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We show that it is impossible to solve the lattice fermion doubling problem via random fields in the perturbative frame-

work.

The lattice approach to field theories is an invalu-
able tool in understanding them beyond perturbative
regions. However how to put the fermions on a lattice
has long been a headache to physists. The naive lattice
free fermionic theory does not reproduce the correct
continuum limit; the notorious species doubling prob-
lem. Various alternative proposals are made [1-3] and
they are not completely satisfactory in the sense that
a continuous chiral symmetry cannot be retained on a
lattice. It is generally advised not to go to try some
better schemes by the so called N—N no-go theorem
[4]. However it may have seemed that some dynamical
way could bypass the difficulty (which violates some
presumption of the NN theorem). Indeed an idea in-
volving randomness has been proposed in ref. [5].

In their approach the lattice itself is random. How-
ever in this interesting case analytic computations are
very difficult, if not impossible [6,7]. To bypass this
difficulty and to shed some light on the problem, we
propose to investigate the subject by using a regular
lattice with slightly random coupling and to construct
a perturbative expansion with randomness. In this way
analytic results may be easily obtained. In this note

we apply this procedure to a particular case (see also
ref. [8]).

! present address: Istituto di Fisica “G. Marconi”, Universita
di Roma, P.le A. Moro 2, Rome, Italy.

It is known that on a lattice many actions having
the same continuum limit can be different up to irre-

* vant operators, moreover we may abandom the free

field concept on the lattice by introducing “irrelevant”
interactions! Consider for exampte the Wilson scheme
for a free fermion on a lattice [1]
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it reproduces the correct continuum limit with the
price of chiral symmetry on the lattice. From lattice
perturbative calculations we learn that there is always
a perturbatively generated mass term proportional to
r/a. The following reasoning may be plausible; if we
do not prefer a particular choice of r, we may say it is
better to have r randomly distributed around the origin.
In this way for the effective theory the mass term
might be cancelled. The annealed version looks like
(using a gaussian random distribution)

3 )
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This action has a discrete chiral symmetry. The spec-
trum cannot be obtained in a straightforward way but
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we may hope (and we shall be deluded at the end) it
reproduces the correct continuum limit. We emphasize
that for a free theory our conclusion will be essentially
the same both for annealed and quenched versions.

We propose to consider the following action on a
lattice to describe the free fermion of the continuum

3
= T T
=% L Inay
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+ a5 220 [(FAW? - (Frsa9)] 3)
n
where Vp and A are the usual dimensionless lattice de-

rivative and laplacian. The interacting part is Fierz
equivalent to

a5

o] >

g (V7,890 — (157, A0)] )

it is easily seen that it is invariant under the full global
chiral transformation

Y —>expliays)y, ¥ =¥ expliars). (5)

The choice of the interaction is by no means unique.
It is true that we cannot solve the spectrum of eq. (3)
exactly (with the possible exception in two dimen-
sions, it is very interesting to get the spectrum exactly
there). We want to proceed perturbatively in the ran-
domness A.

The interaction vertex in momentum space is (see
fig. 1)

a2 I NAGY) A(Kg)[8008 5 — BapBog
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where A(k) =42, sin?3ak .

The full propagator is obtained by summing all the
two-point diagrams. Here we-make the approximation

Fig. 1
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Fig. 2

by summing the chains of the lowest order diagram,
that is:
Full propagator

(fig. 2) =(? iy, sinap, — Z(p) )~1 , @)

where

E(p)=@-

After some algebra we arrive we arrive at
> (p) = -2\’

nla

4
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X [S(p — k) tr S(k + 1) S(0)

+Sk+DtrS(p—k)SM] , (3)
where

-1
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However, as can be readily checked Z(p) is zero at the
boundaries of the Brillouin zones, we still have the un-
wanted species degeneracy ¥'. What is modified is

the spectrum in between of the two poles of the effec-
tive propagator.

We come to the conclusion that the dynamical ap-
proaches like the one we have presented here would
not solve the doubling problem (it is also the case for
the quenched version since when we calculate the ef-
fective propagator, we have the same type of effective
interactions). Although we show this only in the per-
turbative region, we believe that this procedure is like-
Iy not to work any coupling.

#1 1¢ is not clear to us why the numerical simulations of ref.
[8] scem to suggest an opposite conclusion.
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