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Summary. — We calculate relativistic and radiative corrections to the
nonrelativistic (Van Royen-Weiskopf) formula for the leptonic widths of
vector meson (n%8;) bound states using Q2-duality. They are determined
by the Schwinger function. This function possesses a simple factorization
which allows us to identify a wave function at the origin and hence toisolate
the genuine radiative correction factor. Thislatter agrees with the formula
of Karplus and Klein in the appropriate limit. For the quarkonium states
it provides a reliable estimate of QCD radiative corrections. For the ¢ and
T states these corrections are large. The same is true of the relativistic
corrections.

PACS. 13.20. — Leptonic and semi-leptonic decays of mesons.

1. - Introduction.

In the reconstruction of the potential between a quark and an antiquark,
using inverse-scattering theory (1), one needs, besides the mass locations of the
qq bound states, the wave functions at the origin. In the case of the radial

(*) Partially supported by the Deutsche Forschungsgemeinschaft. .
(*) H. B. Tmacker, C. Quice and J. L. RosNEr: Phys. Rev. D, 18, 274, 287 (1978);
H. Grose and A. MarTIN: Nucl. Phys. B, 148, 413 (1979).
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348 E. ETIM and L. SCHULKE

excitations of the orthoquarkonium states this means knowledge of the leptonie
widths. Although potential models with simple power potentials describe
quite satisfactorily the mass spectra of the heavier-quark (q=¢,b) bound
states (2), they are less successful in predicting their leptonic widths (*) with
the help of the nonrelativistic (Van Royen-Weiskopf) formula (4)

3 2 ZN
® I, ore) = 1 e e

V (=43, ¢, 7, . X, XY, X7, L) is a radially excited qg bound state. Its mass
will be denoted by m, and its coupling to the photon m:/f, , in units of the electric
charge e. In the same units the charge of the quark is @, its mass M and the
number of its colours N (= 3). v,(0) is the wave function of the n-th bound
state evaluated at the origin.

In the case of positronium (%) eq. (1) is a good approximation, this system
being eminently nonrelativistic. Consequently, except perhaps in the masses,
relativistic and QCD radiative effects must be more important in the properties
of qq bound states than in positroninm. These corrections have been extensively
discussed recently (¢°), but some doubts still persist as to the reliability of
their estimates. To these must be added the fact that the inadequacy of the
potential model in one area casts doubts on its general validity, however im-
pressive its suecess in another. The problem, therefore, is not jnst one of cal-
culating relatively large corrections to the leptonie widths, but more generally
of finding a consistent approximation for the description of the structure of
quarkonium systems. Even in QED the theory of relativistic bound states
is not available in simple form. Seeondly, the extrapolation of short-distance—
based QCD perturbation theory to long-distance phenomena, such as are rel-
evant to leptonic decays of vector mesons, does not follow unguestionably
from knowledge of the QCD Lagrangian. In the past () one tried to come to
terms with these problems by assuming that qg bound states were approxi-
mately Coulomb-like, so that QED formulae would apply with the appropriate

(2) K. GorirrIED: Proceedings of the International Symposium on Lepton and Photon
Interactions at High Energy, edited by F. Gurerop (Hamburg, 1977), p. 667.

(3) For recent discussions see C. Quieg and J. L. Rosner: Fermilab preprint 80/13-
THY (1981).

() R. Vax Roven and V. F. Wriskorr: Nuove Oimento A, 50, 617 (1967); 51,
583 (1967).

() J. M. Javcu and F. RouruicH: The Theory of Photons and Electrons, 2nd. edition
(Berlin, 1980), chapt. 12.

(¢) R.Barpimri, R. Garro, R. KoeerLER and Z. Kunzst: Phys. Leit. B, 57, 455 (1975),
(") L. BrrestrOM, H. SNELLMAN and G. TENGSTRAND: Phys. Leit. B, 80, 242 (1979);
82, 419 (1979); Z. Phys. O, 4, 215 (1980).

(®) E. C.Poceio and H. J. Scunrrzer: Phys. Rev. D, 20, 1175 (1979); 21, 2034 (1980).
(®) 'W. CErMASTER: Phys. Rev. D, 19, 1517 (1979).
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change in the coupling constant. A different approach has been indicated by
DURAND and DURAND (%), who calculated relativistic corrections to the WKB
approximation to the wave function at the origin with the help of duality (11.12),
The present paper is an extension of the calculation of these authors, to inelude
QCD radiative corrections. We find that, apart from kinematical factors both
relativistic and radiative corrections to the leptonic widths of vector-meson
bound states are determined by the Schwinger function (14).

There is a simple factorization of this function which allows us to define a
wave function at the origin and hence to isolate the purely radiative ecorrection
factor. The latter is similar in structure to that of Karplus and Klein (*3) and
agrees with it rather well numerically. Although we do identify a wave function
at the origin, we stress that it is for the purpose of comparison only., Our method
is relativistic throughout and, except for the above-mentioned comparison, there
is no commitment to potential models. We can and have used our formulae
directly to compute the leptonic widths. The results agree rather well with the
data except for the {"(3.768).

2. — Duality and leptonic decays of vector mesons.

@*-duality (1-1?) iy the statement, based on analyticity, that averaged
properties of a quark-antiquark bound state are related to those of its con-
stituents. The properties of the constituents which have been related in this way
are the charge (*2) and the mass (1*). So far the application has been limited
to vector mesons and their quark constituents. Bécause quarks are supposed to
be confined, duality has as a consequence come to be associated with what is
supposed to be the dynamics of confined systems. Duality, however, holds
also in potential models (1¢) and with no implication that the potentials are
confining. If anything, if duality is pushed to an almost pointwise equality
in the way done by SHIFMAN, VAINSTEIN and ZAKHAROV (*") and implemented
by BrLL and BERTLMANN (1) in potential models, ity suceess becomes inex-

(**) B. Duranp and L. DuraND: Phys. Lett. B, 99, 425 (1981).

(**) A. Bramow, E. Erix and M. Greco: Phys. Leit. B, 41, 609 (1972).

(?) J. J. SARURAI: Phys. Lett. B, 46, 207 (1973).

(**) R. KarPLus and A. Krein: Phys. Rev., 87, 848 (1952),

(*4} J. ScawiNGER: Particles, Sources and Fields, Vol, 2 (Reading, Mass., 1973).

(**) E. ErmM and L. ScatiLke: Z. Phys. 0, 9, 229 (1981).

(**) M. KraMMER and P. LEAL-FERREIEA: Rev. Bras. Fis., 6, 7 (1976); C. Quica and
J. L. RosNEr: Phys. Rév. D, 17, 2364 (1978).

(") M. A. SmirMaN, A, I. VainsteiN and V., 1. ZARHAROV: Nucl. Phys. B, 147, 385,
519 (1979).

(*¥) J. 8. BEiL and R. A. BerTLMANN: CERN preprint TH 2880 (1980), to-appear in
Nucl. Phys. B.
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plicable in the presence of a confining potential. We wish to consider in such
a framework the leptonie decays of neutral vector mesons,

According to duality the energy average of the total cross-section ofete~ —
->V, —had) for ete annihilation into hadrons is equal to a similar average
of ‘the total cross-section o(ete— — qq) for ete~ annihilation into the free pair
of quark and antiquark constituents of V,. As a function of the c.m. energy
4/s these cross-sections are, respectively,

2

(2) so(ete~ — V, — had; §) == 16a%a? ?;—L?ﬁ d(s —ml),

n
ki

@) solore—qls ) = 4nooQ: (1 + ) =2) (1 +3 46 H(0(5)).

o is the fine-structure constant, «(s) the QCD (strong) coupling constant,
v(s) = (1 — 4M2/s)t and h(v) is Schwinger’s function (14) defined by

(4) h(v) = 1 {(v + )[L(l) + L(v?) + 2L (_F_) +2L (%?)

—2L(——2——)—-4L()—|—1 li? 1__[1’]+1 14 z

1
J2 (e Dy L gl 3639 1+v_
[8 (” 1Lv)Jrz(s—vz‘). 3]* AE oy TR 4 }

L(v) is the Spence function defined by (%)

_—f—«ln(L—t O0<o<l,
/015
(5) L(v) = gl”ﬁ’
Lw) + LA —9)= L1)—InovIn(1—v),
@ 1 n2
L(l)—n=1”§:€-.

Although h(w) is complicated, its limits for o0 and v ->1 are rather simple.
They are

7 4

© ho) o> 55— 5

(19) M., Aramowrrz and I. A, STEGUN: Handbook of Mathematical Functions, Chapt. 27
(New York, N. Y., 1979), p. 1004.
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SCHWINGER (%) has also given a simple function

_n_8+vfm 3
Y 4 2 4z

which interpolates between these limits.

It is compared with the exact function o) in fig. 1. The difference between
the two is less than 59, for v in the interval 0 <w<1. The behaviour of h()
in the nonrelativistic limit (v ~0) is compatible with the fact that the

(8) h(v)

i) h—h

//—\ e X100

Fig. 1. - Comparison of the int(;rpolating fanetion A(v), eq. (8), with the exact Schwinger
function A(v), eq. (4).

probability for establishing a bound state of a particle and an antiparticle in
mutual Coulomb (or Coulomb-like) attraction and in relative motion with
(nonrelativistic) velocity w# = 2v increases by the factor 1 - mx/2v or
14 (7/20)5 «, in the case of QCD (1420). This means that in the nonrelativistic
limit, where potential model descriptions are expected to be valid, one can
incorporate (14 (z/20)§a)! or (1 4 mx/2v)t, as the case may be, in the de-
finition of the wave function. It is convenient then to factor 1 -+ (m/20)% o,
out of the entire funection,

The factorization, in terms of A(v), is

]

%x) h_(v) he, (v) ]

@ 1+~ (1 + 2 +<v>) [1 ~ ) +( T (4,/3)%, o)

(®) See also R, M. BarNETT, M. DINE and L. MCLERRAN Phys. Rev. D, 22, 594 (1980).
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with
ﬁ+('v) = g’l—) ’

(10) ' 3
b =21 (,, _ H}'

Guided by eqs. (6) and (1) we operate an analogous factorization of k(v) with

(11) b (0) = h(v)
and
(12) ' h_(v) = h(v) — h(v).

Let us now turn to the implementation of duality. Averaging the cross-
sections in egs. (2) and (3) over the energy interval m, — Am,[/2 <Vs<m, +
-+ Am,[2, one finds

mﬁ 2M? 4 M2\t dm? 4ot (m?) .
o 5oL )+ ).

The significance of eq. (13) is that, if the mass and charge of the quark are
given together with the meson mass spectrum, then the leptonie widths of these
megons are also known. The relativistic formula for the leptonic width in terms
of f, and the mass m, is

(14) (v, —ete”) = dmad My

Substituting for f, from eq. (13) into (14) one finds, indeed, that duality relates
the leptonic widths to the mass speetrum. For N, = 3 one gets

16702Q2 [ M} 3 dm, 2 (M 2 M*
18)  F(Va—e%er) = 5w [4n2m" an é(?n) (1 T m2)

n

(=Y (o - a0+ (5

Although in the present approach we are not committed to potential models,
we wish, nevertheless, for purposes of comparison, to estimate the relativistic
and radiative corrections to the leptonic widths computable from such models.
To this end we compare eq. (15) with (1) and chserve that the WKB approx-
imation for the wave function at the origin in terms of the spectrum of eigen-
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values of the Schrodinger equation is

o . ME (0 2M\idm,

(16) P00 = i (1 2 ) G

The superseript in ¢ means that the wave function is considered without

radiative corrections. Taking into account the argument about the effect

of k. (v) in the limit »—0, we identify the terms within square brackets in

eq. (15) with the modulus squared of the relativistically corrected wave funec-
tion at the origin:

| 2 %
W) O = Ok 5 (5) (1 + 25 ) (1 + 20) ]
where

() [P0 s = IO (1 + 20, 00)

TasrE 1. — Relativistic (r,) and radiative (C,) correction factors to the Van Royen-Weiskopf
formula for the leptonic widths of the members of the ¢ family. Three different values
for the quark mass M have been chosen. The leptonic widths in the last column have
been caleulated from eq. (15) by using the mass formula in eq. (19) to fit the experi-
mental ¢ spectrum. For C,(RKK) and g, consult the text.

V. m, M c, C.(KK) r, On 'V, —ete~)(keV)
o 3.097 1.0 0.500 0.492 0.587 1.420 4.741
1.2 0.518 0.492 0.719 1.614 4.824
1.4 0.545 0.492 0.871 1.722 4.709
N 3.685 1.0 0.520 0.522 0.495 1.144 2.044
1.2 0.531 0.522 0.593 1.349 2.087
1.4 0.544 0.522 0.702 1.510 2.109
N 3.768 1.0 0.523 0.526 0.485 1.111 1.281
1.2 0.533 0.526 0.579 1.316 1.308
1.4 0.545 0.526 0.685 1.479 1.324
g 4.030 1.0 0.531 0.537 0.456 1.016 0.979
1.2 0.539 0.537 0.541 1.216 0.998 -
1.4 0.549 0.537 0.635 1.384 1.012
s 4.159 1.0 0.535 0.542 0.444 0.974 0.787
1.2 0.542 0.542 0.525 1.170 0.802
1.4 0.552 0.542 0.614 1.339 0.814
N 4.415 1.0 0.542 0.550 0.422 0.897 0.680
1.2 0.549 0,550 0.496 1.087 0.692

1.4 0.556 0.550 0.576 1.254 0.703
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The remaining factor

damd) . o (e h(0)h,(0)
g n-(olm) + (—3) T (4oJ3) 1y (0)

is then, for this state, the genuine QCD radiative correction factor.
We have computed the relativistic and radiative correction factors r, =
= |9al0) 2/ [9\(0) |2 and O, (v; &), respectively, from egs. (17) and (18) for

the ¢ and Y states. The results are shown in tables I and II for three different
values of quark masses. We have used for these calculations Schwinger’s inter-

(18) Culv; o) =1 —

TaBLE II. — The same as table I, but for the members of the T family.

Vv, m, M c, C, Tp O I'(V, —ete)[keV
Y, 9.458 3.5 0.653 0.639 0.681 1.230 1.043
4.0 0.667 0.639 0.800 1.342 1.006
4.5 0.688 0.639 0.933 1.410 0.883
Y, 10.016 3.5 0.655 0.644 0.639 1.168 0.608
4.0 0.665 0.644 0.745 1.287 0.596
4.5 0.680 0.644 0.864 1.373 0.557
Y, 10.350 3.5 0.655 0.647 0.617 1.132 0.433
4.0 0.665 0.647 0.717 1.254 0.427
4.5 0.678 0.647 0.828 1.347 0.407
T, 10.570 3.5 0.656 0.649 0.603 1.108 0.337
4.0 0.665 0.649 0.699 1.232 0.334
4.5 0.677 0.649 0.806 1.328 0.321

polating function A(v) and the factorization in eq. (1). Also shown in tables I
and II is the Karplus-Klein correction factor C(v; «,), = 1 — 16 (m?)/37
with the QCD fine-structure constant. The radiative corrections for the ¢ and
T states are thus consistently of the order of 509, and 409, respectively.
No model can, therefore, afford to negléct them. Note the good agreement
between C, and C,(KK) in these tables.

The relativistic corrections, on the other hand, vary a little bit more from
state to state and for a fixed state, with the quark mass. They.are on the whole
larger for the ¢ than for the Y states and are comparable to the radiative cor-
rections. Note that #, is essentially a product of kinematical factors. It is
unity for positronium. A nonrelativistic potential which tries to simulate the
effect of », (and C,) will have problems with the mass spectrum nnless it reckons
with a complete breakdown of the WKB approximation for ¢(0). This is
diffieult to conceive with power law potentials.
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3. — Conclusions.

According to eq. (15) leptonic widths of vector mesons are computable if,
besides quark charge and mass, the mass spectrum of these mesons is given,
Nonrelativistic potential models have been remarkably sucecessful in fitting
the spectra of the ¢ and Y states. The large relativistic and radiative corrections
to the nonrelativistie leptonic widths in tables I and IT imply that these models
will be equally remarkably unsuccessful in predicting the correct leptonic
widths with the help of egs. (1) and (16). This fact can be surprising only at
first sight. The leptonic widths are proportional to the modulus squared of
the wave function at the origin. There is no theorem which guarantees that,
if a certain potential reproduces a specified spectrum of eigenvalues, then its
associated set of eigenfunetions will necessarily be the same as that of the given
eigenvalue spectrum (*). For this to be the case one has to impose that these
eigenfunctions satisfy the same boundary econditions. This. in turn would
say that the potentialis unique. Thisis certainly not the case for the quarkonium
states in which completely different potentials are known (2) to reproduce equally
well the ¢ and Y spectra. The sets of eigenfunctions corresponding to these
potentials, that is to say the predictions of the corresponding models for the
leptonic widths, arve different.

This is where duality becomes useful. It establishes directly a correspond-
ence between the mass spectrum and the leptonic widths which is unique
within certain limits. One has now only to check if the correspondence (eq. (13))
is valid. We have done so by fitting the ¢ and Y spectra with a mass formula
of the form

(19) m? = m2(1 + bn)', n=20,1,2,..,

and then used it in eqs. (13) and (14). The values of the parameters (b, 1) for
the ¢ and Y states are, respectively, (1.67, — 0.7) and (0.82, — 0.81). The pre-
dicted leptonic widths are shown in the last columns of tables I and IT. Ex-
cept for the ¢”(3.768) these widths agree rather well with the data. Gou-
NARIS (22) has an argument that, since the {'(3.685) and {"(3.768) are almost

(") As an example we note that the parameters of the potentials Vy(x) = } Mw2a?
and Vy(x) = A 4 B(x/a—ajx)?, >0, can be chosen so that their energy spectra
match. The associated eigenfunctions are, however, different; they are proportional,
respectively, to the Hermite and Laguerre polynomials.

(?*) See the papers by A. MarTIN: Phys. Letl. B, 93, 338 (19380); 100, 511 (1981),
and Proceedings of the XV Renconire de Moriond, edited by F. Tran THANH VaN,
Vol. 2 (1980), p. 57.

(*?) G. J. Gounaris: Z. Phys. 0, 1, 399 (1979).
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degenerate, duality should not be applied to them separately but to some
weighted average of the two. He gets better agreement with experiment for
a linear combination of the two states. It is not necessary for our purposes
to enter into these details. The point we wish to make is that the eorrespondence
between the mass spectrum and the leptonic widths established by duality
is experimentally valid. We have used this correspondence actually in two
ways in thig paper:

a) to compute leptonic widths for a'given mass spectrum as just discussed,

b) to -estimate the relativistic and radiative corrections to the non-
relativistic Van Royen-Weiskopf formula.

Does it follow from these applications of duality that short-range forces,
and not the long-range confining ones, are dominant in determining the struc-
ture of quarkonium states? PoGGro and SCHNITZER (%) have argned that this
is what the validity .of the analogy with QED in applying the radiative cor-
rections would imply. Actually duality leadsto an even more puzzling paradox,
namely that the effect of the quark binding forees can be neglected. Following
the work of Shifman, Vainstien and Zakharov (SVZ) (**), BELL and BERTL-
MANN (18) have reformulated the problem in this way: under what-conditions will
the confining potential act as a small perturbation? The problem is still not
well understood. However, in the framework of potential models the idea of
duality is limited but clear: it is no more than an alternative derivation of the
WEKB approximation for the wave function at the origin. This latter in no
way implies that the binding potential is not effective. In the relativistic theory
we conclude, therefore, that duality does not imply that only the short-range
part or no binding forces at all are effective. The fact that this principle ap-
plies to positronium is, of course, consistent with the usual short-time argu-
ments (1%18), These arguments are seemingly not sufficient for nunderstanding
the validity of duality in the case of confined systems.

We think that allthis adds up not to a mystery of duality but of confinement.
Regarding the question of Bell and Bertlmann then we would speculate that
a large part-of the confining interaction goes into renormalizing the quark mass
down to the mass parameter of that name appearing in all our equations. A
choice of this parameter can thus be made such that what remaing of the con-
fining interaction can be treated as a small perturbation.

Finally we have compared our result eq. (158) with the definition (17) of
the wave funetion at the origin with the parametrization of Quigg and Rosner (?)
of the overall correction to the Van Royen-Weiskopf formula. Their param-
eter p is related to our 7, and C, by the formula

(20) (Mnf2M)2 7y Cpgu=1.
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The values of g, calculated from eq. (20) are shown also in the tables I
and II. They are in the range found by Quice and RosNER by taking o con-
gtant, that is independent of the state n.

%ok ok

One of us (EE) would like to thank Profs. J.S. BeELr and A. MARTIN for
discussions, the former on duality and the latter quarkonium binding potentials.
The other (LS) would like to thank the members of National Laboratories of
Frascati, where this work was done, for hospitality.

® RIASSUNTO (%

8i caleolano le correzioni relativistiche e radiative alla formula non relativistica (Van
Royen-Weiskopf) per le ampiezze leptoniche degli stati legati del mesone vettoriale
(n*8,) usando la dualitd Q2. Queste si determinano mediante la funzione di Schwinger.
Questa funzione possiede una semplice fattorizzazione che permette d’identificare una fun-
zionod’onda all’origine e quindi di isclare il fattore genuino di correzione radiativa.
Questo & in accordo con la formula di Karplus e Klein nel limite appropriato. Per
stati del quarkonio fornisce una stima affidabile delle correzioni radiative QCD. Per
gli stati di ¢ e 1" queste correzioni sono grandi. Lo stesso vale per le correzioni re-
lativistiche.

(") Traduzione a cura dells Redazione.

Peasrusncrexue u PajHANHOHHLIC MONPABKM K JICHTOHHBLIM HHPANAM BEKTOPEBIX ME3CHCB

Pestome (*). — Mer BrmcnseM peISTHBHCTCKHE M PamuanMoOHHbIe MONPABKE K HEpe-
JSITHBUCTCKOR OpMyIie A7ist ISITOHHBIX IIMPUH CBA3AHHEIX COCTOSIHMUIL BEKTOPHBIX ME30HOB
(n*8y), MCOONb3ya Q*-NyaJIbHOCTH, DT NOTPABKE ONPEACIAIOTCA (yHKIMeH HIsunrepa.
Orta dyHxmua obnamaeT mpocToil GaxTopu3aimeli, KOTOPas MO3BONAET HACHTHUIMPOBATE
BOJIHOBY!IO (YHKIFIO B Hadale H, CIeI0BATENbHO, H30IMPOBATE ACTHHHYIO PAlHALHOHHYIO
HOHpaBKy. JTa MOCTENHssS BENEYMHA coryiacyerca ¢ dopmyinoii Kapmmyca u Kieitna B
COOTBCTCTBYIOIIEM TIpenese, JIis cocTosHmii KBapKOHHYMa 3Ta BelIMYMHA O6GECHEYMBAET
HaACKHYIO OLEHKY PaXHalMOHHBIX MONPABOX KBaHTOBOHN XxpoManmuamuku. g cocTosnuil
¢ 1 Y 5TH MONpPaBKH ABJIAFOTCS GONBIMMME, AHBAIOTHYHLIE DPE3YJILTATHI NOJYYAOTCS IS
PENATUBUCTCKIX TOOPABOK,

(*) Mepesedeno pedaxyueii.
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