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ABSTRACT

We have run computer simulations in SU(2) lattice gauge theory including dyna-
mical quark loops. We report the experimental results of the plaquette energy, the pla
quette-plaquette correlations, <y ¢ > , the value of the Polyakov line and @, p and @
masses and discuss the effects of dynamical quark loops on these quantities, We pre-
sent also our experimental procedure of the simulations in detail.

1, ~ INTRODUCTION

The incorporation of fermionic degrees of freedom in Monte Carlo (MC) simula
tions of lattice gauge theories would allow us to reach a new stage of hadron physics.
We could calculate, in principle, all the hadronic properties and could see how the QCD
vacuum is constructed at low energies.

Unfortunately, we stand now far from such a state, The main difficulty consists
in the very long computational time of quark propagators and, especially, of quark va=-

cuum polarization diagrams. Therefore, the first trials to calculate fermion propaga-=
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tors under SU(N) gauge fields have been done without quark loops (quenched approxi-

mation)(l). The results were quite encouraging: reasonable values of hadron masses,
decay constants and baryon magnetic moments have been obtained, After these succes
sful papers, a flood of efforts have been devoted to the improvement of the results a-

long this line towards larger 1attices:(2).

However, the real world includes quark loops. We expect that the mass split-
ting between the flavour singlet and non singlet mesons can be explained with quark 1o
ops. Chiral symmetry breaking(B) should be confirmed with the inclusion of quarkloops.

The hopping parameter expansion had been the only way to include fermion lo-
ops numerically(4). It is a very good and effective approximation for heavy quarks, i,
e., small values of the hopping parameter, and for a small lattice. Fake quark loops
due to finite size effects are easily eliminated in this approximation. However there is
a convergence problem for light quarks, and the computational task is very heavy for a
large lattice,

Although the above approaches may be highroads, it'is worth while, we believe,
to explore the MC simulation of gauge theories without these approximations., Towards
the real QCD simulations, we should develope efficient algorithms not only for quark
propagators but also for quark loops.

The first numerical results along this line had been obtained by two of us{3) for
SU(2) gauge group and Wilson action(G) and by Hamber, Marinari, Parisi and Rebbi(?)
for SU(3) and Kogut Susskind actiod ‘8). Here we shall continue the study of the previous
paper and report more detailed results. In Section 2, the basic formulae are recalled
and several relations are derived which will be useful later, In Section 3, we describe
the experimental procedure and the results. Section 4 is devoted to a suramary of the

problems found in this experiment and to discussing possible approaches to them.

2, - FERMIONS IN THE MC SIMULATION

2. 1. - General formulation

The Euclidean lattice action has the form :

8 = 84(U) +5,(U, ¥, %), (1)

where the first term represents the kinetic term of gauge variables, U, with bare cou
pling g. In this paper we employ the Wilson action!6) both for gauge and fermion parts,

The fermion action is bilinear in the fermion fields,

Sp = AV = F(c - k)P, @



The matrix 4 has the form

4
A4 = ¢4 -k 3

- ' '4 N .
mm” "0 I_(r‘-}"u,) Un,Hr 6n+ﬁ,m+('l+yl") Um:M 6n,m+£ﬂ , (3)

where n and m are site indices and we suppress colour and flavour indices, The hop-
ping parameter, k, is related to the bare mass m, Wilson term r and lattice gpacing
a as

¢
8r + 2ma ° . (4)

The lermion variables are related to the continuum fermion fields Y¥(x) as

3
Y~ y —3—1;— P(x) .

In this paper we set both r and ¢ to be 1. We use self adjoint Euclidean Dirac matri
ces:

A
{_ '},MJ “Y’V} = 261“’/”’ }’H * )“u/w u= IJ 23 3: 4

p® . yly2y3yd

The matrix 4 has the following property,

‘ +
P4 v° = A", (5)
Due to this symmetry, the eigenvalues of 4 {(and Al'l) appear in complex conjugate
pairs.
For numerical simulations, it is convenient to integrate the partition function

over fermion fields using the Matthews-Salam formula

. --S,,-TIJ' -5 -SH- |
z =f@U@«p@we o Vav ,_/@Ue "G det(- 4) = /@Ue Sa-Ser | (g)

To our knowledge, there is no proof to show the positivity of detd above k=1/8. We

assume, therefore, its positivity. Then we can write

detd = JdetQ , (7)

where

0= A4

For small change of the gauge fields,

dSIBITI = - ';—TI‘( 9-169) . (8)



We may write meson fields in the form
P(x)Ty(x) ,

where I' is a matrix with Dirac and flavour indices. Then, meson propagators are giv
en by
Glx,y) = <¥(x,y)> , (9)

where

4 (x,y) = gdc -9, = ’I‘r'![ ]"A"l(x”x):l Tzr[-_’fdnl(y,y)‘l - o)
(10

- Tr[ TA-l(x,y) ‘FA-I(y,xﬂ )

~

with I' = 3’41"+ r* and

JaugeSa SR

LGy = —; -
Jou e SaSer

Fig. 1 is a diagrammatic representation of equation (10), Excpet for flavour-singlet

G0 CW

FIG, 1 - Diagrammatic representation of
the fermion contribution to the meson pro

~ . P pagator {(equation (10)). The first graph
— Q( ) ! < represents the gquark loops contribution to
y meson propagator, which is different from
-~ < N zero only for flavour-singlet mesons,

mesons, the first term of equation (10) vanishes. The time slice propagators are de-
fined as

G(r) = 3 G(x,y). (11)
X,y
X4-_Y4:=7
These propagators, for periodic boundary conditions, show the following behaviour at

large 7:

Gt} ~ coshMa (7 - ). (12)

ol

In this expression, M is the lightest hadron mass with the same quantum numbers as
YLy, and T is periodicity in the time direction,

With the help of the Matthews-Salam formula, we can easily get the formula,



k ——1 logdetd = tr(1) - tr( A“]‘) . (13)

After integration over the gauge fields we have

c?k <SEF> = nfl\T‘L(('lTJ'(x)w(x)> - 4nc) . (14)

where np and n, are the number of flavours and colours, respectively, and N4 is the
number of lattice sites. We will use formula (14) later to estimate the magnitude of

g effective fermion action, SEF'

2. 2. - Pseudo-fermion method and quark propagators

The pseudo-fermion MC method was introduced by Fucite, Marinari, Parisi
and Rebbl(g) to calculate A"l. The quark propagators, A"l, may be expressed in a

bosonic integration form,

1
= * >
where
-5
<9>‘E)F /912) 2P0e ap (16)
: J[aptape S8
and
1= Ap. (17)

The bosonic fields, jb, have the same quantum numbers as ¥, The "action" Sjb’ béing

positive definite, is given by
54 = . : | (18)

Fucito et al, have proposed to evaluate this integral by the MC method.
In terms of the pseudo-fermion fields, the variation (8) may be expressed in

the form

WA >P]F (19)

Since the gauge and the pseudo-fermion MC sweeps of a lattice are performed in turn,

we do not know the new gauge configuration, {Upy ..} and, therefore, the variation ¢4

in equation (19) during updating the pseudo-fermion variables, We rewrite 54 in the
following form,

RS ML - Hug@uy s mﬂj (20)

S
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where
3 i
DU = Upey - Uold = (V"l)Uold = (50 Ci‘I )Uold ¢ (21)
Here ol are the unit and Pauli matices., Then we may write down ¢4 as

54 = 3 c; 84 (22)
i
where 6A(i) is obtained by replacing DU with criUold in equation (20),
In terms of the pseudo-fermion fields, the connected part of the time slice pro

pagator is given by

~ ;% N\ v X 7 3
g, (7) = I’ij r, X’Ey < xk(y)ybj(x> ’pp <x i(x)]él(y)>PF . (23a)
x4-y4=:’5‘

This form, however, is not appropriate to the computation because we should store all
the pseudo-fermion fields generated in the pseudo-fermionic MC iterations, We can
rewrite (22a) as

N % K
Gl = I, Fle<x§y %y (x) pj(x)’{k(y)pl(y)}PF -
X4 VymT
' (23b)

* . ’ *
- 3 “(x) p.(x) > <3 2Ty by > )
x4_y4='v<')2:x1 Aix) 2y RIS H)2 pp

By this simple trick, we can drastically save in computer memory.

2, 3. - Discrete pseudo-fermions

In this paper we will study the case of a SU(2) gauge theory. We employ for gau
ge variables the discrete subgroup of SU(2) defined by the symmetries of an icosahe-

10)

dron( . Here is a simple trick to reduce the computer time in the pseudo-fermionic

MC calculation: We make also pseudo-fermion variables discrete, Suppressing Dirac,

colour and site indices, we may write the pseudo-fermion fields as

p=rig),
where o and B satisfy the condition,
Ia|2+ IB]Z = 1,

Just this condition is also satisfied by a column vector of a SU(2) matrix, We replace

the pseudo-fermion field § by a column vector of the representation of the icosahedral
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group in the numerical computation,

3, - EXPERIMENT AND DATA

In this experiment we use essentially the same computer program as in our pre
vious paper, where the reliability of the program was discussed in detail, We employ
the Metroplis algorithm(ll) for updating both gauge and pseudo-fermion fields. Period
ic boundary conditions are imposed on both gauge and fermion fields. Two flavours are
generated independently to reduce systematic erros, Typical computer time on a 44 lat
tice is one hour in a VAX11/780 for one gauge sweep which contains 2x 200 pseudo-fer
mionic MC iterations with five hits, The times for one sweep of the pseudo-fermion
field, for one calculation of 64 over the fixed pseudo-fermion and for one calculation
of the propagators are about 7.5, 2,2 and 1,3, respectively, in units of one gauge sweep
ing time. The rate of acceptance in performing one upgrading step on a pseudo~fermion
vector with four Dirac and two color components is roughly 5%.

Convergence 1s satisfactorily fast. In Fig, 2 we show the behaviour of the expec

tation value of S, for the first four gauge configurations. The run is initiated with all
) gaug g

against the nuwmber of pseudofer Sd) i
mionic MC iterations for the
first gauge configurations, The f.i =2.2 k=0.20
starting gauge configuration has |
been chosen randomly (hot start). 205001 I
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have used 40 pseudofermionic ;
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gauge variables chosen randomly (hot start), For any gauge configuration, the follow-

ing condition should be satisfied:

2™,

\u’b) T (Number of degrees of freedom) . (24)



After each gavge sweeping, the pseudofermionic MC calculation starts from the last
configuration in the previous iteration. The Fig. 2 shows that after a few gauge confi-
gurations, condition (24) is satisfied with a few percent error. We monitored this
quantity when running the program,

The plaquette energy, E,, and the chiral order parameter, <yPy>, are plotted
as a function of the number of MC gauge iterations in Fig, 3. Ten or twenty iterations

seem to be enough for these quatities to reach equilibrium,
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. <] © * % Cold Start
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Number of Gauge MC iterations Number of Gauge MC iterations

FIG. 3 - Expectation values of the plaquette energy (a) and the chiral order parame-
ter P (x)y(x) (b) against the number of MC gauge configurations. Each point was ob-
tained averaging over four gauge configurations. The initial conditions for gauge
fields are cold start (crosses) and equilibrium configuration for B=2.2 and k=0,18
(circles) respectively.

Now we shall report the experimental data, First let us investigate the effects
of fermion loops to the gauge fields, In Figs. 4 and 5, we plot the expectation values of

the plaquette energy and the Polyakov line as a function of the hopping parameter, whe

re the Polyakov line is defined as(12)

11 Nt
e N x i=1

In the figures the points at k=0 correspond to the quenched case, i, e. pure gauge ca-
se, When we put quark loops into the system, the plaguette energy decreases, i.e,,
the system temperature goes down., The Polyalov line is used as an order parameter
of deconfinement in the pure gauge theories. Fermion loops increase this order para
meter. These observations indicate that fermion loops push the gauge configuration to
a more ordered state, The effect becomes prominent above k= 0,15, In this region,
as we will see, the fermion determinant makes a sizable contribution to the artion,

In Fig. 6, we illustrate the fermion loops effect in the plaquette-plaquetie cor

relation function, G(r), for ©=0 and 1, We define G(z) as
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FIG. 5 - Expectation value of the Wilson
line as a function of the hopping parame-
ter k., These values have been obtained
under the same conditions as in Fig. 4,
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FIG, 6 ~ (a) Time slice plaquette-plaquette correlation function G(r) at ©v=0 against

the number of MC gauge sweeps. The solid line stands for the pure gauge case. The
triangles correspond to k=0,20 and have been obtained with a thermalization &f 40
gauge MC iterations, Thecrosses correspond to k=0,23 and the thermalization is 68
sweeps. (b) Time slice plaquette-plaquette correlation function G(7) at v=1 against
the number of MC gauge sweeps. The hatched region stands for the corresponding va
lue in the pure gauge case, The crosses correspond to k=0,23 and the thermalization
for gauge fields is 68 sweeps,
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G(7) = NS[< W(T) W(0)> - <W(o)">'2]i , (26)
where
1 1
W(r) = =—=— 2 =tr(U)),
@ Ng spatial 2 P
plaquette

and Ny is the number of space-like plaquettes. In this figure, we plot G(7) as a func-
tion of the number of MC iterations. The solid line and the hatched region in the figures
stand for the corresponding values in the pure gauge theory. The value of G(0) is much
smaller than that of the pure gauge case: the fluctuation of the plaquette energy decreas
es due to fermion loops. The value of G(1) is very small and we cannot distinguish it
from zero, The pure gauge configurations generated with fermion loops seem to be fair
ly different from those of the pure gauge case, Note that the glue-ball masses are es-
sentially determined by G(v). Our measurement here does not allow a determination of
the glue-ball masses because of poor statistics and the problem of the fake quark loops
due to the small size of the lattice, However, if one wants to know a realistic value of
the glue-ball mass, the effects of fermion loops should be considered seriously.

Next, we will study the problems related to the quark propagators. In Fig.7, we
plot P (x)P(x)> ona 44 lattice as a function of k at §=2,2. Here LP(x)P(x)D> is de
fined by '

LPEWE)> = ——— tr(d™h .

From these values we can estirnate the magnitude of Spp using equation (14). We fit
the data in Fig. 7 with a spline approximation and integrate it to obtain Fig, 8, Wefind
that there is a sizable contribution of detd to the total action at large k, i,e,, light
quark mass regions.

We have measured Ep and <P Y > also on a 43x 8 lattice at §=2,2. We do not
see any significant difference in the data between 4% and 43x 8 lattices within statisti
cal errors,

In Table I, we present the "masses" of @, ¢ and @ in reciprocal lattice distan
ce units, Here "masses" are defined as

-1 G(r=1)

Ma = cosh G(r=2)

(see equation (11)).

We have found that the @ /0 mass ratios are about one and that the splitting of ¢ and ®
has the correct sign for the observed region of the parameters, We should notice, how

ever, i) the "mass" defined above has a strong contamination of higher stdtes because
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Fig, 7.

of the short distance of the propagators; ii) the value of the Polyakov line is larger
than that of quenched case and the finite temperature effects are more serious; iii)in
this experiment we could not determine the physical k (fixed for example from m-g
mass difference) at which all hadronic quantities should be measured, and iv) stati-
stics is not enough,

Recently, Otto(lg) has claimed that even a small number of pseudofermioric
iterations might be sufficient in order to include fermion loops. We have performed
two experiments with the same conditions except the number of MC iterations (expe-
riments 2a and 2b in the Table I), Though the values of hadron masses obtained from
these two experirnents are consistent with each other, the error bars of Exp. 2b are
much larger than those of Exp, 2a as a natural consequence of the smaller number of
pseudofermionic iterations, Both experiments give about the same value of <Py >,
This is also the case for the plaquette energy: Ep = 0,293 for Exp, 2a and Ep= 0.310
for Xxp. 2b, These quantities can be usually obtained with small statistical error,
For such quantities, a smaller number of pseudofermionic iterations might be suffi-

cient if we include the proper number of thermalization runs,
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4, - DISCUSSIONS

The experiment presented in this article demostrates, we believe, that we can
and we should proceed in the MC simulation of gauge theories with dynamical fermions
and that, on the way, many things should be clarified. We hope that one can make the
best use of the experiences here at the next steps. Though the small size of the lattice
and the employement of SU(2) as gauge group are strong limitations in this experiment ,
the following observations made here seem to be general features :

19 The-CPU time is not hopelessly long;
ii) The gauge configurations generated with light quark loops are fairly different from
those of the pure gauge case;
iii) There is no strong size effects between 4% and 43x 8 lattices in regard to Ep and
<Py>.
iv) The Ep and <PYP> do not suffer too much from statistical errors, but the hadron
propagators do.

Let us comment upon these points. We have used several tricks to save compu-
ter time, but reduction of CPU time is still possib].e(M). We employed the Metropolis
algorithm for the pseudofermionic MC calculation. However the heat-bath method could
be more efficient because this algorithm works well for a gaussian distribution. We have
uged here the standard Wilson action with the Wilson term r set to 1, If we want to stu
dy only global nature of the fields (the plaquette energy, the Polyakov line, <>, etc)
and give up:the calculation of A"l, we can perform simulations in less CPU time with
the Kogut-Susskind action because it has one component on each site, though it is not
clear whether a lattice with the Kogut-Susskind action is equivalent to a lattice of the
same size with the Wilson action,

In the case of the quenched approximation, there is a window where the correla
tion length is large enough so that scaling has set in and yet not so large compared to

the Jattice size!l>)

. The data described in the previous section suggest that the correla
tion length changes when the fermion loops are considéred. The lattice distance is also
different from that of the pure gauge theories. In the scaling region, the lattice distance

is related to the bare coupling constant g as

a =+ (gg") exp(- — =) , (272)

where B, and f$; are the coefficients of the first and the second terms of the § func-

tion and, for massless QCD, they are given by(m)
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From this formula we can see our lattice (nC =2, ne = 2) shrinks faster than that with
n, = 0 as B{= 4/g2) increases., This may be a part of the reason why the expectation va
lues of the Polyakov line are larger than in the pure gauge case. We should search for
a new window and remeasure the correlation length, the glue-ball masses, etc. there,
The quantities Ep and <PP> do not suffer much from statistical errors and
are stable against changing the lattice size. The estimation of the fermion determinant
‘in Fig. 8 is reliable., Convergence of Ep and <P Y > evenona 43x8 lattice is good.

Sece Fig, 9. This raises our hope of going to larger lattices.

040 T T T 7 T 64 T 7 T T T
(a) | (b)
0000 o)
039f COO(’?X* x"“??? L J
- ) X
Ox* . x %
X X %X X X
. . X < X X X
. o i~ ~
0.38}- N !;5,3_ (0¥} ‘OQOOOO"
o x o)
\ 00 ©
O 4 0
o37F - - .
X 43x8
036 L P | 4'0 . 6.2 S 25 1 v M

Number of Gauge MC iterations Number of Gauge MC iterations

FIG. 9 - Expectation values of mean energy per plaquette, E (a) and chiral
order parameter PY (b) against the number of MC gauge sweeps, The cir-
cles have been obtained from a 4% lattice and the crosses are the results for
a 43x 8 lattice. ‘

As we have seen in this experimernt, the field configuration on a lattice with
quark loops is fairly different from that of the quenched approximation. In the latter
case, Kogut et al, and the Bielefeld group have shown that at finite temperature the sy
stem presents a deconfinement phase where chiral symmetry is restored. With quark
loops, however, the situation may be very different because the phase transition bet-
ween confined and deconfined phases desappears if we use the Polyakov line as an or-

der parameter(lrz). Furthermore, the gauge configurations which give zero eigenvalues
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of 4 being essential to the chiral symmetry breaking, are suppressed with respect to
the quenched case due to the measure detd , This problem should be investigated very

urgently,

The main part of the numerical calculation was performed by VAX11/780 at the
computer center of Universidad de Zaragoza, It is a pleasure to thank later's staff for
their help. Two of us (V,A, and A, N, ) wish to thank G. Parisi who has, with great pa-
tience, introduced them to this field, suggested many ingredients in this paper, espe-
cially the idea of discrete pseudo-fermion, and found bugs in the program. They are
indebted to E, Marinari for many discussions and for instructing the pseudo-fermion
algorithm,. They thank G, Martinelli for a critical reading of the manuscript. They also
would like to express their gratitude for warm hospitality at Frascati Theory Group,

One of us (A.N,) is grateful to P, Haserifratz for usefull discussions.
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