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In this note I show how to use the replicas formalism to study the macroscopic consequences of a random violation of
energy —~momentum conservation at the microscopic level (i.e. at distances much smaller than 1013 cm).

The properties of a quantum field theory defined
on a disordered medium have recently been investi-
yated for the first time [1]. If the disordered medium
is considered to be not a technical device but a true
physical reality two different points of view can be
taken: (a) the disorder may be considered as a quan-
tum variable and the usual quantum mechanics (with
some modifications) is recovered for the whole sys-
tem; (b) quantum mechanics does not apply to the
variables describing the disorder (e g. they are classical
variables): quantum mechanics is 2 good description
only for the fields, not for the disorder of the me-
dium [2].

The last point of view may be not unreasonable:
space—time may have a very complex topology at
short distances [3] (i.e. 1019 fm) and it is not clear
if the evolution of the topology may be described by
the familiar quantum mechanics laws. Partially moti-
vated by these wild speculations we address here to a
simple well defined question: We consider a conven-
tional field theory in presence of a fixed background
field which is disordered at a small scale /; translation-
al invariance is obviously broken (the quantum field
may exchange momenta of order 1/ with the fixed
background field). We would like to know the behavi-
our of the violations of translational invariance and
energy--momentum conservation when [ goes to zero.
The answer to this question is not immediate; indeed
it is possible to argue in two opposite ways:

(a) The violations of translational invariance go to
zero with [ because the theory cannot be dependent
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on what happens at very short distances.

(b) The violations of translational invariance be-
come very large and translational invariance is com-
pletely lost when [ goes to zero because the momen-
tum exchanged in an elementary interaction of the
quantum field with the background is of order 1/I.

We now proceed to obtain the correct answer to
this question by using the formalism of the replicas
[4}; as we shall see the final estimates will be strongly
dependent on the type of theory we shall consider.

We start with some definitions in order to formu-
late the problem in a clear-cut way. We call G(x, y\B)
the Green function of the quantum field ¢ in presence
of the background field B:

Gx,18) = 00) 609Dy
= [au 816040 / [aup 01,
g [4] = d[glexp (-S4, B)], )

and we assume that (¢)g = 0 in order to simplify the
analysis. For convenience I use the notation of eucli-
dean quantum field theory although the usual rela-
tion between the minkowski and the euclidean theo-
ries is more involved in presence of violations of
translational invariance *!; in the worst case eq. (1)

*1 The product of unitary matrices is unitary but the product
of hermitian matrices is not hermitian in general; moreover
the probability distribution for the B field in Minkowsky
space may get phases when rotated to euclidean space.

0.370-2693/84/$% 03 .00 © Elsevier Science Publishers B.V.
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can be considered as a bookkeeping of the usual dia-
grammatical expansion.,

In the present case G(x, y|B) depends also on x + ¥y
and not only on x — y as is usual; as a consequence
the Fourier transform

G(w,AlB) Ede.x G(x,x+AlB)exp(iw-x), (2)

will be non-zero also at w different from zero.
The value of

(3)
(the bar denotes the average over the configurations
of the classical background field B) at non-zero w
will be taken as the signal of violations of translational
invariance. If, after averaging over the B fields, trans-
lational invariance is recovered, we have that:

Iw, 4) =fdlx dyexp[i(x—~y)* w]

XT®(x, x+4,y,y +A),

1@, y, u, v) = GG, yIB) G, v1B)
—G(x,yIB)G(u,v|B) . 4)

Possible ultraviolet divergences due to coinciding
points in eq. (4) may be eliminated if we take the pre-
caution of smearing the field ¢ with a test function.

The original question becomes now: which is the
behaviour of I'®) when I goes to zero. The simplest
and most compact tool for investigating this question
is the replica method [4].

We consider a system composed by n replicas of
the field ¢ (¢,(x), 7= 1, 1) and by the field B with
global probability distribution:

dP[B] gdummsi:l : )

The theory is invariant under the group P, of
permutations of n elements (the replicas), which we
assume to be unbroken *2. Simple group theory tells
us that *3

*2 At the present moment it is not clear to me if the original
proposal of ref. [2] where the replica symmetry is broken,
does not involve too strong violations of the energy mo-
mentumn conservation.

*3 We assume that {¢;» = 0 in each replica.
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@x) S (YN =8; ;GA(x ~ y),
©;(x) /() 81() 0, ())=8; ;87 81 W GE(x, 4, ) -
+ (61’]6[,’" + 51’15],"1 + 51,m 51'])(}'{4)(36, y,u, U) . (6)

It is easy to see that if we continue eqgs. (5), (6) from
integer n to non-integer n (if the replica symmetry is
unbroken no difficulties should be present) we have
that:

G®(x - y)=G(x,yIB), -
63(14)(96,)’, u,v)=T®(x,y,u,v) .

Our system in the presence of a fixed inhomoge-
neous field B can be considered as the n = 0 limit of
an n-component theory; indeed in this limit the distri-
bution of the B field is not modified by the contribu-
tions to the vacuum polarization due to the ¢ fields.
In this framework violations of the translational inva-
riance manifest themselves as non-vanishing correla-
tions between fields belonging to different replicas.

After these preliminaries the study of the limit
{0 can be done using the familiar apparatus of
quantum field theory. Standard decoiupling theorems
tell us that after the integration over the B field we
can write a local effective low energy action for the ¢
fields of the type (in four dimensions):

n
112[1 d[g] exp(—I=2S, + S, +12Sg +BSg+.),  (8)

where S; contains local operators of dimensions d. In
most of the cases the terms proportional to S, are
mass counterterms which can be removed by mass re-
normalization and do not couple different replicas.
The violations of energy —momentum conservation
will go to zero like ld°‘4, S4, being the lowest dimen-
sional local operator which couples different replicas
and may appear in the effective action. The computa-
tion of d can be done by inspection. We consider a
few representative cases.

For a pure scalar theory with a ¢# self-interaction
we can have a term in the effective action proportional to

(24) .

In this case, neglecting logarithms, we expect viola-
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tions of order one of the energy—momentum conser-
vation also when [ goes to zero.

If in a pure gauge theory gauge invariance remains
exact for any choice of the B field, we can do inde-
pendent gauge transformations in each of the replicas;
the first operator, which couples two replicas and is
gauge invariant, has dimension 8 and it is given by:

2

n
A Y g o
(Zrn2) (10

In this case violations of translational invariance
goes to zero like 1.
When we add fermion dimension-six operators like

n n n
) 2 K - —
(;,;1 lf/(,-)\b(,-)) o2 W(iﬂu‘/’(i)g Vir¥j, (D

are allowed ; however if the coupling of the B fields to
the fermions violates neither chiral invariance, nor C
invariance (as happens for a background gravitational
field) these operators are not allowed ‘and violations
of energy —momenturn conservation are of o@).

A phenomenonological analysis of the consequen-
ces of the presence of violations of energy —momen-
tum conservation is beyond the scope of this paper.
We only note that effects of order I4 are quite likely
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undetectable while the situation could be more inter-
esting as far as the effects O(/2) are concerned.

It may be suggestive that the effects of non-conser-
vation of energy—momentum could be much more
marked in rare events which involve short distance
physics. It would be therefore not wise to reject all
experimental candidates for proton decay with viola-
tions of energy—-momentum conservation as neutrino
induced reactions.

I am grateful to N. Christ for useful discussions
and to N. Sourlas for his interest and encouragement
in this work.
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