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1,~ INTRODUCTION

Why spin glasses? Different justification are possible: new concepts
and new tools have been introduced in the study of spin glasses(1_4);
while a serious mathematical treatment is not yet available (present day
mathematics is not enough advanced), the ideas used in spin glasses may
be useful for the study of other amorphous materials like glasses, rubber
and (why not?) a random lattice space time or a foam-like space time. If
we exclude these last speculations(s), which depend on an unfortunately
lacking synthesis of quantum theory and general relativity, the domain of
applications is very large, moreover, if we accept the perverse logic of
broken replica symmetry, the basic ideas are relatively easy to grasp al-
so from a particle physicist, who will likely be amused (or confused) by
the unusual group theory.

In Section 2 we will introduce spin glass, and the concept of frusta-
tioh.

In Section 3 we will describe the Sherrington Kirkpatrick model for
spin glass and present its solution in the high temperature phase.

In Section 4 we will see how to solve the model using the formalism of

broken replica symmetry. We will describe the group theoretical implications
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of the formalism and we will see how the solution of the model can be re-
formulated in term of a stochastic differential equation.
Finally, in Section 5 we will present the physical interpretation of

the formalism of the previous section.

2.— SPIN GLASSES

Spin glasses belong to a large cathegory of model for which we need to
compute the free energy without knowing the Hamiltonian, but only the prg
bability distribution of the Hamiltonian. More precisely we write the Ha-~
miltonian of our system (which for definiteness we suppose to be an Ising
model, where the spins 6 can take only the *1 value) as function of some
control parameter J's; the J's are not known but their probability distri
pution P[J] is known. For each choice of the J's we can compute the parti
tion function ZJ and the free energy desnity FJ defined as usual

1
Z, = {%}exp[-ﬂHJ[ﬂ] , Fy= - BV in 2z, (1)

V being the total number of spins in the system. A typical form of HJ[U]
is '

H [o] = 3 Jik o, 0 - Eih o, (2)

h being the external magnetic field.

. Our goal is to compute the average of the free energy density, i.e.

vos o= /dP[J] ryo (3)

Tn the infinite volume limit, if Jik decrease faster than (i—k)-3/2
when (i-k) goes to infinity, it can be proved that
il — 2
lim P = (1im T )7 . (4)

Vewoo Ve 60

In other words the free energy density does not fluctuate from sample to

sample (i.e. does not depend on the choice of the J's) with probability

one for a given form of P[J] : as often happens in thermodyhamics the most

likely values coincide with the average values in the infinite volume limit.
Different model of spin glasses have different form of the J's! in the

(6)

simplest Sherrington-Kirkpatrick (3-K) model the interaction is infinite



range; all Ji ! for any pair i;k, have the same probability:
1,

apfd) = 1 dJ,, exp l}% ) J?k] . (5)
(1,k) ° e

In other words the J's have a Gaussian distribution with zeres daverage

and covariance

ey i

J 0 0

l e
itk TV %10 %%k (6)
(7)

Iri the Edward Anderson model s which is not very far from beihg real

ized in nature, we have the same relations as eqgs.(5-6); where riow the sum
in eq.(5) runs over the nearest neighbour pairs a (i,k) and all J. which

lgk
are not nearest neighbour,are zero; moreover we have (1/%) at the place of

1/V, Z being the coordination number of the lattice (2D for an hypercubic

lattice in D dimensions).

(8)

In a very realistic model the position of the sping in real space is
random: i.e. we associate to each spin a vector X, which denoteés its posi
tion, the J's are given by

s Sty STy o
ik 3 ‘ ik "Ixi k| '
r,
ik

This model represents what is going on in alloyes like Fe5Au95 where
the spins of iron interact only by deforming the Fermi surface of gold:
KF in (7) ig indeed the Fermi momentum of the host material (i this casge
gold).

The expert reader has certdinly realized that at h = 0 (if the proba-
Bility distribution of the J's is symmetric) the theory 18 ihvariant under

the local Z2 gduge tranhsformations: at fixed i we can change

I ™ = . Vi g, ~» --cri (8)

without any effects on the free energy. The average of quaritities which are

not invariant under the transformation (8) are obvious gzero, e.g. <Ui$ =

= 0. Examples of gauge invariant quantities are (apart from obvious quanti

ties like internal energy, magnetic susceptibility and so of)!

EEE

i - 2 = A AR ’___ s 2 !
A = <0;> Ig = 3 |<60,> = <6 > <6,>|" . (9)



It is reasonable to suppose that for each choice of the J's at low
temperature (at least in high dimensions as we shall see) the system will
have a spontaneous local magrietization and <6,> = m, will be different
from zero; however the sign of m, will change from point to point and/or
from realization to realization of the J's, so that it averages at zero;
at low temperature dgp = mi will be different from zero, while it will be
zero at higher temperatures. The reader must note that although the defi~
nition of qEA seems clear, we shall see later that it is not as uhambigous
as it looks.

One of typical features of spin glass is that, for a given choice of
the J's is very difficult to find the ground state, i.e. corifiguration of
spins oy which minimize the Hamiltonian. Indeed as a consequence of the

randomness of the Ji it is not possible to fix the ais i such a way

k!
that

. > ) 94 i . ( 3
Ji,k 0,0, o, Vi, k {10)

If eq.(10) could be satisfied the product of all Jik along a closed loop
(the Toulouse=Wilson loop 9) should be positive, but that is impossible,
the J's having zero mean. (If the product of the J's along a loop is nega
tive, the loop is said to be frustrated).

We must decide which bond must be frustated (i.e. is < 0).

% %71,k
Different arrangement of the frustated bonds may differ very little in
energy but correspond to very different spin configurations. Briefly, in
more than two dimensions all known algorithms for finding the ground sta-
te of an N-site spin glass take a time proportional to exp aN. This multi
plicity of groundstates, which are nearly equivalent from the energetic
point of view, is responsible for many of the strange properties of spin
glasses.

Different models can be analyzed in terms of the behaviour of the Tou
louse-Wilson loop, which are the only gauge invariant characterizations of
the J's. If for semplicity we consider only loops in which no J appears

twice,we have both in the S-K model and in the E--A model
w(c) =0, (11)

W(C) being the Toulouse-Wilson loop associated to the contour C. We can

consider a more general model where the J's are nearest neighbour and they
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can be written as

M
. 1 : (1) (1)
Jik = ""‘"“‘VM_ ijl I‘i r‘k (12)

where the r's are randem numbers taking only the values * 1. The M = 1 mo

del is gauge equivalent to- the Ising model indeed
w(c) =1 ¥c . (13)
For generic M. .we have that
1

W(c) = (M)'L”/E (14)

where L is the lenght of the loop: for M going to infinity we recover the
original E~A model. It is important to note that in the more realistic mo
dels like those corresponding to €q.(7) the expectation values of the Wil
son loops are hon zero, so that they have an intermediate status between
the E-A model and the simplified model (12).

The main approach to spin glasses is based on the introduction of rep

licasiwe consider the system with Hamiltonian

n

(n) ., a _.a

H = .2 2 o O I, (15)
ik 1

where the spin ¢'s have an additional index a going from 1 to n. We define

2 /dP[J] g}exp[wﬁHm):y - /dp[J] [ZJ]n (16)
p(n) ;%\7 in z(M)

Eq.(16) allows us to continue analytically over nj; it is also evident

that F(n) in the limit n —% 0 reduces to the F of eq.(3); indeed

e i i il

= :l.‘_.. 10w - .».._1.'_
- T ln[ZJJ = ngv ln[l + n 1nZ

Ji o %g in Zg (17)
ThHe strategy consigts in formally use the representations (15-16) also
for non irteger n by arialytically continuing all relevant formulae from in
teger n to n equal to zéro. .

Now eq.(16) describes the normal partition function of a system of n re
plicas of the same spims coupled to the Jls. fthe integration over the J's

cari often been done; we geherate a direct coupling amotg the replicas; for



(n) _ _ (n) .
Zo = 13\:} exp [ YN ] (18)
n n
~(n) 1 2 a b a b
H = - == 8 S 2,3, 0, 0, 0 0,
EA 4P () 11 ot

and the sum on (i,j) runs over all nearest neighbour pairs. The reader
must recall that the integration over the J's was one of the major diffi-
culties in the usual formalism, which is now bypassed by the introduction
of the replicas; we have just put the dirty under the carpet: it will come
out soon.

We can now proceede as in the Ising model to derive the mean field ap

1]
proximation. Using the relation 62 = 1 we can write
(n) / [ 2. 2Dy ap
7 = d b4 Y o -
EA {A;?} Q] exp | 873 2o 2690 %1%
(19)
P n n , -
g= 5 5 Kk
L. 3 35 3 o ¢ 6(i-xk
a “b b - ’
Doy g 1?0 &b 8 -
where G(i) satisfies the relation
Z'J. G(i - 3) = 6.1 o (20)

and the sum over j in eq.(20) runs over the nearest points of i in other
words
1

G(k) = —— ./ de exp(ipk)G(p) , G(p) =
(2m) B

p 2 COS Py (21)

= MO

The correctness of eq.(19) can be checked by integrating back over the
Q's.
As usual the perturbative expansion can be constructed by starting from
the mean field theory: i.e. we set
i ~i

Qab = Qab * Qab (22)

Q

ab being a constant (i.e. it does not depend on i),

If 5;b is neglected the value of Qab is Ffound by maximizing the argu-
ment of the exponent in eq.(19); we easily find that it can be written as

- VA(Q), where A(Q) is given by



32 . .

" < n ¢ el i b . .

AfQ] = *%— 2 Q2b+ in [:E exp[L 38 QabUaG ]] . (23)
asb & 10} Cayb

Where the sum over &'s is done over the 20 cofifiguration of the n reéplicas

of a single sgpin. Theé condition of mirnimtm of A[Q] implies that

...... a2, _ _ab ,
5 = 0= B [Qab <o’a :>32Qab] (24)

which can be written as

Q- 26

' 2 ¢ d § 2 c. d
- 6. expl- 380 ¢ S expl|- 3 g .66 .
ab {O’} a b [ cd g ]/{‘3} [ cd ] (25>

¢,d . c,d
After that tHe maximum 1s found, the correction to this approximation
o .
can be computed by taking care of Q. As uslal these corrections disappear
when D goes to infinity. The standard loop expansion can be constructed
provided that the Hessian matrix

3°A

M R (26)
3y C ¢
abyed aQab ch
has no negative eigenvalues as should be at the point of minimum.
We shall see that the necessity of the analytic continuation in n ma-
ter the evaluation of the point of mihimum and of the eigenvalues of the

Hessian particular difficult.

3. THE SHERRINGTON-KIRKPATRICK MODEL

The advantage of the S5-K model is that the mean field approximation is

exact., Indeed with the same notation as the previous section we find after

the integration  over the Ji k(6):
3
* 5 N N n n ab N n .
z, = 2 exp|lf” ¥ X S5 2= Gid& +hg 3 3 0;] =
‘ A . 1=1 k=1 a=1 b=1 i=1 a=1
1.}

a =0 » .
= /qw dQ_, exp f- NA(Q)]
(27)

-
—t
o
T
i
I
i
N
A
+
ool
M
M
st
[\
>
0N,
+

[ [ n n n ]-
+ 1n [ trlexp( 2 & @ S8 +Bh X s5) ]
a=1 bel gb ab ael a’J |



where the indices a and b label the different replicas of the spin system;
Qab is an nxn matrix, zero on the diagonal, and tr stands for the sum over
the o possible values of the n Ising spin variables Sa'

Up to now, we have done legal operations. When N goes to infinity we
would like to use the saddle point method and write:

Faa % 1im [min A(Gi)] (28)
n-s0" Q '
as discussed in the previous section. This means that if pathological re-
sults are found, 1t cannot be due to the undeguacy of the mean fleld ap
proximation.

Let us start and evaluate eq.(28). We have been not very careful in dg
fining what we mean when we say that we should solve the problem at integer
n and analytically continue the solution in n up to n=0. We will make strong
use that A[QJ is invariant under the action of symmetry group Pﬂ, the perw=
mutations of n objects: indeed it ig evident that if we permute different
rows and coulumnsg of Q, AEQ] does not change;in particular we will pay ate
tention only to the definition of P, symmetriec functionals of Q. Very often
the Ph group is called the replieca symmetry group because it exchange dif-
ferent replicas.

The meaning of eq.(28) is ne clearer than that e¢f a Delphle oracle:
should we find the minimum at n#£0 and analytically continue to n=0%? Ne.
The analytiec continuaticen of a minimum may be a maximum. The minimum should
be found directly at n=0. However the number of variables corresponding to
the Qab is n(n=1) which is negative for O0<n «1: the concéept of a minimum
of a function depending on negative number of variables is rather subtle!
Everybody would say that the minimum of n*lTer is at Q=0, however if we
set

Q = a¥ap (Q = O (29)

we find
-1 2 2 o
n Tre® = (n-1)q” . (80)
The poinht d=0 is (for n<1) a maximum as a funetioh of q. The solution
to this apparent paradox is quite simple: the conditien that the Hessian
matrix (26) has positive eigenvalues does not imply that <x|Hix> 18 posi

tive, if x> belorigs to a negative dimensiorial space (e.g. the trace of



the identity is equal to the dimension of the space). A moment of reflecs . -
tion i8 needed to understand that the necessary condition for the use of

the saddle point method is that all the eigenvalues of the Hessian fust be
non-regativeé. Thisg algo guarantees that all the susceptibilities, which

aré positive definite; are positive indeed.

The fihal interpretation of eq.(28) is the followinig? we hWust cotisider
all possible analytic families of matrices Q;S), which may déepend on reai
parameters q; or integer parametérs m, . An analytic family is an infinite
set of matrices (one for each n multiple of ng), such that the Pn ithvariant
guantities, e.g.:

n n
TrQ" or 53 0, (81)

a=1 b=1 ab

are analytic functions of n. For each analytic family we should complite the
arialytic contihuation in n up to n=0 of the function F(Q) and of the eigeg
values of the Hessian. The final result will be given by that analytic fa-
mily (hopefully\unique) whose elements are stationary points of AlQ], for
all n multiplets of Nys» and the eigenvalues of the Hessian analytically con
tihued at n=0 are non negative. As far as one can construct analytic fami=
lies of matrices which depend analytically on the integer paraneters m,
one. is allowed also to consider non-integer values of the m{s.

While it is not clear if this interpretation gives the correct result,
it does make the problem well defined from the mathematical point of view
but very Hard to control from the practical point of view: the space of all
analytical families is very large. Up to now the only approach has been to
construct ansatzs. Let us see how this works.

The first case we study is:

Qab =y a b . (32)

[
After some simple algebraic maﬁipulations(a) we find that!

>2 A ¢ 05 N
Alg) = = “%*(l+qa) - **~£*~+'/[ ds [exp[—22/2] :
(o) —n ‘
(33)

1 T
: 1n[2ch(ﬂq /gz + Bh)w .
ThHe Hegsian will have one eigenvector in the one=dimensional space. One

cari immediately check that for n 1 the corresponding eigenvalue is posi-
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tive if A(q) is.a maximum (not a méaimum!) as function of q.

One fitially finds at h = O (after a rescaling of q):

q = O, T TC = ]_9
+o0 - . 1
. dz . 2572 1/2 -
qEA = q = /<- 1/2 [exp[ Z, /E]th (ﬂq z)] £ 0, T<1,
U(T) =& - %\/‘Fc = =0.798, g{T)=~1 -~ JmT {P~0), (34)

C(T)~ T (T~0),

2(0) ~ Va/2, $(0) = - 1/2sm ,

where U, C, % and S are the internal energy, the specific heat, the suscep
tibility and the entropy. Now the Monte Carlo results tell us that U(0) =
~ _(0.76-0.77) in small but definite disagreement with eq.(34), and the
specific heat is quadratic in T3 on the other Hand the dependence of q(T)
is qualitatively correct (apart from the fact that Monte Carlo data suggest
q(T)*ﬂl—aT2). Unfortunately the entropy becomes negative at low T and a he-

gative Ising system entropy cannot be tolerated.

The. theoretical explanation of this fallure has been found by de Alme-

ida and Thouless(lo); they noticed that when T~<¥(h) where:
T(H) =T - |h|2/3 for |hl << 1
c
(35)
T(h) ~ inlhl for {hl-—s oo

one of the eigenvalues of the Hessian becomes negative: this is certalnly
not acceptable, also because XR is proportiondl to the ihverse of this ei=~
genvalues. The previous computation is wrong when T‘:¥(h) and eq.(32) 1s not
the correct choice. Unfortunately eq.(32) is the only possible ahsatz which
is Pn symmetric, we need therefore to break spontariecusly the replica sym-

metry.

4,- THE SOLUTION .

Tt must be clear that at the present moment the only way to solve eq.
(28) is by trying different ansaltz and check if the positivity conditions
on the etgénvalues of the Hessian is satisfied.

The only kKnow COnstruction(i’ll) (up to eguivalences) is the follow=

ing: as a preliminary step we divide the n replicas in n/t groups of m
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réplicas (Of course n must be multiple of ). We set Qab=qO if a and b be
lorig to the same group Qab:qi if a atid b belong to different grioups (Qaa
is dlways zern). In other words
Qab = a if Ila/m) = I(b/m),
(38)
Q

it

ap = YN if I{a/m) # 1(b/m),

wheré I(%x) is an integer valued functior! its value is the smalliést inte=
ger greater than or equal to x. Eq.(36) provides us with an example of an
analytic family of matrices, depending ot thé parameters der 94 and fi.

It is evident that:
q",z _ o 2 _ 2 ;
TrQ = (1 m)qo mq1 (37)

1s not negative definite if ms 1) we must maximize it with respect to d,
and minimize it with regpect to ay ! this automatically leads to a free
energy worse than the one obtained in the previous section. However if
Oem1l, conditior is enforced (obviously m is no more an integeir, but we
aré allowed to do this). After some tedious algebra we get at hH=0:

Alg_ja,sm) = = i [1+mq2 + (Lem)a’ - 2q2] -
TR 4 1 G 0

- fdp(Z')% 1n Udp(Y)chm [B(c‘ii/ZZ-(q;ql)Uzy)]] ) (38)

dp(z) = exp(=2°/2)dz/(2m) /2,
MaximiZzing A with respéct to Ay and ay and m (restricted to the interval
0=1) we oblfain the followirig surprisiqg results: the curves for Vv, C,
and A g (assumihg\qEA = max Qab = qo) are it very good agreement with the
Monite Carlo data (e.g. V(0) = =0.7652); the free energy is obviausly high
er than that obtained in the previous section. The entropy at zero tenpe-~
rature has collapsed from S(0O)® -0.16 to S(0Y® -0.01,.

We are clearly on the right track! In order to generalise ed.{36), let
g do some unusual group theory. Eq.(36) correspond to breaking the P
group in the following way

S e (b (BD/m
ln i (Pm) @Pn/m’ . (39)

Indeed we can permute bbth the réplicas ihgide each group (and this leads

£6 the product of n/m times Pm) and the groups among themselves (this leads
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to Pn/ ). Ir the limit n -+ O we have the following pattern of symrietry
m
breaking

p s (p %P . (40)
0 m (o]

In other words, Po contains itself as a subgroup! It is clear now that we
can go on and repeat the same operation many times; we introducée a set of

integer numbers m, (1 = 0y..,k+1), such that m,=0 and m,_ , =n and mi/mi

is an integer (for i=1ly..;k+1l). We can divide the n replicas in h/'mk

-1

groups of my, replicas, each group of m, replicas is divided in mk/m

k-1

group of m replicas and so on. The matrix Q will be given by!

k-1

. a. -2
Oy = 9 HIGN A TG

i
and (41)

].(_g.____) _ I(n,‘wb

i+1 i+1

); i=O9~-s‘k’

and the qis are a set of k+l real parameters. For k=1 recover the previous
example and for k=0 we recover the unbroken symmetry theory.
An easy computation shows that:
k

~ P
-Trg” = 2 (m,-m,
1o i i+l

2]

)q; . (42)

Condition Tr‘Q2 0 is satisfied only if

os<m, ,¢m %1, (43)

From now on let us assumée that condition is wvalid.
For each value of k, one can compute the free energy by maximising it
with respect to the q's and the m's. An explicit computation- shows that,

(k)

near TC, 2 contains a term proportiocnal to
5 4 ;
(T - TC) J2k+1) 7 (44)
we are naturally led to congider the case k - o . In order to keep track
of the parameters'qi and m; it is convenient to consider the function:

a(x) = ay, m, < X<m . (45)

1 i+1

There is a orie~-to-one correspondence between the piecewise constant fuho-

tiohs with k discontinuities and the parameters ay and my . In the 1limit
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k -se0, q(x) becomes a generic 12 function on the internal 0O=-1.

Let us now compute the free enevrgy: after some calculations one arriv

es to the surprising fesult(ll)

s ﬁp

max Afal ,

i

q(x)
ATq) = =SB L+ / q” (x)dx +2qHJ]m alal » (46)
- 0
SEQJ £ f(oyhj ]

where the function f(x,y) satisfies the following differential eguation:

2 e
of 1 dg 0f ot 2] ]
s o - o g (=) (47)
B 2 dx 2 0
e 6y y
with the boundary condition:
£(1,y) = 1n[2eh(By)] . (48)

Eq.(46) is correct only if g{0) = 0, otherwise

e

ala) = / dp(2)£(0,h+ Vd(0)2). (49)
0

A leng argument shows that q(O)ﬂﬂlhla/B and
4/3)

t= 1 « 0(h

When we cross the AT line X Xy 4 0. The following semiempirical rules

are exact, or well satisfied:

qm(lg'ash) = qm(h) y QM(B;h) = (lM(B) 5 q(x) = qm ; R& xm R
. (50)
g%, ﬂ;h) = Q(Xﬂ)s )tm‘: X« XM s a(x) = qM sy XS XM .

Numerical investigations support the hypothesis that S(0) = 0 in this sche
mes; the ground state energy estimated is U(0) ¥ .07633£107%, Apart from the
region of very small temperature, the results are very similar to those obp
tained for k=1.

Before discussing ih the next section the physieal implications of the
replica symmetry breaking we cah agsociate fo ed.(46) a stochastic diffe=
rential eguation.

We first define the function x(q) as the inverse of the fuhection g{x);



we dassume for simplicity that ¢(0) = q. = Of the function x(q) will be de
fined in the rarige anM. We consider a functich w(g) which satisfies the

4,12=14
following stochagtic differential equation( ’ )t

wiq) = 7(q) = Bx(a)mlw,q), (51)

where 7(q) is a white noise:

a)ma,) = ola, - ay) (52)

and w(0) = 0.

The function m(h,q) is fixed by the sgelf consistency condition
9 dy

it it

m(h,q) = th(Bw(qM>) (53)

w(q)=h

where the strange nhotation indicates that m(h,q) is the average of the
(Bw(g)) over all the trajectories such that w(q) = h the average being
done over the noise % in the interval q=0y; - This self consistency condi-
tion can be solved for any cholce of x{(q); the function x(qg) is fixed by

the extra self consistency relation
N

0 q
. . q Ay
q = mz(w(q),q) = (thﬁw(qM> W(q):h)2 dh . (54)

Tt is a relative simple exercise in the theory of stochastic differenitial
equations to show the equivalence of eqs.(46-48) and eqs.(51-54}.
As it was stressed in ref.(13) the following remarkable relations hold
; ) ‘gM o qM
) k B k N _ e
<o > = m (wld),a,) = th*{w(q,))

(55)

Althouph these last egquations are very suggestive of a simple physical
interpretation and they are related to the time evolution of the system,
their precise meaning 1s rnot yet fully understood.

The most important result is that an explicite evaluation shows that

the lession has negative eigenvalue and that the scheme here described is
{(15-16)

.

free of the inconsistences of the previous replica symmetric approach

4.~ THE PHYSICAL INTERPRETATION

In this section we show how to interpret in a physical way the strange

form of the matrix Q. Although the informations contained in this sgection



should be enotgh to derive eqs.(46-48) in a simple straightforward way, I
never succeded in fihding such a derivation: I sincerely hope that some of
the readers will solve this problem.

The first thing to do is to be more careful on the precise definition
of dpp = <Gi>2‘ Indeed we must define the magnetization mi§‘<6f$ for a giv
en choice of the J's.

If we considér a real system (or a computer simulatioh) the magnetiza
tion m, is defined(16) by

1
i 7 5
m, = E;é dt di(t) ; (56)

where Gi(W) is the value that o, takes at the time 7 and t is a large (ma
croscopic) but not too large observation time. For example in a d~dimension
al ferromagnetic system of size L, t must satisfy the conditions
_t}1¢:1:<< tM'z,tmeXp(Ld*l), (57)

where tm ig the microscopic relaxation time,; e.g. one Monte Carlo step.
When we change the ihitial conditions (e.g. Gi(ﬁ) at t=0) we may obtain
different results: in the Ising ferromagnetic case below T, there are es-
sentially two possibilities (mj; >0 or my< 0)! it is important to note that,
if the initial state is disordered, the approach to equilibrium for quanti-
ties invariant under the global Z, is slow (there are corrections proportio
nal to powers of t) while one needs a time t at least proportional to the
volume (t >1.9) in order to establish a translationally invariant state.

What do we expect for a spin glass? There will be many minima of the
thermodynamic potential which are separated by very high walls. At relati
ve short times the system will remain near one minimum, later on at a very
large (macroscopic?) time the system will start jumping from one minitum

to the other one; by thermodynamic tunnel effects(17).

(a)

Let us denote by mi the expectation value of di in the state label-

led by &. We have approximately

. 1 5
1 1 42
g(t) 8 =23 i< ¢, (t')dt! .
Viévl.t [) 1 ]
SUCTA- AN . (58)
-is s <:mf°‘))2/M(t/tM)] ,
P o 1
i&V ti=1
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where t, is a macroscopic time M[1] = 1 and when t-+os the sum purs ever

all possible stdtes of the sygtem: In this language q(tM) = while

Ea
q({ew) is obviously much smaller (g(e») is zero at h=0).

The concept of average around a minimum of the thermodynamic potential
can be sharpened in more geheral terms(2): if we denote by < >} the expec
tation values in the Gibbs state obtained by considering the infinite volu
me limit of the usudl canonical distribution, it is possible that the Gibbs
state is not clustering, in other words the connected correlation functions
do hot go to zero at large distances; for example in the usual Ising model
at H=0, T=T, we have

2 )
<o, > =0 , LG, b, > se—eem® (59)
i i . S

1=j=»0

where m, is the spontaneous magnetization.

=

Under general hypothesis the Gibbs state can be decomposed as the sum

of pure clustering equilibrium state

< >, = SV < >, (60)

where the connected correlation funhctions vanish at large distances and
, 18 o

the DLR equations( ) are satisfied for each state a. In the case of the

Ising model we have
< >, o= 1 < > 4 e > ¢ = =m (61)
¢ 2 R S T )

Let us assume, as & working hypothesis that the decomposition is hon
trivial for spin glasses and let us try to see the implications of this
assumption. In each state a¢ we can define an E-A order pardmeter

v

. 1 - gy & a
q.= lim = % . (n®H° , m, = <g,> (62)
a ) v 1 1

V-—e 00 1

which is likely to be independent from o,

Similarly we would like to define the overlap qaﬁ (ahd the distatice

6aﬁ> of two states:

\
L LY oap
qaﬁ = lim v Zi mimi )
Vesion 1
(63)
1 Y a. B2
0o = 1im = 3, (m,~mP)" = q +a,-2d,., = 2(d...~qd .4).
af Vewgp U 7t 1 o "8 B EA “af
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Our aifn ig to compute the probability Pj(q) for two states having

overlap ¢, i.&.

P (q) = &ZB wowg 0(q-Agg) (64)

We could also definie the average over the J's of P, (q)

P(q) =:»PJ(q) . (65)

- principle (and also in practice) the functioh PJ(q) may charige
when we change the realization of the J's.

It is convenient to consider the quantities

ng) quPJ(q)qk . (66)

An edsy computation shows that

Qg_k) :—1—}: N <o, ... 0, > ° .
v i1 ik 1 kK G
(67)
:l—' S 3SSww, <6, ...0, > <6, .0, >
v i, i1, %8 a’p Ly kM 1B

where we have used the clustering properties of the pure state to do the

approximation

KO, wes 8, >, = ML ... My (68)
1 1

which becomes eéxact when the points il"‘ik are widely sepatrated.

In the replica formalism we could naively write
q 1 < (N 2 2
Qg”:h——ﬁ...i <g1 6 ,,..-a% 6, > = Q

vii e ot My &tk 1,2

. (69)

However when the replica symmetries broken the off diagonal elements
of Q depend on the ihdices and the choice of the first and second repli-
cas is arbitrary. The correct formula isg obtained by summing over all posg

(19)

gible chHoices of the two replicas )

ot |
J = n(n 1) aanb = ‘/dxq (%) (70)
n-=¥0

where the last equation follows from the assumed form of the matrix Q(2O)

(¢fr. eq.(42).
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We finally find that

P(q) = %% (71)

where x(d) is the inverse of g(x).

When the replica symmetry is exact q(x) is a constant 'and P(q) is a
delta function (only one pure state); otherwise P(g) is not a delta fung
tion and the states structure is much more complex.

Many informations can be obtdined on the structure of the states in a

(3)

gimilar way: for example

P?(a,,9,) = F,(a,) P (ay) = 5P(a,)Play) + 2P(a)8(a,-a,).  (72)

We can also compute the probability for the states a § ¥ of having

overlap q12, q23, q81’ i.e.

f)(qlg’q23,q31) = aﬁzywawﬁwy 5(qaﬁ—q12)5(@[{3},"0123)5‘((1?0""(112)

n
Zabcd(ql2mQab)6(q23—ch)é(q31~Qca>
= lim - - =
M0 n{n-1)(n-2)

(73)
1 ™
= 5 Plagy)xla )ola ,-a,5)0(ay -y 5) +

—

+ E[_P(qlz)P(QES)ﬁ(q12"q28)é(q23~q13) + 2 permutatlons}

If we go from the overlap to distances this last equation implies that

P(61296 6,.) =0 if 618> max(612,6

23’713 ) (74)

23

In other words the states form an ultrametric space. Briefly the pure sta
tes have very interesting properties when the replica symmetry is broken
and this properties can be computed using the same technidques as in eqs.
(72—73)(3).

The reader will certainly realize that the whole machinery is two heavy
and lot of work i1s needed to simplyfy the approsdch.

It is evident that we have in our hands the information needed to
compute the correctiongto the mean field theory. The first results show

(15)

that in momentum space
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Y -~ 1 - ,
Zaanb(k)Qab(—k) v 3 (k= 0) (75)

where, for simplicity, we have neglected logaritmic factors. Apparently
the 1/k3 behaviour is the effect of the "Goldston boson" associated to the
spontaneous breaking of the replica symmetry.

Eq.(75) suggests that the lower critical dimension is 3 ahd that we
cah associate to the three dimensional spin glass on asyntotically free
theory. A careful analysis is needed to prove or to disprove these sug-
gestions.

A very interesting and open field is the generalization of this appro
ach to other systems where the Hamiltonian is fixed. In these cases it is
possible that the system has many equilibrium states, the number of these
equilibrium states may depend on the volume also on the infinite volutie

1imit. In this case the substitute of eqs.(65,72) should be likely

Y%

P(q) = lim —1-/ av'e,.  (q) (76)
v V!

V o GO .

2 1 v

[ - 3 — t w) & \

P (a,,4,) = lim g / dv'e, (a )Py, (d,) . (77)
VG0

It is likely that egs.(75,76) and egs.(865,72) are equivalent in the
spin glass case.

Apparently we have in our hands a tool which may be used to describe
and to predict the behaviour of many amorphous systems., Further investiga

tions are needed to find its precise range of applications.
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