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Abstract

In the framework of the U(1) Gauge - Higgs model in four dimensions we show that vortices are
present and are stable under quantum fluctuations, and so they can be considered as true non-trivial
vacua of the quantum theory. ' ”

In recent times the lattice approach to quantum field theories has been extensively applied tothc
study of Gauge-Higgs models. The understanding of the dynamical mass generation mechanism in
the standard model is one of the motivations for a such study.

On the other hand, another exciting non-perturbative phenomenon which can be analysed using
the lattice approach is the relevance of classical, topologically non trivial field configurations in the
quantum theory. Many phenomenological models rely on the relevance of this kind of non trivial
solutions of the classical equations. One example is the vortex solution in the U(1)-Higgs model.

*Present address: Istituto di Fisica, Universita' di Roma "La Sapienza", Piazzale A. Moro, Roma, Italy.



A vortex in three spatial dimensions is a string with finite energy per unit length, and is
caracterized by a topologically quantized charge which reflects the fact that the field configurations
cannot be deformed continuously to the trivial vacoum configuration.

The existence of these topologically non trivial solutions in 4-dimensional Gauge-Higgs
theories was found the first time by Nielsen and Olesen in 1973[1]; on the other hand, the relevance
of the vortex solution to the superconductivity phenomenon in solid-state physics is known since
long ago[2].

In this paper we report results of numerical simulations of the standard U(1) lattice Gauge-
Higgs model which give a quite unambiguous evidence for the stability of these objects under
quantum fluctuations.

The euclidean continuum action for this model is

.= Jax( (D,00D,0,) + m20,0, + A (0,0, % F o F, ) o))

where Du =E)u + igAu is the U(1) covariant derivative and Fuv the electromagnetic tensor. The lattice

version of the action (1) is
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The first term in (2) is the standard Wilson action for the pure gauge theory (B= -%) and the scalar

field at site n is given by
=Py G

Cn being an element of U(1) and p,, a real number running from O to infinity. The integration measure

for the action (2) is

Hpndpn anHdUun
n M

with the Haar measure for the the gauge group.We have included the p  term from the measure in S.

The relations between lattice and continuum variables are given by
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In our numerical simulations we have always worked at fixed p and carried simulations on 6%,

4 4 . . . . . . . . _
8" and 10™ lattices using as dynamical variables the gauge invariant combinations Wnu = Cn S Cn e

The U(1)-gauge group was in some runs discretized as Z(12) and in the remaining we used the full
U(1) group. No significant differences were found in the explored region.

In order to characterize quantum vortices, we look for several signals:
i) From the continuum analysis, a string-like structure ‘with flmte energy per unit length can be
charactenzed by a (localized) mcrease of the hnk.energy densrty_around the vortex 'singularity line.

Therefore, if we define the mean lmk energy

<Ey>=< Z (1-Re W) > ®)
n

we expect that:

El-vortex = <2 Elu > vortex > El-no vortex ° )
i

Additionally, when a vortex moves in (euclidean) time it becomes a surface in a 4-dimensional
space and then '

<E, >

1~ vortex

- <E, >
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will be proportional to the area spanned by the vortex. These features will survive in a quantum
simulation only if the vortex is quantum-mechanically stable.

ii) The vortex field configurations break (lattice) rotational invariance. Therefore, if vortex
configurations are stable under quantum fluctuations we expect to see a signal of rotational invariance
breaking, because of the high energy cost for changing the vortex orientation.

iii) In the continuum, a classical vortex string is caracterized by a quantized magnetic flux. Using the
Stokes theorem, the magnetic flux through a plane perpendicular to the vortex

2n
D =J. Audxu =g " (6)
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is quantized and proportional to the winding number n.

In the compact lattice version of this model, there are several possible definitions for the
magnetic flux and topological charge. Later, we will give several definitions and we will show the
corresponding numerical results.

In the numerical simulation we have made several runs starting from different initial conditions.

‘In Fig. 1a we plot the Quantity E;-E3atB=1.15 and x = 0.44, normalized to the lattice volume
(84) as a function of the Monte Carlo time, averaged in groups of six configurations for a hot start.
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FIG. 1 - E11+E12-E13-E] qasa function of M.C. time at B=1.15, x=0.44 , 10000 M.C.

iterations averaged in groups of 6, 84 lattice, Z(12) : a) hot start , b) cold start.

Since this quantity is in the average different from zero, we interpret it as a clear evidence for
rotational invariance breaking; moreover these results were stable even after 20000 M.C. iterations.
The corresponding results at the same k—f values obtained from a run with cold start (Fig 1.b) were
compatible with rotational invariance within statistical errors. Also lower values for the mean energy
per plaquette

<Z(1 - Re Wplaq ) >
plaq

and the mean link energy were systematically found. This fact can be interpreted as a signal of the
existence of a 2-dimensional (quantum) stable structure in the equilibrium configuration reached from
a hot start. The high energy cost prevents the formation of such structures from ordered initial
conditions in at least 50000 M.C. iterations.

We define the mean link energy in the jt~v plane as

E,, () =< Z (1-Re W, ) > _ )

n'c



where n' stands for the sum over the sites for which the (1,v) components take values (i,j). This
quantity is reported in Figs. 2 in a 104 lattice, for 4000 M.C. sweeps, after 2600 thermalization
iterations. A strong peak (Fig. 2.a) in this quantity is observed in planes 2-3 for random start, in
contrast with a completely flat distribution obtained for a cold start case. In Fig. 2.b an 2.c we show
this mean link energy distribution in the 1-2 and 1-4 planes (distributions similar to fig 2.b were
found for the 2-4,1-3 and 3-4 planes). On the other hand we have observed that the peak in the mean
link energy distribution is very stable in the Monte Carlo and real time evolution and we needed 2000
- 3000 MC iterations to move it of a lattice spacing (in an gt lattice).

FIG. 2 - Average link energy distribution at f=1.15 , = 0.44 , 4000 M.C. iterations, 104
lattice, U(1): a) planes 2-3, b) planes 1-2 , c¢) planes 1-4.

All these results tell us that a bidimensional structure was always present in these runs. This is
particulary remarkable in a lattice simulation where the trivial topology of discretized space-time does
not support topological stability.

In order to get additional information about the physical properties of this anomalous "vacuum”
we have measured the distribution of magnetic flux summed as in (7). In Fig. 3 we present the
magnetic flux distribution for the hot start run in the 84 lattice. The magnetic flux per plaquette is
taken as the sum of the link phases around the plaquette.

=&

FIG. 3 - Magnetic flux distribution in

planes 1-2 at B=1.15 , x=0.44 , 8* lauice,
Z(12).




Periodic boundary conditions fix the total magnetic flux in each plane to be zero. We found
nonetheless a clear evidence for-a :magnetic flux tube orthogonal to the 1-2 plane in quite good
agreement with the position of the mean link energy distribution.

Another way to characterize a vortex is to look at the topological charge, which in the
continuum is proportional to the magnetic flux; in the lattice however this may not be strictly true and
one can give at least two definitions of quantized topological charge[3]:

i) Isolating "large" from "small" fluctuations of the plaquette phase through the definition

D =P, + 21n (8)

where @ is the sum of the the phases of the link variables around a plaquette. @, takes values
between -4 and 4r and F is constrained to take values between -m and +x [3]; the topological
- charge is then Q=n.

This definition is not additive in the sense that if we apply it to loop formed by two plaquettes the
result will be different from the sum of the topoiogical charges of the two plaquettes. A possible
solution in order to avoid this problem is to apply the previous procedure to the phase of each link in
~ the plaquette (ii).

A further motivation for this choice is that this definition is more sensitive to local properties that
may be hidden in a more global quantity as the plaquette phase.

Using the first defintion, the topological charge distribution in the 1-2 plane (in units of 2,
with a definition similar to (7)) has a sharp peak for runs in which a vortex is present (Fig.4-a).
- Furthemore the sum over all 1-2 planes gives the (normalized) value 0.905 + 0.002 against a near
zerovalue (- 0.040 +0.002 ) in the cold start. Note that the definition (i) is not constrained to be zero
by the boundary conditions, if applied to a whole plane.

FIG. 4 - Topological charge distribution in planes 1-2 at B=1.15, x=0.44, 84 lattice, Z(12):
a) definition (i) , b) definition (ii).

The distribution of topological charge with definition (ii) is plotted in Fig.4-b. Again a sharp
peak is found in the 1-2 plane in correspondence with the magnetic flux and mean link energy



distributions peaks. In contrast to the previous case, now periodic boundary conditions fix this

topological charge to be zero in each plane. If we sum the values on a loop of side 3 lattice units
around the peak, we get instead the value -0.9510.05. All these results were obtained at B=1.15,

k=0.44, well in the Higgs phase.

As we pointed out before, a four dimensional vortex is a bidimensional structure and therefore,
if we define AS as the difference of the expectation values of the total action density in the "vortex”
vacuum and in the standard vacuum respectively, we expect a number proportional to the surface
spanned by the vortex, normalized to the total volume, i.e. proportional to L2 where L is the lattice
size, at least if the vortex is extended to the whole lattice (we have checked this looking at the energy
distribution at each temporal plane). In Fig. 5 we plot the AS values we have obtained for several

lattice sizes. The continous line is a fit of the form
AS = aL2 ©9)

with 0=1.8. The linear behaviour of AS with L2
is very well reproduced in the numerical
simulation. We stress that in our runs we have

never found vortices that are "closed" in the sense ggg

that extend to a limited volume of the lattice; we 0.04k

found only "open" vortices that are closed only by

the periodic boundary conditions. This happens %  0.03}

probably because a closed vortex can shrink to a

point and then disappear, while this is not possible 0.02}

for an open vortex. .

FIG. 5 - AS as a function of lattice size at B=1.15, K=0.44, g*
lattice, U(1) ; the line is a fit of the form AS = o2,

The vortex "vacuum" configurations are not reached for every random start. Only if the initial
hot configurations is, in same sense, near to a vortex configuration, the system fluctuates around the
vortex vacuum. We have verified this by checking that for some random starts the system goes to the
same equilibrium configurations as in the cold start case. Hovewer, perturbing the system with an
external magnetic pulse acting at t=0, the system goes to the vortex vacuum and stays there even after
we take off the external field.

We expect that the vortex stable solutions will disappear or will change drastically when we go
to the Coulomb phase of the model since the photon is massless there. To check this point we have
made several runs in a 8* lattice, starting from the equilibrium vortex configuration at k = 0.44 (B =
1.15) and decreasing ¥ in several steps by changing K ---> K+0 with 5=-0.005. At each point we
have run 4000 MC iterations.



In Fig. 6 we plot topological charge distribution (definition ii) for the final point (x =0.335 ) in
the 1-2 plane. No peak can be observed in this Figure and the same result is obtained if we plot the
mean link energy distribution.

FIG. 6 - Topologial charge distribution in planes
1-2 (definition ii) at B=1.15, K=0.335, gt lattice,
Z(12).

Hovewer the numerical value for the total topological charge in the 1-2 plane (definiton i) is
0.891+% 0.004 to be compared with the corresponding result for the cold start case (-0.050£0.002).
These results indicate that we are not in the standard vacuum, as confirmed by the results on the mean
energy per plaquette which are slightly greater than in the cold start case. The absence of a structure
similar to Fig. 2-a can be explained by the fact that, beeing the photon massless, the magnetic flux
has not to be confined in a narrow tube and so the vortex can occupy to the whole plane.

These results are also applicable to Type II superconductors in an approach similar to Ref.4.
Our results say us that once the magnetic vortex is created in the superconductor, this flux tube is
stable and remain even if the external field is removed.

The main comclusion one can get from this analysis is that, in the context of the U(1)-Higgs
model, a non perturbative calculation based on the lattice formulation confirms the possible relevance
at the quantum level of the vortex configurations, beyond the semiclassical approximation in which
they are introduced. One advantage of the present formulation as compared to the semiclassical
approximation is that the same analysis can be extended in a simple way to theories with fermion
fields.

‘ B 'ifhis bek has been carried out in the context of an INFN-CICYT Collaboration.We thank both
institutions for their financial support.

REFERENCES‘

1. H.B. Nielsen, P.Olesen : Nucl.Phys. B61, 45 (1973).

2. V.L. Ginzburg, L.D. Landau : Zh.Eksp.Teor.Fiz. 20, 1064 (1950).

3. S. Grunewald, E.M. Ilgenfritz, M. Muller-Preussker : Z.Phys. C 33, 561 (1987).
4. P.H. Damgaard, U.M. Heller : Phys.Rev.Lett. 60, 1246 (1988).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


