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ABSTRACT

' Using QCD sum rules as inputs, the conditions for and proof of the
Borel summability and analytic continuation of QCD asymptotic expan-
sions for current propagators are given. The corollary is that duality
averages can be "coarse grain®, i.e. performed over the mass squared
interval 3 ->, corresponding to short distances (t ~ 0), or equiva-
lently "fine grain", i.e. performed over the interval S -» 0, corre-
sponding to long distances (t ~»<0). The former is the usual formula-
tion of duality, the latter, the paradoxical novelty proposed by Shif-
man, Vainshtein and Zakharov, which pushes duality to the limit of
being applicable at a point. The two limits are related so that QCD
s, surprisingly, relevant to both. The relationship is a consequence
of the covariance of dilatation convolutions, which define duality
averages, with respect to the conformal inversion. Underlying both
Borel summability and the short distance operator product expansion
is S0(2,1) symmetry.

It is claimed by Shifman, Vainshtein and Zakharov (SVZ)(])that QCD
asymptotic expansions for flavour current two-point functions ( a,8 =
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admit analytic continuations to low energies. They show, in impressive
{a,B)
) 0,1

and ji? (x), that the assumption is consistent with experiments to

analyses of the amplitudes II (qz), for various currents jL?)(x)
within about 10-20%. But there are no explicit proofs to validate the
claim, apart from more or less successful, phenomenological applica-
tions. In particular, there are no indications of the physical princi-
ples underlying their principal assumption, namely, that duality can
be pushed to the limit of being applicable at a point. And no attempt
at a theoretical justificatidm either.

Bell and Bert]mann(Z) were the first to react to this novel ap-
proach. They argued and concluded that, although it works phenomenolog
ically, the model is, presently, lacking in fundamental basis. The
criticism has been answered(3) to the effect that it is not applicable
to QCD since it is based on a study of potential models. The answer
is incorrect. At issue here is a very well posed problem of summabil-
ity and analytic continuation, valid for both relativistic and non-re
lativistic theories. It is: to showg and under which conditions, a
‘given set of asymptotic estimates in the form of sum rules, imply lo-
cal analyticity properties.

There is a wide class and a long history of such problems in which
the asymptotic properties of one function, usually defined by an inte-
gral, correspond to the local properties of another and vice versa.
Dua]ity(4) is a relationship of this kind, a relationship between as-
ymptotic behaviour and spectral properties. There are many ways df
characterising this reciprocal relationship, using either group theory
or the theory of analytic functions or both together. Whatever the
method, the solutions of these problems reduce, in the end, to finding
the correct converses of theorems which predict unique asymptotic
behaviour from uniformity and local analyticity properties. The direct
theorems are termed Abelian(S). Their converses are, in general, false.
The corrected converses are therefore not unconditionally valid. They

require the specification of bounds to the local (spectral) functions.



- 3 -

They are known as Tauberian theorems(s”ﬁ).

Starting with this paper, and based on the above ideas, we propose
to give different proofs of the summability and the analytic continua-
tion of the QCD asymptotic expansions of the ampTitudes IYé?iB)(qz)(*)
to Tow energies. In particular we derive the result which implements
the SVZ Ansatz and other consequences not foreseen by their original
prescription. Symmetries and analytic function methods will be used.
The symmetries are those relevant to the short distance operator prod-

uct expansion
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The subgroup,S0(2,1), of the conformal group is of interest here. Its
most important transformation in this context is the conformal inver-
sion R, the so-called transformation by reciprocal radii. Scale invari

ance is assumed to be "softly" and spontaneously broken in the form(])

<0 Trace((:)a]” aﬂ) O.‘) £0 . (3)

The inputs are the QCD sum ru]es(]’Z)

<
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and asymptotic scale invariance. The Tatter will be cast into a form
which allows not only to perform the obvious 1imit § == « 1in eq.(4)

but also the not at all obvious limit § -» 0 in the same integral.

IT(qZ) from now on, in order to lighten the notation.




The two limits will then be shown to be related.

Noa.o is an 1nteger,‘Re(v):>N0-1 and

S
Lin  (ImIT,(s)-InTI_(s) = 0((z

1-No.

) ) . (5)

5 —» oo

Im J1 (s) is the imaginary part. of the amplitude I]Z(q%: = II(qz), for
which there exists ‘a known QCD asymptotic expansion. Im]IF(s), on the
other hand, is the imaginary part of a comparison amplitude Iquz)
with a known Taylor series expansion about q2=0, saturated at low ener
gies by meson resonances. It is parametrised at high energies so that
(4) and (5) are satisfied. Also 1];(q2) _*v(qZ)NO for q2 ~s 0.

The basic problem is the following: under what conditions do egs.

(4) and (5) imply the analytic continuation' >
viNg 7
(v),, (w) o So ds "iSt/SO “
RG, "' (8) - 6L (t): = - T ©
Js ,
%0 (6)

- (ImI (s)-ImI_(s)) = O

for all complex t and therefore

1,(q%) = II_(q?) (7)
2 2, s ‘ , (1)
for all q°? Let z =q /som Our definitions of the Borel transforms
of IIi(qz) are
+oa
IT (z) = -1zN° j/ dt~RG+(t)e1tz =
oo R = (8a)
- -iz'o dt G, (t)-Re' 7,
-
+ Qo
IT(z) = -1zN0J// dt G_(t)e1tZ =
—u;; v+ 00 it (BD)
- =i/ dt RG_(t)-Re' "
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G4(t) are the Fourier expansion coefficients of szOIT*(z) in the ba-

ses of the eigenfunctions Re1tz and e“tZ of the generators of special

conformal transformations and translations, respectively. Harmonic
analysis on the group S0(2,1) is discussed in detail in ref.(7). Apart
from egs.(8), these details will not be needed in this paper.

Of interest here s, instead, the representation of the subgroup
of dilatations To(l) in the function space L](O o) of absolutely inte
grable functions over the half line 0O<s<wo. [t arises in connection
with the following alternative formulation of asymptotic scale invari-
ance: physical results are, asymptotically, not affected by and, hence,
are independent of duality averaging, provided the weight functions
used are reasonable. By "reasonable" we shall mean that the weight

function 0©(s) satisfies the following condﬁtions(S’G):

(i) @(s) is absolutely integrable

- ,
\/ ds to(s)] < e , , (9)
0

i.e. 0s) e L1(Dﬁ09)-

(ii) The set of its dilatations (i.e. its orbit)

0,(s}1= T (A) e(s) = o(ds), (10)

A>0, is complete in L1(0,00). In other words, given any function

@(S)EI_](O,DG) one has the expansion

(s L i.m. J/'—— K(A) @(4s) (11)

-‘% (o)

valid as Timit in the mean (L.i,m;). In particular 1_1K(l)€:L](O?°°).

(111) Its Mellin transform (or power moment)




L0

m(¥): = ‘/ ds of(s) (%—Jv-] (12)
0 0

is non-vanishing for Re(v) = 1.
This last condition is to ensure that the kernel K(A) in (11) is

uniquely determined when ©(s) and g(s) are given. In fact, taking

the Mellin transform of (11) and defining

T |
K(’V): = é A'V'*'] K(/‘.) (]3)
one obtains
_m(») 4

which is possible only on the strength of the last condition. Actually
conditions (i) and (iii) are equivalent because of the theorem(s):
The necessary and sufficient condition for the set of dilatations of
o(s) to be closed L](O,oo) is that its Mellin transform should not

1.

vanish on Re(v)

L](O,oo) is not a Hilbert space. The completeness assumption is

on service in situations of the following kind: Let the function f(s)

(5)

be bounded or of bounded total variation, that is s

Lim Lim {f(s') - f(s))= 0 (15)

[}
2 ] s

and let

P
U/ ds ;(s) f(s) =0 (16)
o
for all A>0, then f(s) is identically zero if (ii) is satisfied. For
the proof, one takes the Mellin transform of (16) and then makes use
of (iii). L](O,OO) contains, for every weight function @(s), its trans
form under the inversion R; that is,R @(s): = (so/s)ze(sg/s)EEL](O,uo)@
It is this circumstance, as we shall see, which allows to implement

local duality in the sense of SVZ.
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Now introduce the weight functions

0 (s): =+ Q5 -s) (17a)

0 S

0-(s,t): =~ e */%0 g(s-5); Im(t)<o (17b)
and the abbreviation

P . .I} SO 1‘)‘ H II <

fLq(8): = 2 (22 (nl,(s) - InIT_(s)). (18)

The function fu_](s) satisfies the condition (15), QO(S) the condi-
tions (i)-(iii) and @ (s,t) is a transform of @b(s) according to the

definition in eq.(11), i.e.

o (s,t) = ,/ 7 K(Z,t) @4(4s) (19a)
k) = 2% e SHA% g ) (19b)
[ so

Moreover egs.(4) and (5) may be combined into the single equation

3
/ ds ,_y(s) = 02 Sov+1-No, (20)

S > 0

ﬁv_](s) = Lim

0| —

Therefore, rewrite eq.(4) (for v —» v+NO) and the first part of

the equality in eqg.(6) as

£1m - A ds 04(-—) Fv+N0-1(S) =
S o “/
(21)
Lt o
=2 ‘ﬁ ds £, () ~‘é ds g, (s)
So ' SoS Sot Sot
= dso-(——)f (s) = G_(~—=) - RG,(—). (22)
s % s VNo-1 s 3

Egs.(20)-(22) allow to activate the following Tauberian theo-




_8_
rem(5’6): Let the function f(s) satisfy the condition of eq.(15), the

weight function 0(s) the conditions (i)-(iii) and let

$oS .S
Lim ~:9 J/‘ ~O f(s) -1 / ds f(s ‘/ ds o(s). (23)
S 0 3 S

G — OO

Then for all é(s)E'L](O,OO), (23) implies

L) S o OO

Lim ;9- \/A ds §(§giﬁf(s) = %— jf ds f(s) »// ds 0(s) (24)
S--‘>c;oS 0 > S Y 0
and 3
#3) = tim ~ / ds f(s) (25)
S 0 S o

The importance of the QCD inputs is evident from comparing eqs.(20)
and (25). The latter equation is a special case of (24) for p(s) =

= Qo(s), since

So 508 _
Lim :§ 9(§ - —) = 0(s - s)-8(s - s4). (26)

T oo s
But also conversely, and this is the point about the QCD inputs; eq.
(24) may be deduced from (25) by setting o(s) = go(s) in eq.(23)
and using (11) to expand p(s) in terms of 1@0(5).'M0re elaborate pro-
ofs are available in refs.(5) and (6). This theorem is the precise
formulation of the assumption of asymptotic scale invariance in the
form stated previously, i.e. physical results are independent of du-
ality averaging.

Applying the theorem to eqs.(21) and (22) one gets

vim (6% ) - re () -
t=0 - (27)
1 3 ist.
- (Uim = [ ds £ (S)HLim Lim Eq(20))
- S - V+Ng-1 So
S>> 0 t=-0 5>

where



E (1) = [ et (28)
: 7 X
is the exponential integral. It has the properties(S)
n

s Lt

L](t) = - In(yt) ﬁ%} ey (29a)
o -t

t](t) —r e /t (29b)

t oo
Y < 0.577 is Euler's number.

But the integrals on the left hand sides of eqs;(23) and (24) of

the theorem may also be written as

s ? gas S roo SAS

— /ds Q(--*E—) f(s) = — /ds QR(—:?T-) Tols) (30)

S \(D S Rs 0 Rs

- 2.
where Rs = so/s ,

s s

Rals): = epls) = (297 0% (31a)
2
Sg.

RF(s): = Fols) = F(=2). : (31b)

The functions @R(s) and fR(s) satisfy the same conditions as their
respective transforms 0(s) and f(s). Consequently, one may take either
the limit s-»« or the Timit §— 0 in eq.(30) and the conclusions of
the Tauberian theorem will remain unchanged. Taking now the latter 1i-

- mit in eq.(22) one gets

Ay ’u
i 67 - el ) -
R ) (32)
S . isat
= (Lim ;“/ ds fv+N _1(5))%Lim Lim E](—jgl—))
s=+0 5 o o bth—>» a0 S
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Eqs.(27) and (32), together with (29b) and (30) now lead to our
main theorem: For all v and for t— 0, from the half plane Im(t)< 0,

and {t]->oo, we have

6" ) - R (t) — 0 (33a)
te> 0
6" () - ra!"(t) — 0 | (33b)
i
and in addition
I
ying-1(5) = Lim -5/ s F 1 (S) (34a)
S
e
fu+No—1(S) ) ;130’5 Jg' ds fv+N0~1 s) =
R (34b)
= Lim — ds Rf (s)
R§~>c0 RS JL vHigT

(v)

Since G_v

v), ., . .. .. ‘ .
(t) - RG+ (t) is analytic in the finite t-plane, it fol-

Tows from eqs.(33) and Liouville's theorem, that it is didentically

zero. Hence the formula of analytic continuation

6 1) - R (t) (6)
or equivalently
IT(z) = JT(z): = H(z) (35)

by putting »= 0 in (6) and making use of the inverse Fourier trans-
forms of (8).

The connection between the limits S— (0, ) and t—= (= ,0) is evi-
dent from egs.(27) and (32). In eqs.(32) and (34b) one encounters the
local implementation of duality proposed by Shifman, Vainshtein and
Zakharov. It is not to be separately assumed. It follows from the Tau-

berian theorem, and one encounters it, inevitably, in the proof of
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analytic continuation. Eq.(34b) relates this local version of duality
to the usual one so that the one may be defined in terms of the other.
This fact is not contained in the original SVZ prescription.
Consequently QCD is relevant to both in a fundamental way and not
Just approximately. For instance eq.(34b) allows to test the R-invari-

ance of the theory, that is, if
Rf(s) = f(s). (35)

Egs. (34a) and (34b) involve, respectively, "coarse" and "fine grain"
averaging(zz corresponding to the dominance of shori and long distance
phenomena. According to eq.(34b) the two kinds of phenomena are re-
lated.

Here is a summary of our approach: QCD sum rules are given a wider
interpretation as asymptotic averages, similar to ensemble averages.
Asymptotic scale invariance is equivalent to the assumption that ‘the
fictitious ensemble is "ergodic", that is,

<0

SAS rg )
/( ds Q(—g—)f(s) =<l / de(S)’J/ ds o(s) (23)
Y S S 0 o}

Lim

wn} jom

§roo 0

with respect to the distributions Q(s)éEL](O,QO), at all scales
A= E/so > 0. The g(s) are not probabilities. They are all related
by scale transformations and are therefore Tike states which can be
reached from an initial one with the help of an evolution operator.
The evolution operator is 1in this case the representation of scale
transformations.

Eq.(23) allows to transform inputs about asymptotic averages into
outputs about local properties of the functions being averaged. This
comes about at twc levels. Firstly through the local form of duality
and its relationship to the non-local one (cf. eq.(34b)). Secondly,
by means of appropriate choices of the weight functions o(s),one con-

verts the left hand side of (23) into known and simple integral trans-

forms, the properties of which are then completely fixed by the right
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hand side. Borel transforms result from such simple choices.

It is through therchoice of_g(s) that symmetries enter the theory.
It seems most natural to try those symmetries which héve something
to do with the asymptotics being investigated. For the QCD asymptotics
of the amplitude IT(qZ), the relevant symmetry group is SO0(2,1). It
allows to deduce, rather easily, the formula of analytic continuation
and to show that when a proof of this is available, it necessarily
leads to the local implementation of duality, first proposed by SVZ.
The latter is, therefore, not a separate or independent assumption.

Lastly eq.(23) corresponds to different methods of summability,
one for each weight function. For instance, o(s) = ¢ (s,t) corresponds
to Borel summability and 0(s) = Qo(s)~to Cesaro summability C(1) (cf.
eqs.(34)). Many methods of summability are related to transformation
.groups and some of the most effective to the group Sb(Z,]), independ-
ently of their relationship to physics. Summability with respect to
transformations of S0(2,1) is of peculiar interest to QCD because of
the relationship of this group to the short distance operator product
expansion. We hope to illustrate this connection better and much more
concretely in our next paper(7).
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