictions are not small
and cannot therefore, be reduced by small perturbative improvements. The problem is
with the geometrical approach itself. This approach is built on an analogy with optical
diffraction theory (Fraunhofer diffraction) in which a target is viewed as a passive
geometrical obstacle in the path of the incoming projectile. Now, at very high energies
quite a lot of activity takes place inside a target through which a projectile passes and in
such magnitudes that they cannot be correctly accounted for by perturbative book-keeping
at the hadronic level. There is however a well known constraint which governs this
activity and its consequences. It is unitarity: the opening up of a large number of
multi-particle channels at high energies substantially reduces the probability for direct
two-particle to two-particle scattering. These two- to -two particle scattering, including
elastic scattering, are however not rare. They occur mainly through the intermediate state
mediation of the large nunmiber of multi-particle states accessible kinematically. Unitarity
thus has an important dynamical consequence. For instance, substantial elastic scattering
is present where very little would naively be expected. This enhanced scattering is due
more to the characteristic dynamics of multi-particle production than to the geometrical
pecularities of the target as an obstacle in the path of the projectile. In other words,
unitarity contributions to elastic scattering from multi-particle intermediate states do not



correspond to and cannot be simulated by multiple scattering corrections of geometrical
models. Consequently, multiple dips in the differential cross section, inevitable in the
latter approaches, are not at all foreseen in the former because of the lack of any definite
sign correlation between the various unitatity contributions.

It is proposed here to present the results of a simple model™) of elastic scattering
based on a summation over the uritarity contributions of a specific class of intermediate
states. The characteristic of this class of intermediate states is that they are assumed to be
"close" to the initial and final states. The intuitive idea of "closeness” is the same as
implied by the concept of quasi-elastic scattering or by the quasi-degeneracy of states
which differ in their contents of soft quanta. "Closeness" of states is an equivalence
relation which can be made mathematically precise. This is described briefly in the next
Section. In Sect. 3 we present the comparison of our results with data on a wide range of
reactions: nucleus-nucleus(>) and hadron-hadron collisions().

2. THE MODEL
Consider the S-matrix description of the scattering process li>— l-f >, where li>

and |f > are, respectively, a given set of initial and final states. Let the S-matrix be
expressed in terms of the scattering operator T as

S:=1+iT )]

and let us operate a unitary transformation on S, which allows to present T in the form

T=¢'?Toec A

(2)

By definition, A is Hermitian so that S, : = 1 +1 Ty, is, like S, unitary. We now
specify the transformation (2) further by requiring that T, be a "hard" operator, more
specifically, the "hard" part of T, while A describes the "soft" part in T. The theory of
infra-red radiative corrections allows to understand intuitively this separation of T into
"soft" and "hard" parts. Accordingly T, is that part of T which may be calculated in QCD,
perturbatively. to a certain order of the coupling constant. The soft part, on, the other .,
hand, is non-perturbative and represents the effects of the "dressing” up or hadronisation _
of the quark and gluon states involved in the "hard” interaction. In our approach™®) we
assume that this "hard" part is given. Actually this input is a simple model Ansatz and not
a QCD amplitude.

The effect of the soft part is a non-perturbative correction which we evaluate
explicitly by giving the operator A suitable properties in the space of "close" states. The
essential idea is that diffraction involves transitions between "close" states. Accordingly,



given a basis of physical states, li>, | j>, |k >, ... we assume that T, is diagonal in this
basis, that is

To li>=n; li> (3)

with eigenvalue ;. Taking matrix elements of both sides of (2) between the states li >,
|f > we get

Tg :=<f|T|i>=%nk.<f|eiA [ krs<kle i
@

where |k'> is complete set of physical states. We now approximate Tgby restricting the
summation over k' to only those states | k > which are "close" to the state | i>, | f>. By
assumption, li> and | £> are "close”, for diffractive production of |£> from |i>. The
problem is thus reduced to the specification of the action of the operator A between any
pair of "close" states. Alternatively, and more directly, one may define the concept of
"closeness” in the Hilbert space of physical states with respect to the operator A - To this
end, introduce the operator

D= %— (1 ~ e A}
(5a)
with adjoint
t 1 ~iA
D = 'i' (1 - € )
(5b)
and note that it satisfies the unitarity relation
pp'=pp'=1 [p+ D)
(6)

Two states | i>, | k > will be said to be "close" if there exists a state ‘ A > and complex
functions @; such that®)

Dlj> :D|k>___DM>

Qi Pk
N

So defined, closeness is an equivalence relation in Hilbert space. We then say that
the state | j >1is "close" or equivalente to the state |k > modulo D, i.e., | j>= |k > mod
D. The equivalence classes are subspaces of the space of physical states. In fact if



|j1 >, | jp > are "close" and if
li>=c lij>+ ¢, lj,> )

is their linear combination with complex coefficients C;, C,, then one gets

D IJ > = D | A>
®5
(%a)
where
?jn = C1 95,2+ C2 05,5
(9b)

The state |j > is, thus "close” to its linear components | jp >and | jo >. Generalising
(8), we therefore have that the set of states

lus=3 ¢ lij>,
j=n ¥
(10)
formed by linear combinations of "close" states | j >, forms a subspace in the space of

physical states. These subspaces are the equivalence classes.

In each subspace the set of equivalent, physical states, e.g. | i>, |k >, ... is
therefore complete i.e.

Y lij><jl=1
ij ] A

(11

where 1, stands for the unit operator in the subspace of states | j> equivalent to I >.

Eq. (10) follows from (11). Thus putting | L>= |k > we find from Egs. (10) and (11)
that

Cp=<j > (12)
and from Egs. (7) and (10) for ‘u > = l?L >,

D|k>=

jngM (pjx)D|K>

(13).
whence

jgkcjx 95y =1
(14)



(14
From Egs. (11), (12) and (14) we finally get

Pja =< A |j>
(15)

Multiplying Eq. (7) on the left by the bra | j > and making use of the adjoint of (7)
one sees that the complex number A defined by

A:=<A D] > = Iplj> _ <k[plk>
eSS = 5 -

2
|(ij| |(le|

(16)

is an equivalence class invariant. If we now assume that the set of class representative
states |K>, | A >, | A" >...is also complete, that is

[apay s l=1 (17)
it follows that the class representative state |A >isan eigenstate of D with the eigenvalue
A. In fact, given the state A > we can expand the corresponding state D A > in
the | A > —basis to get

Dlas=)diay <x D ]A> |as (18)

If the state | A >and | X' > represent two inequivalent classes then the operator D
should cause no transition between them, consequently

<MIDIA>=0 i AxwN (192)
<A IDlAa>=2 it A=A (19b)

Making use of (19 in Eq. (18) one gets the eigenvalue equation
Dla>=a]nr> (20)

After this long disgression we now return to Eq. (4) and substitute for el and e-1A
in terms of D and D* from Egs. (5). Making use of the properties of physical states with
respect to the operator D, Eq. (4) becomes

2
Ta= M; 85— 20% o [V ng+ Ang=2[A] my



where M, is the average

2
mi= I o] =< Tl A>=<n | Tl 2>

(22)
Now, from Eqs. (6) and (20) one finds that the eigenvalue A satisfies the unitarity)
condition

A [2=Re 1) 23)

where Re(A) stands for real part of A.
Making use of (23) in (21) gives

Ta= M, 85+20% mil[i (An - Anp) Tm ) + (An + Any) Re (x)}
(24)
where

ANy, ="y~ N (25)

Eq. (24) achieves an enormous reduction in the task of evaluating the scattering
amplitude Tg: one needs the wave functions @ and the corresponding eigenvalues A,
By assumption, the eigen-amplitudes 1; of T, in the basis of physical states are given.

Ty = m; +|2 kwixlem
(26)
where we have made use of Eq. (23).
Eq. (26) is easy to apply: The first term 1; on its right hand side corresponds, in the
geometrical picture, to totally absorptive scattering by a black disc. The second term,
involving the difference

2
An, = n; —Tlx=k§x (nk ‘ni) “Pkk|

27)

is a unitarity correction from intermediate scattering channels | k > different from but
"close” to | i >. It is therefore a multi-channel correction and drastically different from the
multiple scattering corrections of geometrical picture models. In other words, the second

term in Eq. (26) is still available even after multiple scattering corrections to 1; have been
made.

(*) unitarity of el
**) (Pil* are the eigenfunctions of D in the physical basis representation.



For elastic scattering, Eq. (24) reduces toHere then is the model for calculating Tj;: For the
elastic amplitudes 1; we use the Glauber multiple scattering model in the impact parameter
representation

M = Myfs. b, by owba )= 1= 11y (s,b) I (1 o f5:50)
o=1

(28)

where it is assumed that the state | i > consists of n constituents gy (0 = 1, 2, ... n). The
amplitude n;; (s,b) corresponds to the state |i > acting as a whole, that is, as if it were
"elementary”, whereas 1, (s,bg) is the amplitude for the scattering of this "elementary"
state against the costituent q,. The parameters s is the square of the CM energy Vs. For
the amplitudes 1;; (s,b) and Mjq (s,by) we assume Gaussian forms

nii(s, b)= Sii s) exp (—~b2/2ai(s))
4r ai (S)
(29a)
Oigls) (.2
niq(s’ba)= Z;l‘:—q(;; exp ("b / Zaq{s))
(29b)

Gii(s) and O;4(s) are the total cross sections for i-i and i-q scattering, respectively, with
a;(s) and ay(s) the corresponding slopes.

Now for the states "close" to or equivalent to the state li> we take all those states
|i , g > (n=0, 1, 2, ...) differing by the number of constituents qq. For n = 0 we have
what was referred to as the "elementary” state |i > above. For the wave functions of
these states we take

2
I‘Pix'2= ‘Pin(b1~~-bn)‘ =Py Inll l"’(ba)lz
o=
(30a)
y(b) = «/__2;7—;_1-;67—;)‘ exp (—b2/4Ro(S))
(30b)

where R, is a free parameter and P, the probability distribution of the n constituents. Py,
is assumed to be a Poisson distribution, for simplicity, i.e.



(31)

Going back to Eq. (26), one sees that it remains only to specify the eigenvalue A in
order for Tj; to be fully determined by Egs. (26), (28) - (31). We leave A as a free
parameter to be fitted to experiment. Substituting from Egs. (28) - (31) into (26) and
taking Fourier transform, one finds

dUl (S,t) _ 9
" |TiG (s.4)]
(32a)
Tigls.) =ﬂ dabbIgbVTET ) Tig bs.b)
’ (32b)
2 —h.
Tigls.b) = ngls,b)+]2 4] (1= ny(s.b). (1— ¢ M G(S’b))
k)
and _ (329
higls,b)= : GEES: exp (-— b2/ 2R (s))
T S
(33a)
R(s) =R, (5) + 2 (5) (33b)

Tig (s,1) stands for the amplitude obtained from the Glauber model as input for the
elastic eigen-amplitudes M; (s, b, by, ... by). The first term My (s, b) in Eq. (32¢)
corresponds to scattering from a black disc. Note that i Tjg (s,t) is purely imaginary
according to Egs. (32b) and (32¢). It would make no difference if the right hand side of
Eq. (31b) were normalised so that T;g (s.t) is purely real. The important fact is that in
either case the amplitude so defined is not analytic and, consequently, not consistent with
unitarity. The latter circumstance could be tolerated in multiple scattering models but not in
the present approach which is based explicitely on multi-channel dynamics and unitarity.
This problem is not solved in this paper, at least, not with an analytic function. The
complexification of the amplitude is achieved by using separate approximations for the real
and imaginary parts. The real part is assumed to be dominant at large momentum transfers
while the imaginary part dominates at small momentum transfers. The real part is assumed
to be given by the Chou-Yang model(®) within the same geometrical picture scheme. The
amplitude, in impact parameter space, is given by
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Ticyls,b)=1-¢ hicyls.b)
(34a)
Ho. 2 ,
T
heyls,b)= PP (b) K5 (ub)
(34b)

where we have used a dipole F;(t) = (1+ e ] / i )~2 for the form factor of the i > state.
Comparing (34a) with (32b) one notices the absence of the scattering from a black disc.
The complete scattering amplitude is thus

Ty(s,t)=1. foodbbJo(bw/ [ 1) T;(s,b)
’ (352)

Tifs.b)=Tj gls,b) —i Tj cyls.b)
(35b)

T;(s,t) is not an analytic function. The rationale behind Eq. (35) is the following:
separately, the Glauber and Chou-Yang models fit the data in the near forward direction
and each quickly leads to multiple diffraction dips as t increases. The multiple dip
structures are not present in the data. Eq. (35) gives a possibility for eliminating these
multiple dips. Since the dip structures of T;g(s,t) and Tjcy(s,t) are unrelated, they tend,
generally, to cancel each other out. This is the more so since (in our procedure) T;g(s,t) is
large where Tjcy(s,t) is small and vice versa.

3. COMPARISON WITH DATA

The model described in the last section is compared with data on nucleon-nucleon
and nucleus-nucleus scattering in this section. Figs. 1 give this comparison for
proton-proton (pp) and proton-antiproton (pp) elastic scattering. Table I gives the values
of the parameters used. In Figs. 2 we compare the model with data on aN — aN
scattering with N = o, d, 3He. Table (I) gives the values of the corresponding parameters
in the fits. Finally in Figs. (3a) — (3¢) we compare the model with deuteron-deuteron (dd)
scattering. This is a notoriosly recalcitrant case which has not been amenable to model
treatments. Table III gives the values of the parameters used.

Our first comment on these fits is that, unlike for other models, they extend over a
wide range of momentum tranfers 0 < | t i <10 GeVZ, and energies, 0 < Vs € 600 GeV.
Secondly a detailed knowledge of the (ground state) wave functions of the scattering states
is not required. The usual Gaussian wave function in impact parameter space is sufficient
for our purposes. This is true also for the deuteron for which, because of its spin one
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character, it was supposed that an admixture of S and D waves was required to fit the
data. As Figs. (3a) - (3c) show this detail is unnecessary. What really matters is the
unitarity improvement of the multiple scattering scheme. This is the more important
because it allows to fit the data over so wide a range of momentum transfers despite the
simplifying assumptions involved.

FIG. 1a - pp differential cross section at
Vs=546-630 GeV. The data are from Ref. (3a).

T itGeVv')

FIG. 1b - pp differential cross section at
Vs=53 GeV. The data are from Ref. (3a).

1 nGevt)

TABLE I - Values of the parameters used in the fits in Figs. 1. G stands
for Glauber amplitude and CY for the Chou-Yang amplitude.

Vs Spp 2, A2 R i 5 [

(GeV) (mb) (fm)?2 (fm)2  (GeV) (mby ¥
53 39.3 0.49 41.0 0.17 1.648 0.034  0.110
546 53.7 0.66 41.2 0.24 1.633 0.107  0.245
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TABLE 11 - Values of the parameters used in the fits.
R e Ton R Sq Moy, n
(GeV/ic)2 mb (GeV/e)2 mb mb GeV
ad 87 66 381 33 1.1 96 1.7
a3He 63 46 384 95 2.8 176 1.1
ao 55 49 203 96 8.3 456 0.8
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FIG. 3a - Plot of d-d elastic differential
cross section do(s,t)/dt against t for CM
energy Vs=4 GeV. The data points are from
Ref. (5a).

FIG. 3b - Same as in Fig. 3a, for
Vs=6.12 GeV and data points from Ref.
(5b).

FIG. 3¢ - Same as in Fig. 3a, for Vs=6.3
GeV and data points from Ref. (5c).

TABLE III - Values of the parameters used in the fits.

Vs GeV) 1AR a4y (GeVier?  oy(mb) R(GeViy2  gg(mb)  IAZgg(mb) m(GeV)
4 113 128 559 44 2.2 249 1.24
6.12 84 1451 618 99 1.3 112 1.56
63 90 104 450 39 0.96 86 0.938
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