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ABSTRACT

Using Weyl transformations in superspace, we find that the nonminimal
version of D = 10, N = | supergravity based on geometrical constraints obtained
by Chau and Milewski, is equivalent on-shell to the canonical formulation.

We interpret the appearence of auxiliary components for the off-shell D = 10,
N = 1 supergravity multiplet as a feature of the geometrical formulation.

The analysis of the implications of the Bianchi identities in the geometrical
version of the theory is extended to the nonlinear case.



. INTRODUCTION

Type-I or heterotic Superstrings provide suitable candidates for a
unifled description of quantum gravity and low-energy particle physics [1,21].
The massless field effective action which should arise asg low-energy limit of
the 50(32) or EMXEm Superstrings is expected to possess a D = 10, N = i
supersymmetry. The form of the effective action may be crucial in determining
the ground state(s) which allow to preserve N = | supersymmetry in the
compactification to D = 4 spacetime [3]. Superstring field theory exhibiting
manifest supersymmetry and Lorentz covariance seems still far from being
ctonstructed. Thus, the use of superspace has been suggested as a method to
formulate superstring effective actions [4]. This approach allows to derive an
effective action for the massless fields in type-1 or heterotic superstrings,
including O(et’ ) string corrections to the field theory limit [(5]. The use of

a formalism which makeg manifest the Lorentz covariance of the open superstrin:
produces a new string correction term proportional to %s'g.‘...s_sths"h-'-.Fg"h’
in the low-energy effective action [6].

The above examples @lucidate how, in order to achieve the description
tf the effective supersymmetric D = 10 .fleld theary In the most effié&entwway.
it 1s necessary to have a complete understanding of N = { supergravity and
Supersymmetric Yang-Mills theories in D = 10 spacetime '7-=11]. The geometrical
requirement of integrability on a light-line in D 10, N = | superspace leads
to a vanishing spinor-spinor field-strength tensor and to supersymmetric Yang-
Mills equations of motion [123. Recently, a new set of constraints for D = 10,
N = 1| supergravity has been derived. in Ref. [13}, imposing the condition of
light-like integrability.

In the literature several constraints have been imposed in order to
describe D = 10, N = | supergravity in superspace [12,14-18]. In Ref. (4] it is
shown that relating those different sets of constraints requires the use of
generalized conformal transformations in superspace. In the present work we shc
that the -new set of constraints pPresented in Ref. [13] describes essentially tr
same theory as those appearing in the previous literature. Using the general
formalism of Weyl-scale transformations in superspace [19,20], we derive the
field dependent transformations allowing to relate the theory of Ref. [13] to
more standard versions of D = 10, N = i supergravity.



We begin by reviewing different standard formulations of D = (0. N = 1
supergravity. Section IIllcontains a discussion of the geometrical <onqxra1nt;
imposed in Ref. [13]. The next section is devoted io the analysis of the
generalized superspace conformal transformations. We prove the equivalence
between the nonminimal and the canonical formulations of D = 10, N =1
supergravity, giving, at the same time, the redefinitions of the supergravity
fields required by the superspace Weyl transformations. The corrections to the
linearized theory are presented in Sect. V. We end our discussion commenting
on light-like integrability conditions and possible off-shell formulations
of supergravity in D = 10 superspace.

IT. CANONICAL CONSTRAINTS

Both new and old D = 1), N = { supergravity were originally constructec
using the formulation of component fields [7,21]. The two supergravity theorice
are related by a duality transformation. The corresponding superspace geometr:
has been investigated in Ref. [18]. Torsions and curvatures are introduced
by the definition
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Notation and conventions are as in Ref. {4). To our purposes, i.e. in order
to show the equivalence of the different choices of constraints for D = 10,
N = 1 supergravity, it is sufficient to quote the conditions imposed on the
torsions [22]. The following choice of constraints, which we refer to as
"canonical” 18]
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ide:secri%t:»e the new theory in supersgpace.

In (2) Nsbs is the dualized seven-form
field strength. In

the s parspace description of the old version of D = 10,

N = 1 supergravity some of the constraints are modified with respect to (2)
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In (3) the modified superspace field strength He&s appears. The Bianchi
identities, together with (2), imply the equations of motion
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Consistency of the constraints (3) with the Bianchi identities implies
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The superfield @ is the fundamental field strength of the on-shell theory
{14] . The old version of D = 10, N = 1 supergravity is directly related to
the low-energy limit of type-I or heterotic superstrings. On the other hand,
the superspace formu:latiom of the dual theory allows to embed superstring
corrections in a considerably simplef way (5,23.,24). The two field theories

are indistinguishable in the light-cone formulation of superstring theories
r hi
125,26 1.

III. A NONMINIMAL FORMULATION

The consequences of light-like integrability conditions in D = 10,
N = 1 supergravity have been investigated by the authors of Ref. [13]. Those
conditions lead to [13]

(=
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. In
replaced by a constraint on the curvature.
set of constraints derived by Witten [12]

The first Bianchi identity

[ 5(“ ‘, iyﬁ’ 1, (7’” } = O

has the solution

V., VWl =i 5. . VE

in terms of some operator VP. This implies

found in Ref. 713]
i~ . v o
GWF;ré ) - L E?}H*r! ql r
o~y . Y

an explicit solution for the curvature

(6), with respect to nore standardad formulations,

torsion constraintsg are
For reference, we quote here the

= 0 3
&
L~ =0 (7)
(8)
(9)

» in addition to the expressions

(i0)

(11)
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The solution of the remaining Bianchi identities is carried out only partially
in Ref. T13!. Such a task (i.e. solving all Bilanchi identities at the nonlinear
level) can be simplified by making use of (12). We shall not attempt to pursue
such equations here. At this point we turn our attention to the structure of the
vector-spinor superfield which appears in (10).

The geometrical constraints are not sufficlent to eliminate all
unphysical degrees of freedom for the description of D = 4, N >4 extended
supergravity theories. One is forced to enlarge the original set of constraints.
setting certain fields equal to zero, in order to recover Poincaré supergravity

{271. For D = 10, N = | supergravity the situation ig similar and the torsion
constraint

o

Ta((g— k) - 4 BQ’ Td = O

(o)

(13)

. N =
is propesed in Ref. [13], in order to reduce \P Pto the pure contribution of
the @&-trace part

\'FSF = '.'G'QFU A]r’ (14)

In alternative to (13), we can add to the set (6) a different torsion constraintg
‘which does not involve expliicit symmetrization as in {13) and can be expressed
in terms of the product of §-matrices

cxd _d €
?g._x + L & © Se ?4 =0 (15)
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‘It is not difficult to prove that (14) follows from

(15), (16) and (10). One
can use (15) to put the theory

derived from the set of constraints (6) on mass-
shell. In the off-shell formulation of p =

R 10 supergravity expressed by the
constraints (6), the spinor-vector qJﬁthef

ined as

OEP o WeP _gSAY
Y = Y F-iesp )MW (17)
with
. Nep
T f =0 (18)

is an auxiliary superfield. In fact. requiring light-like integrability in

superspace provides for the first time a set of constraints where such object

appears. The existence of a spinor-vector as part of the off-shell D = 10
supergravity multiplet was suggested in Ref.

.4, as a way of interpreting the
three-form Vg-&.

The authors of Ref. [28] pProposed the latter as the
fundamental prepotential of I =

{0, N = 1 supergravity. Assuming universality
of the D = 10, N = {

and D = 4, N = 4 supergravity theories (the D = 4, N = 4
supergravity prepotential corresponds to the SO(6) components of the D = 10,
¥ = | prepotential), one isg led to conclude that VQ°2'cannot be the basic

‘repotential for D = 10, N =

rierbein.

1 because it cannot accommodate the entire
This suggests that the irreducible representation of S0(1,9) described

)Y a spinor-vector superfield constrained by (18) is the actual prepotential for
Yy = 10, N = |

‘orm reads (4]

supergravity. In terms of the basic prepotential, the three

-8 -
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The constraints (6) contribute to shed some light on the structure of the
off-shell theory, through the identification of the 6-traceless part of the
QI—superfield appearing in their solution (10), as the fundamental prepotential
of D = 10, N = | Supergravity. We believe that, using definitions of the
differential operators more general than the set of operators picked in Ref.
713], and requiring that they define integral lines in superspace, one will gair
further insight for the construction of the complete off-shell D = 10, N = {
supergravity multiplet.

Making the assumption

A“ = ve.;, CID (20)

o~
where qp is a scalar superfield, which defines also an antisymmetric tengor
field

. o B A Ar
Fe:k& = L(F_,EE.') l vﬂ(’ VF; @ (21)
21
the authors of Ref. [13] express F in (11) as
ol P ' . 2B >z a ¥ 414/ o/B abe
_ﬁ F: - % L(F__) FV qb R“"ﬁ‘»%‘ze. FF (22)

in the linearized approximation. Among the physical fields in the theory defined
by the constraints (6) and (13), or (15), equatjons of motion have been derived
in Ref. 7"13], again only in the linearized approximation, for both the Rarita-
Schwinger field strength T-g,éx and the spinor superfield k

-9 -
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view, wne dues 0ot reailly need bother solving al] Bianchi identities at the
nonlinear level, to confirm the expectation that the remaining equations of

~
motion for the dilaton field $ . the antisymmetric fleld strength Fabe and the

A
Einstein equation for the Riemann tensor abed are so obtained. In fact, such

task has been carried out for the canonical formulation of new D = 10, N =1
supergravity 18 (see (4)). After showing that the nonminimal geometrical
formulation of on-ghell D = 10, N = SUPergravity described in this Section

can be conformally transformed into the minimal canonical formulation, one can

o~
simply read the equations for d . Aq . etc. from well-known results [4. We
proceed next to derive the redefinitions of the physical fields introduced in

o~

:this Section, in terms of the fields 6@ , ‘x“ s Nabe + etc. of Sect. II.

IV. WEYL TRANSFORMATIONS IN SUPERSPACE AND THE REDEFINITION OF THE SUPER-
GRAVITY FIELDS

Any set of contiraints describing D = 10, N = 1 supergravity in super-
spaCe c¢an he rolated to any other, @.g. to the set of canonical constraints
introduced in Ref. [18], by field redefinitions. The proof of this statement is
given in Ref. [4], using the general formalism of Weyl-scale transformations
in superspace [19,20]. The super-Weyl redefinitions of the covariant deriva-

tives, corresponding to‘a superspace scale parameter L = KH@ (for some constant
K)

(23)

rhere

- 10 -
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Similar transformations for §ﬁ@éﬂz are obtained from (23), but we will not need
tc make use of them. The constraints (6) and (13), or (15), are a consistent
choice to cdescribe D = 10, N = { Poincaré sSupergravity if and only if one can
find a unique redefinition of the type (25), in order to connect them to
canonical constraints.

Indeed, this is the case, and we can obtain (10) and (11) from (2% using
the transformations defined by

k = - #/4

__4_(’4‘{ 4.2) = -2/% ,

>
I

5
g =4 (g-4 =
B = A (3 L) 6/
4 (?K-l-i') V.d _2 -@fﬁ
"FQ.«'P.& = -5 e ey ® - 2 (2k+1)e Nape -
- 19 M _ L2\: [of o )
Eé:? AT KZ)L(.XG’:-.J.-;S.-X)
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These imply

w 12 =



The light-1like integrability constraintsg (6) can describe the old theory
as well. The redefinitions (25), with

1
)
-+
~
+

]
0
»

L1(X akeX)

(28)

transform- the set of constraints for standard D = 10, N = | supergravity (3)
into (6). In the case in which (10) and (11) describe the solution to the first
Bianchi identity, we get

-13 -
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From (26)-(29) we see that the set of constraints (6), obtained imposing
integrability on light-like lines, are suitable for the description of both
the standard and the dual D = 10, N = 1 supergravity theories.

As a check of our formulas (26) and (27), we can recover the redefinitior
- which allows to obtain Witten's constraints (7) in terms of canonical ones. In
this case, from (25) we get K = -1/12. Thus, from (26) and (27) one reads

A= B =2

. -§~
fabe = - ---“’]Q(jb ‘I’ fg"(ﬁx %&«:—X)'%Q Nabe

y=<f
A IR Y ' C Y
ﬁPY_ 4. 2;,‘; q [4?__§ Nfif‘.‘;& +=Z%L( CKL&X](?-A&)F

in agreement with the findings of Ref. [4]. At this point, it is obvious that
Witten's set can be as well related directly to light-like integrability
constrainfs, where a curvature constraint is introduced, replacing torsion
constraints. The Weyl-redefinition, transforming (7) into (10) and (1t),
corresponds to setting in (25)

- Y -



sfe , A= -2/5 , B= 4/5

The expression of gzbc is determined in analogy to (26).

V. NONLINEAR CORRECTIONS

As we mentioned earlier, the implications of the Blanchi identities have
been discussed only for the linearized case f131. We cag&full advantage of the
powerful technique of super-Weyl transformations to compute the nonlinear
corrections to (22), as well as to the other formulas of Ref. [13] obtained
from the Bianchi iden:tities up to dimension 1. Recalling (4), (20), (21) and
using the results of 3ect. [V, as well as the relation for @ -matrices

(65 f*)r g (6-_3"3&— )“f VY $ v 5 ¢>

alv.\

-o( )t v, %3

one can show that

X
Vi = -22 V}@

" -£p

Vob = -2¢2 Q<I>

- ..,

e = e L Wy, - 2 () TRE R E]

Ay

(30)
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Equations (30) relate the phvsical fields of the D = 10, N =

I supergravity
"multiplet in the formulation of Ref. 13]

to those of the canonical formulation
of Ref. [431. Plugging (30) into (27) we get
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(31)

Thig provides the nonlinear carrections to (22).
Bianchi identity of dimensior |

Let us consider the remaining
& > b .
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(32)

We notice that the sign of the nonlinear correction, given by the last term
in (32), is opposite with respect to the corresponding term found in Eq. (4.6)
of Ref. [13]. Tracing (32) with 5"1.% and using the algebraic relation

~~
g7
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0n
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'A
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= «-»J (bg,g J
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we obtain, recalling (14), (20) and (31

F&.ch + b Vfa'» Tea

(33)

Equation (33) extends to the nonlinear case the result in Eq. (4.26) of Ref.
'131. From (25), (26) and (30)., we can derive the expression of the torsion

gL implied by the Bianchi identities in the canonical formulation of the
theory given by (2)

Taw == =6 Vi@ " - Li(x%e=X)

(34)

This result 1is not given in Ref. {4] and we believe it will prove helpful in
analyzing the equations of motion of the spin-3/2 and spin-2 components of

the supergravity multiplet in the dual formulation of the theory {19]. Notice
that the dual form VQJ,‘ does not contribute to (34). The use of Weyl
transformations in superspace outlined in this Section will greatly simplify

the study of the implications of the Bianchi identities of dimension higher

than 1, in terms of the equations of motion for the physical field strengths

ol
Fﬂr_‘!& ’ Tgk and RQ«LC.JL .
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Vi. WISCUSSION

Weyl transformations in Superspace allow us to prove the equivalence
on-shell of the D = 10, N = 1{ Supergravity theory defined by the formulation
of Ref. [i3], to the formulations described in the previous literature. This _
provides a check of the consistency of the results of Ref. t13]. In addition,
the use of super-Weyl transformations enables us to extend the analysis of
the Blanchi identities to the fully nonlinear theory, in itg geometrical
formulation. A more fundamental feature of the geometrical approach is the
appearence, in a natural way, of the off-shell field ¢Lf‘. The presence of this
auxiliary component of the D = 10, N = 1 supergravity multiplet was suggested
already in Ref. [4]. We can imagine easily a mechanism to build further
components of such multipler. Recalling the transformations (23), one canm

introduce the set of differential operators, for a given light-like vector Aa
Qe {
«p po - 4
X(a) =X V,

Y ()= id* g \%/

:Xg:)\g’ = O

(35)
and then impose that they form a closed algebra
[X , YY"} =0
[Y*,YP}=2i® ety
(36)

- 18 -



Such treatment is more general than the one in Ref. [13], since it takes into |
account covariance under the transformdtlo1“ (23). A transformation of the type
(25) suggests that the field *\V! will contribute to the solution of the set
of geometrlcal constraints defined by (35) and (36). We wish to suggests to
interpret VL\PL as yet another auxilisry component of the off-shell D = 10,

N = | supergravity multiplet. Imposing integrability conditions in superspace
should provide even further insight about the structure of the off-shell
formulation of the theory, provided general.superspace transformations are
considered, by introducing an unrestricted superspace scale parameter L 719,20’
The geometrical constraints required by the integrability conditions in
superspace may find in this scenario a both natural and exciting application.
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