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We study the strong coupling limit of noncompact Yang-Mills theories on a lattice. We find that quarks are superconfined
namely single quarks cannot be separated even by one lattice spacing. At large but finite values of the coupling constant supercon-
finement is relaxed, and the quark-quark wave function decays at large distance not faster than exponentially, a behaviour incom-

patible with a linear effective potential.

In Wilson’s formulation of gauge theories on a lat-
tice [ 1] the matter fields are defined on the sites while
the gauge fields are defined on the links as angular
variables. The reason is to make gauge-invariant the
product of matter fields at neighbouring sites. This is
done according to the point splitting procedure intro-
duced by Schwinger [2], by accompanying such
products by an appropriate phase factor

vy exp(if @ Jwir) (1)

In such a way the gauge fields always appear as the
arguments of circular functions in the terms describ-
ing their interaction with the matter fields. By defin-
ing also the pure gauge field lagrangian or hamiltonian
by means of circular functions of the gauge fields one
obtains a compact formulation of the theory.

As far as gauge-invariance is concerned, however,
there is an alternative definition to (1)

v exo(i [ anedue Juio) @)

where the gauge field 4, has been replaced by its lon-
gitudinal part# A,,. If we define the products of
matter fields at neighbouring sites in this way, we
must add the interaction with the tranverse part of
the gauge field, which remains noncompact. More-
over, since 4y is a gradient,
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Ae=0,0,

the expression (2) is only apparently nonlocal, since
it can be rewritten as

y'(x) explip(x) lexp[—ip(») Jw(y) .

The field y=exp(ip)y is gauge invariant, and its
use allows us to define all the variables on the sites.

The general formulation of gauge theories on a lat-
tice following the procedure just outlined will be re-
ported somewhere else. In this paper we investigate
the strong coupling limit of such a theory, by extend-
ing to dynamical quarks the results previously ob-
tained [4] for classical color charges.

We find that in the g—co limit quarks must occur
in even number at each site, namely single quarks
cannot be separated even by one lattice spacing, which
we call superconfinement. At large but finite values
of g superconfinement is relaxed, and the quark—
quark wave function decays not faster than exponen-
tially at large distance. Note that such a behaviour is
incompatible with a linear effective potential.

# T am grateful to Professor Y. Srivastava for calling my atten-
tion on the fact that in a previous paper by Schwinger [3] the
definition (1.2) is found by solving the equation satisfied by
the regularized current in the presence of a gauge field with
constant strength. After eq. (3.17) of ref. [3] it is observed
that the regularizations (1.1) and (1.2) coincide when the path
of integration is a straight line and the field strength is con-
stant, a condition which is not satisfied in the present case.
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The fermion field hamiltonian density and the
Gauss constraint read

e =19y ( O —184ka 5 Ta) W+ MYy (3)
(0kEka — 8€arcALEL — gloa) =0 , (4)
where

Joa=5¥"¥, (5)

7 being the Pauli matrices. E;, are the momenta ca-
nonically conjugate to A,,. We adopt the convention
of summation over repeated indices, although in some
cases the sum will be explicitly indicated.

We parametrize the fields in such a way as to intro-
duce gauge-invariant and gauge degrees of freedom.
For the gauge field we put

Ap=utAu+ (i/g)utdu, 6)
or in color components
Ara =Arphpe — (1/28) €apchap Ochac . (N

The gauge degrees of freedom are the three angles
¢, which parametrize the orthogonal matrix 4,

The spinor field y is replaced by the gauge-invar-
iant spinor

x=uy. (8)

We must now express both hamiltonian and Gauss
constraint in terms of these variables.

As explained below only the g— oo limit of the gauge
field hamiltonian is needed for our purposes. This has
been derived by Simonov # and will be reported be-
low in discretized form.

The fermionic part of the hamiltonian density in
the new variables reads

M =1x0e (8 — g3 Tadra) X+ MXX - (9)

The field y is gauge-invariant, so that we can define
all the variables on the sites, in spite of the presence
of products of y at a site times y at a neighbouring
site.

No difficulty comes from discretization of the
Gauss law. Using the angles ¢, the spatial derivatives
disappear and it takes the local form [7]

[Lo(p) +hoax 3711 ¥=0, (10)

#2 The polar representation has been introduced for the electric
strength.in ref. [5] and then for the gauge field in ref. [6].
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where L, are the cartesian components of the orbital
angular momentum of a rigid rotator.

We can now perform the discretization in the stan-
dard way

op(x) >0 (@), Lp(x)—a=>Ly(u),
w(x)—»a=y(p), Au(x)-»a'dg(p),  (11)

where a is the lattice spacing and # a vector with in-
tegral components.

Let us emphasize that although A4, and the gauge
angles ¢, have been defined on the sites, the cartesian
components A, do not turn out to be defined on the
sites because of the term 1g €, Ag0x N4, in eq. (7).
This fact has an important consequence which will be
discussed later on.

We adopt Wilson’s prescription to define the fer-
mion field on the lattice, so that

pr=(1/a)§ ix(a) ;yh%[x(ﬂ#l)—x(ﬂ—fz)]

+gx (1) 3T ynx () A +amp(u)x (1)

+; Ky(u) [x(w)—x(u+h) —x(u-h)], (12)

where K is the Wilson gap parameter.
Finally the discretized version of the Gauss law
reads

[La(a) +hoax () 31sx (1) 19=0. (13)

The Gauss operator is the sum of a spin and an or-
bital angular momentum in color space. The spin
takes on integral or half-integral values at each site
according to the occurrence of an even or odd num-
ber of quarks at that site. As for the orbital angular
momentum one would expect naively that it should
take on integral values at each site. If this were the
case, the Gauss law would require an even number of
quarks at each site; and a single quark could not be
separated by another one even by a small distance,
which we shall call superconfinement.

In order to determine the content of the Gauss law
it is necessary to understand the role of the curvilin-
ear coordinates which give the form of an angular
momentum to the Gauss operator.

The expression of the cartesian components of the
gauge field in terms of gauge angles plus other vari-
ables bears some resemblance to the transformation
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from cartesian to polar coordinates in quantum me-
chanics. In order to analyze in detail such an analogy,
let us consider the problem of a particle moving in a
plane and interacting with a fermion. Let the hamil-
tonian be

H=—ip*+y*y+V(r, 25, L;), (14)

where

=/X*4y?, Ly=xp,—ypx, Zs=y'iny. (15)

The above hamiltonian acts in the configuration
space of the particle and in the Fock space of the fer-
mion, y, ' being destruction and creation operators
respectively.

Let us consider the motion of the particle subject
to the constraint

(L;+25)¥P=0, (16)

which obviously commutes with the hamiltonian, In-
troducing polar coordinates H becomes

2
H=—%—£a—i<aar>+l£—+V(r 25, Ls) . (17)

As far as this form of the hamiltonian is concerned,
any number of fermions is allowed. We have the ad-
ditional requirement, however, that the eigenfunc-
tions of the hamiltonian in polar coordinates be also
eigenfunctions of the hamiltonian in cartesian coor-
dinates. This requirement rules out the states with an
odd number of fermions which, due to the con-
straint, belong to a half-integral eigenvalue of L, and
are therefore multivalued.

Here is the limit of the analogy between this quan-
tum mechanical model and the present formulation
of gauge theories on a lattice. In the latter case only
the hamiltonian in curvilinear coordinates is defined
on the sites, and there is no corresponding cartesian
form. As a consequence multivalued functions of the
gauge angles cannot be ruled out, and are actually re-
quired by the structure of the hamiltonian. Suppose
in fact that we start with the wave function

=Y (=) Dyl (m)yt (u)105, (18)

where s is the third component of color spin.
By applying the hamiltonian to such a state we get
states of the type
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)S+1/2

=Y (-1

X [ (p+R)ut (u+h)ypu(p) Lwt (), (19)

which are multivalued functions of the gauge angles,
because u belongs to the spinorial representation of
0(3).

As already said the hamiltonian cannot be defined
on the sites in terms of the cartesian components of
the gauge fields because these components are not
defined on the sites due to the term (i/g)u'9,u in eq.
(6). In the limit of large g such a term disappears and
also the cartesian components Ay, turn out to be de-
fined on the sites.

In order to study the large g limit it is convenient
to express the nine gauge-invariant components by
six independent variables. We chose the polar repre-
sentation [7] for the gauge field

Aka =g_1/3(ﬁcnlnhna -8 2/3:lzeabchnb akhnc) > (20)
so that
-"Ika =fl‘ca)'a . (21 )

The six independent variables are three angles 6,
which parametrize the orthogonal matrix f, and the
three A,. The factor g—!/3 has been introduced for
convenience.

The large g limit of the gauge field hamiltonian has
been reported in ref. [4].

g2/3 92
How="3a ,,[‘; 22 a)

1 0
ZEMAZ(;:)—A%”(/:)Q"(”) 3, (1)

9
—Am{(a) (B )>
X{[A2(p) + A%, () 1 [ LZ () + 12 (1) ]
+42,, () A () Lo () () }

1
2L € 22 00) A2 (i) 1

+ A3 ()3 () + A3 () A3(p) + 23 ()43 (/4)]]
(22)
In the above equation
le=finLn(0) . (23)

For the fermionic part we find

L;<=hkaLa(¢):
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Hro, =(g%?/a) ¥ w(p)u' (p)},
o
x;yhu(ﬂ)w(ﬂ)lha. (24)

For large g we can define also the cartesian compo-
nents of the gauge field on the sites

Aka(,u)=g_l/3fl‘cn(”)ln(,u)hna(,”) (25)

and we can write the hamiltonian in cartesian
variables

Hooo=(8%/2a)Y, [—8*/04%.(a)
+%eabceadeAZ(”)Ai(”)Az(ﬂ)Az(”)] s (26)
Heoo =(8%%/a) ¥ w(a) 3ty () Ana(m) . (27)

The hamiltonian contains only fermionic opera-
tors at the same site. It is therefore consistent to re-
quire that the eigenfunctions of the hamiltonian in
polar coordinates be also eigenfunctions of the ham-
iltonian in cartesian coordinates. Such eigenfunc-
tions must be single-valued, so that only integral
values of L, are admissible and quarks must occur in
even number at each site: In the g—co limit we get
superconfinement.

We can study how superconfinement is relaxed at
finite but.large values of g by performing a strong
coupling expansion.

Let us evaluate the probability for two quarks to be
at relative distance r=Na at the lowest nonvanishing
order. We need to consider only those terms in the
hamiltonian which can induce transitions of one
quark from one site to a neighbouring one. There are
no such terms in the expansion of Hs. Hg contains
indeed the fermion operators only in j,,(#), which
cannot give rise to quark hopping. It is therefore suf-
ficient to know Hg..

Terms of the necessary structure are only present in
Hp, and are of zero order in g. Since H,, is of order
g%/3, the expansion parameter is g ~2/3, in agreement
with eq. (20). The desired terms are

F=(1/a) 1 ; w() [Ginn—K)y(p+h)

- (Girs +K)y(u—m1. (28)
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Now H._, is the sum of hamiltonians defined at single
sites

Ho, =8>} ho(#), (29)

where the definition of 4, (#) follows from eqgs. (26)
and (27).

Let us denote by @’ (#) and @2 (u) the eigen-
functions of 4., (u#) with one and zero quarks, m, n
being all the necessary quantum numbers (we should
actually say with fermion number 1 and 0, because
h., does not commute with the number of quarks).
Let us denote by €$!’ and €¢{? the corresponding
energies.

At zero order we have an eigenfunction @ with ei-
genvalue € decribing two quarks at the same site, let
us say the origin, due to superconfinement. Such a
state is highly degenerate, so that we should use de-
generate perturbation theory. It will be clear from the
following that this is not necessary for the lowest
nonvanishing order.

Let us take the distance r between the quarks along
one of the coordinate axes, so that we can indicate
the position of one quark by one single coordinate,
and write @, (i) for its wave function. The first
term in the pertubative expansion is therefore

—-2/3 1 1 -1
g7 e—€f) —el]

XL P (1) D5 (0) | H | PV (1) P(0) ),
(30)

describing the transition of one of the two quarks from
the origin to site 1, which was previously in the ground
state (vacuum) @ §° (1). The generic term in the ex-
pansion is

—1
h—1
g—2/3(e—e,<.:3—es;;— ) e,s?>)

i=1
XLPEN ()P R, (h—1)|
XH' | @ ()P f) (h—1)) , (31)

because to lowest order the quark must always jump
in the direction of the site N. It has to do N jumps to
reach the site. It follows that the probability to find
two quarks at distance Na is of order g —*/>V, and it is
vanishing for N—co if the pertubative expansion
converges. This shows that confinement persits at fi-
nite but large values of g.
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It would be interesting to evaluate the quark—quark
wave function in order to find what is the effective
potential which can produce it. This would require
the evaluation of the Nth order term of the perturba-
tive expansion. We are unable to do it, but we will
show that the wave function decays not faster than
exponentially at large distance, a behaviour incom-
patible with a linear effective potential.

To this end let us evaluate the amplitude for one
quark to reach the site N by leaving behind itself all
the sites in the ground state. Such an amplitude is

'1/=g—2/3N Z (BN—I)mN,rmlemo
momimy
XPLO)PGUN) [T 267, (32)
#AONI

the matrices B and C being defined by
By = (€= €S —€5)) ™"

X(PL) ()P (h—1)]

XH | @ ()P ) (h=1) ,
Crnimo=(€—€4) —€5)) 7!

XD ()P L (0) [ H |67 (0)P(0)) . (33)

We thus have
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| P2 =g~ **¥ TrCT(BT)Y-1BV-1C. (34)
Now there exists a real positive number b such that
|#|22 (g72°b)*N=exp(=2r/70) , (35)
where
r=Na, ro=-a/ln(g~°b), (36)

and r, is positive for g large enough. The probability
for two quarks to be at distance Na irrespective of the
state of sites between them is obviously larger than
| 12, and therefore such a probability decays not
faster than exponentially.

I am very grateful to Professor C. Becchi, Dr. C.
Natoli and Professor Y. Srivastava for many discus-
sions of some of the features of the present paper.
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