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Abstract

A variant of the matrix Numerov method for the solution of coupled differential equations arising
from the Schrodinger equation is proposed. It allows a faster generation of the wanted solution, with

accuracy comparable to the more traditionally applied method , and it is especially suitable for large
system of order V 3> 10.

1. Introduction

Many problems of theoretical physics can be reduced to a set of coup}[ed‘diﬂ'erential equations
for which more or less accurate numerical solutions are sought for. As a consequence, it turns out
quite useful, if not compelling sometime, to device fast numerical methods to find these solutions,
especially for large sets.

For systems of coupled differential equations arising from the Schrodinger equation in scatter-
ing theory(either scattering from a mon spherically symmetric potential or multichannel scattering
theory), the matrix method of Numerov [1-3], an extension of the similarly named algorithm for
single channel Schrodinger equations, is superior to any other that has been suggested for a step-by-
step integrations of the system of equations. It is a three-points method with the smallest truncation
error within-this class. The two inherent disadvantages of the method, starting the integration and
changing mesh size, can be readily overcome, However what makes this method rather time consum-

ing for large sets of coupled equations is the fact that each integration step requires the inversion of
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a large matrix. The observation that this matrix is strongly diagonally dominant, save possibly for
integration steps near the origin of the coordinates, led Allison [2] to propose the iterative Numerov
method, which he finds to be more efficent in generating the wanted solutions. The same observation
motivates this note in that it allows a simplification of the matrix method which svoids the need of

inverting a matrix, while preserving a comparable accuracy.

2. The matrix Numerov method and its simplified version.

We consider the set of N coupled differential equations

N

42 Ll - 1 R . o
> (g +# = Lt s, vt =0 (g =1,m) (2.1)
=1 *

- ‘
k labelling the N indipendent vector solutions f* = (/%) regular at the origin, i.e. lim f Ery=o0.
ey
By introducing the matrices ¥ = (f and ¢ = ( [l—‘—(iﬁ*lg- —_ /cf']éij - %j(r)) we can write Eq.(2.1)

in matrix form

F'" = QF (2.2)
With the notation b = Tpaei — Ty and
n = (150rn)) (2.3)

where 7y, is the n-th mesh point, the matrix Numerov method takes the form [3]

Fopi=|1- "o T @+ 2p2a)F, — (1 — e, oF AR 2.4
el = — '1—2- b1 ‘+' E Tn) n " (1 - ﬁ ﬂ——l) el = '54'6 7 + 0. ( '4)

where F: indicates a sixth derivate matrix at point r,.

Negleting the term — Q%UhGF;: ', which therefore rapresent the truncation error proportional to
ke, one may use Eq.(2.4) together with the knowledge of the solution at two points to generate the
wanted solution for all values of ». Now the usual statement that one encounters in the literature
[2,3 ] is that one can use the first terms of a Frobenius expansion near the origin, if the solution for
(2.4) is started closed enough to the origin . It is easily shown that the regular solutions for small »
that satisty Eq.(2.1) are given by

pk ) 3 6
Iy e rletisy, (2.5)

4

provided the matrix elements V;,(r) have no singularities of order two or greater at the origin.

Deferring some comments on this point later in the Appendix, let us assume for the moment that
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one cin start the recurrence procedure in £q.(2.4) by using Fo = 0 and Fy = (h'v+16;;) . As is
stands however, Eq.(2.4) requires inversion of the matrix (7 — $;h%Gp41) at each step.

To avoid this and in order to reduce the number of arithimetic operations per step we rewrite
iq.(2.4) as

. h? 10, , 5 " ,
I 'i'iGn-H Fogq = |21 + iL-‘Zh G |Fp— | I — i"z“Gn—l Fypm1 =+ 0(R°) (2~6)

and introduce the auxilary quantity
. 1 Vel
Yp= |- -1—5}7,‘ GulFn (2.7)

Then equation {2.6) can be rewritten as

v 2 71t .

Now it is a well known theorem in matrix theory that for a NxN matrix A
&,
U—A"t =Y AF (2.9
f=e0
provided p(A) < 1 where p(A) is the spectral radius of A, defined as
A) = MY
pl4)= max [N
where \(¢ == 1, N} are the eigenvalues of A. [4]

Given the expression for G, it is possible that, for small 7, p({%G(r)) > 1. To avoid this

. » : 2
inconvenience we rewrite J — a’ng(r) as

h2 oy h2 ) . . .
I- EG('I) = A(T) "‘l" EK (1") == A-(T) + K (7‘) (2‘10)

where

Ayglr) = {1 - %(ﬁﬁ%}—) — kf + Vij("))}‘sfj Kif{r) = (1 — 8i)Vig(r)

so that A(r) is completly diagonal and K (r) completly off-diagonal ,i.e. with diagonal elements equal

o zero. Hence
o0

A+E) = (I +A" 1K) = Y (AR (2.11)

m==0
if h is chosen so that B5p(A71K,) < 1 for all r, in the range of integration.
Under these assumptions Eq.(2.8) can be rewritten as
oo h2m . , ] . e
Yoar =12 > o (A o)™ AT 1Y, — (10Yy 4 Y1) =+ 0(4%)

me=0



from which
h2 —1 ht -1 3‘ —1vr ] (9.12
Yogr =121 + A7 Ko+ o5 K P AT Y — (10V, + Vo) 0% (212)

the last step being justified by the fact that we can truncate the expression at the fourth order in the
mesh size & with little loss in accuracy since the truncation error is already O(he). The development
in powers of A; 71K’ is convenient only as long as (A1) > 1. (A glance at definition (2.10)
shows that this is to be expected for a number n of mesh points near the origin, such that roughly
n r [Mﬁ“’—"ﬂlr R Lﬂgﬂ-). When this condition is no longer satisfied, then is better to expand
in power of %Gn and choose £ so that in the range of integration {%p(Gn) < 1 for all r, of interest.
One way of avoiding the first mesh points is to use an sccurate Froboenius expansion of the solution
near the origin, so as to start Numerov iteration farther away from it. Alternatively one can use
both developments, each one in its range of validity. For convenience we shall assume henceforth

Ap=TI1and K, =G,

3. Stability of the various methods.

In order to discuss the conditions of the stability for Eq. (2.8) and its approximate form (2.12)
we use a comparison method with difference equation with constant coeficients.

As is well known, if in the difference equation

Ynt+1— 2(1 4 a)yn + Yp—1 =0 (3.1)

|1 a| < 1, then the method of integration of the original differential equation is locally stable.

If instead |1 4 o] > 1, the method is unstable. ‘When the quantity o = oy, is point dependent,
then the condition |1 -+ ay| 2 1 defines the intervals of local stability (instability) of the solution
of the differential equations. Application of these considerations to a matrix difference equation,
like the one in Eqs.(2.8) and (2.12), requires a preliminary discussion of the eigenvalues of Gy.

In fact the matrix I — ?;Gn is, except for few mesh points near the origin, a strictly diagonally
dominant hermitian matrix with positive eigenvalues centered around the value 1 if, as it usually
the case, %;p(Gn) < 1. If, morover, G itself is strictly or irreducibly diagonally dominant with
positive (negative) diagonal entries [4], then all its eigenvalues are positive (negative) , so that the
eigenvalues of J — ?;G,, are either all < 1 or all > 1.

In such a case diagonalization of the matrix difference equation.reduces the discussion to the case

of the single difference equation.
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Hence, indicating by ¢ the common sign(4-1) of the eigenvalues of G, the conditions of local

stability for equation (2.8} becomes

B 1 e
ll — {%p@;}; —5l <1 o my < 3AGhe <0 (8.2)

ie. € =—1and &p(Gy) < i
Similary for Eq. (2.12) the same condition takes the form, putting A%p(G,,) = >0

1

11+ e% + 5 <1 b 0< y< —12 (3.3)
e €= —1 and b p(Gy) < 1
- When ¢ = ~-1 (i.e.G,, positive definite) or when there are eigenvalues of both signs, then there is

local instability. In those intervals of integration where this happens, one can minimize the rate of
accumulation of systematic or random errors by making 42p(G) = 20, « 1. This is because,

under this condition both Egs. (2.8) and (2.12) take the form (3.1) with o == On

Ynt1— 2(1 + U )Yn + Yp—1 =

By defining an average value & for the @n on the interval of instability we see that the rate of growth

for the error ¢, at mesh point n goes like
€n N Cl gl inry o ng@n inrg

where ri o= 14 a4 [(1 4+ a)2— 121 + (2G)% are the roots of the equation
m?—2(1+a)m-+1=0

associated to (3.1) and C; and C, are constants depending on the initial conditions.
Hence €, as ¢n(2)% s from which the above statement follows.

From the above discussion we see that the condition (8.2) of stability for Eq. (2.4) is even more
restrictive than the condition 45p(G,) < 1 required for the validity of the expansion in Eq. (2.11).
Hence we can always use this latter to pass from Eq. (2.8) to Eq. (2.12).

Depending on the degree of accuracy for the wanted solution, we can further simplify Eq. (2.12)
by simply dropping in this latter the term{%‘;p(G n) . The percentage error introduced in such a way
in the solution is of the order of %%pmm((}'n), Where pmaq is the upper bound of all the spectral radii

of G in the range of integration . In this latter case the condition for stability becames %;p(Gn) < ¥



4.Conclusion.

The three point matrix method of integration given by Eq. (2.8) and its variant Eq. {2.12), when
expressed in terms of the auxiliary variable V), defined in Eq. (2.7), have the computational advantage
that the coupling intervenes only through the coefficent multiplying Yy, implying a minimum number
of matrix multiplications at each step and the ability to generate the whole set of indipendent

solutions in one go.

This is true even in the case when one needs the original variable F, at all mesh points, since
-1

Yy = Fnp. One

further advantage is the possibility of using the expansion (2.11) by choosing the variable mesh size

at each step in Eq. (2.8) we have to calculate anyway the quantity [I — {%Gﬂ

h so that in the appropiate interval lf;p(Gn) < 1. Depending moreover on the accuracy needed one

- 1
7 %;Gn]

RSy

S

can further envisage to retain the first term in the above expansion, i.e. to put
I+ G,

In this latter form, the matrix Numerov method in the coupled case becomes comparable in

speed to the more traditional method used for the uncoupled case.
A test run for a 100 mesh points integration of a 9x9 system of equations, with potentials Vi, (r)
of the atomic type, has shown a reduction of 20 % of CPU time when using the simplest variant of

the Numerov method Eq. (2.12), with h* terms discarded, over the traditional method Eq. (2.8).
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Appendix
In this appendix we want to write explicity, for convenience of the reader, the first few terms

of the Frobenius expansion for the system of equations (2.1) which we now write as

( : dz 3 ’bk . \
o = LU+ D)= A )FH = 0 (A1
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where f¥(r) is the k-th indipendent regular vector solution (k=1,.N), L = Lifg; (4,7 =1,..N)

and

Ar) = Vi) — K] = 30 Ayr (432)

v=0

assuming that all the functions r2V;,(r) are analytical nesr the origin and that lim +2Vi(r) = 0 80

that Ag = 0.We shall also assume that [; < lj if ¢ € j. From the explicit uxpansmn we: shall derlve

the conditions under whieh one can use Eq. (2.5) in the text to start the recurrerice procedure m
Eq. (2.4). .

The method of Frobenius for the solution of liear differential equations is a standard method

'[5,6] that demands the definition of the vector series

Ak(O' 7)== rirtite ‘) ¢>V(0') (A.3)
=0

of the two variables o and 7. Formal insertion of this into (A.1) shows that

2 @ I : ‘ VA ( s \plnA Lok

d 5~ LUL+D =AM o, r) = [k -+ 1+ o)l + o) — L(L + D)]gk(o)rts (A4)
provided for v > 0 the functions ﬂb’"(cf) are determined by the recurrence relations

(s + 1+ 0 4 2)lk + 0 4+ ) = L(L + Dpk(o) = D Audh_ (o) = Z: Aum_,, (A.5)
p==0

pe=1
. . .
and ¢&(c) is arbitrary.
Under these assumption, Ref [5] shows that the series (A.3) is analytical in both ¢ and r, for 0 <
—p o g
¢ £ 1 and r sufficently near the origin. Hence by choosing ¢E(0) = oPE* where EF = 64y and

D=l = {n we see from (A.4) that

D D—
. __d k N il AT Dl d
Jm opA () =753 i 1) D=7 am Sop= Z S (4.6)

r==0 y==0

-> =
1s a vector solution of (A.1). By taking in turn ¢k(c) proportional to different vectors E¥ =
brgy - k'4¢k one can show that in this way all the IV indipendent regular vector solutions of (A1)
are generated.
—f
Expression (A.6) for the solutions shows that logarithmic terms appear whenever some ¢%(o)
have zeros of order less then D = Iy, in the limit ¢ ~ 0. From the recurrence relations (A.5) we

see that this happens whenever for some index j and some v

lm [+ 140+ )ik o+ ) = L(L 4 1)) == (A.T)



- 8 -~

Notice that for Iy = lee = Iy this can never occur for any v > 1, so that the vector solution
corresponding to the index N in (A.8) does not contain logarithmic terms.

For any other index £ < N,Eq. (A.7) may be verified for some v . In such a case the sppearance of
logarithms depends on the structure of the matrices A4,.

Indeed let us take an index & so that already for v == 1 condition (A.7) occurs once, for a certain

index j necessarly different from k. Then from the recurrence relations (A.5) we derive, remembering

that

—p -3
ooy =+ 140+ 1)k +0o+ DI — L(L -+ D] 4, EReP (A.80)
4(0) = [k + 1+ 0 + 2)(In -+ 0 + 2 — L(L +I)] ~HA19k(0) + As 40P (A.80)

..................

o) = b+ 140+ 0l +o+ 0 — LL+DT 3 Adh_ o) (480)

p==1
Provided now that the matrix element (A L)j PRE dnﬁ'erent from zero, i.e. hm rVii(r)40,we see from
Eq. (A.8a) that the j-th component of the vector qbk(a) has a zero of or’der D ~- 1 in the lim ¢+ 0
,Whereas all the other components have a zero of order D. Consequetly in this istance the first few

terms of the Frobenius expansion for the k-th solution f*(r) are given by

- —ip o — -

FHry = t*TUEY - (AL B — 0 BO)r + ajp B lman v In 1 = ...0.] (A.9)

where, for simplicity oy = '(A1)]-k

This expression clearly shows that, although in the limit 7 = O only the first term E’; within brakets
survives, the approximation of the solutions near the origin by only this term is a poor one, even for
such a small mesh size & &y 1072 as usually chosen near » == 0. In other words the percentage of
error introduced in the solution by neglecting the second term in brackets with respect to the first,
especially in the presence of logarithms, can be much higher than the ratio r(ss 4) to 1. This fact,
if overlooked may prevent an accurate solution of the system (2.1), all the more that near r == 0 the
solution is instable and the error increase at least until a turning point is met.

'The correct procedure to follow is then to fix an a priori error within which one wants to know
the solution and then use as many terms in the Frobenius expansion (A.9) as necessary to obtain
the desidered accuracy.

The above is not at all an exhaustive treatment of the Frobenius method for the series integra~

tion of systems of differential equations . The interested reader is referred to ref [5] for rigorous
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presentation of the subject and to ref [6] for a very useful discussion on the implications of the
method as applied to systems of the type shown in (A.1), arising in problems of nuclear physics. We

have used much of the material contained in this latter reference for the discussion in this Appendix.

References

1) B.Numerov, Publs.Observ. central astrophys. Russ. 2,188 (1933) ; D.R.Hartee, 'The calculation
of Atomic Structure’ John Wiley and Sons, New York (1957)

2) A.C. Allison, J.Comput. Phys. 6 (1970) 378

3) L.L.Barnes,N.F.Lane and C.C.Lin, Phys. Rev.A 137 (1965) 388 ; K.Smith,R.J.W Henry ; P.G.Burke,
Phys. Rev. 147 (1966) 21

4) R.8.Varga, Matrix Iterative Analysis (Prentice Hall ,1.968)

5) E.L.Ince, Ordinary Differential Equations (Dover, 1956)

6) F.Palumbo, Phys. Lett. 69B, 275 (1977)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


