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In these last years we have seen computations of the hadronic mass spectrum(l’ 2);

now, due to the relatively small size of the lattice (which ranged from 53x 10 to 83

x 16)
these evaluations are affected by uncontrolled systematical errors: the lattice spacing is
not small enough and the box is not too large, These computations cannot be used at the
moment for a sound verification of QCD but open the road to larger scale simulations for
which the systematical errors will be under control.

Although the standard Monte Carlo technique is an ingredient of mo-st {but not all)
of these works, the evaluation of the mass spectrum cannot be done by using a naive ap
proach: there are many theoretical problems which must be solved to reach such a goal,
In this talk I will concentrate on some of them (mainly those which I have directly stud-
ied, because I know them better)., I would like to convince the audience that in this field
there iz a lot of work that can be done in the usual way that theoretical physicists are

accustomed to: with paper and pencil,



To introduce the subject let me tell you how happened that I started to be interest
ed in these kind of problems. When Wilson firstly(s) discussed the feasibility of large
scale Monte Carlo simulations for gauge theories to extract the renormalization group
trajectories for the effective Hamiltonian of the block spin variables, the most natural
question was why not to compute directly the mass spectrum instead of the effective Ha
miltonian. Well, my naive answer at this question at that time was that a computer eva
luation of the mass spectrum was impossible: let me explain why I had such an opinion
and how the difficulties have been later removed.

We consider for time being a theory with only Bose fields in a box of size LSx T,
The vacuum expectation value of a functional g[g] of the field ¢ in the Euclidean theory
can be written, as stressed by Symanzik long time ago, as a statistical expectation va-

lue:

elol> = Jau[o) eldl, dle] o= ale] exp[-s[o] (1)
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where d,u,[q)] is a probability measure and S'BP] is the Euclidean action,

If the operator O[] acting on the vacuum creates a single particle state of mass
m plus other stuff at higher mass, we know that:
1<0lolm> ‘2
2m

G(n) = £ 0(n)O(0)> ~ exp (- mna)
(2)

O(n) = 3 O(%, n) 0 «na<<T/2a
T

where 7 and n denotes the coordinates in the space and time directions respectively, a
being the lattice spacing, The mass m depends obviously on I. but if there is a mass
gap m(L) differs from m(00) by terms which are exponentially small in L for large 1.,
An elementary evaluation tell us that the naive idea of computing the correlation
function by Monte Carlo (i. e, by constructing N equilibrium configurations and by mea
suring the correlation function in the interesting region by direct averaging of the ope-
rator O in the interesting region) cannot work for small lattice spacing in a 4 dimension
al gauge theory. Indeed eguation (2) is valid only if the euclidean time (t+na) is much
larger than the inverse of the gap between the one particle state and the first excited
state (and still much smaller than a T/2), We have to see a signal in the region where
it is exponentially small and measure the slope of the signal: if the algorithm is deter-

ministic, we are bounded only by the rounding error of the computer ; unfortunately the



Monte Carlo method is of probabilistic nature: after N iterations we have that
~ - 11/2
(Go(m)y, = G (n) + r[Go(O)/N_] (3)

where (G:o(n))M is the measured correlation and r is a random distributed number with
unit variance,

The independence of the noise on the distance makes particularly hard to measure
the signal at large distances where it is exponentially small: this problem may be par-
tially alleviated by taking N quite large {(e.g. 1 06); the real difficulty which is going to
kill the naive approach is that of 0 is an operator of dimension 4, G(0) is divergent,

when a goes to zero, as a~d

: a decrease of a factor 2 in a need an increase of N of a
factor 910 o compensate the effects in the statistical errors, If we add that the number
of points has increased of a factor 24 and that the Monte Carlo method is less efficient
for generate independent configurations (this effect is called critical slowing down and it
is likely to cost an extra factor 22, we finally arrive to the conclusion that the same
computation with a smaller than a factor two in the scaling region will cost about 216
more computer time,

In other words we have to see a cross over between the perturbative =9 behavi-
our and an exponentially decreasing behaviour : this must be done by measuring the
correlation function in regions it takes quite different values and that is practically im
possible in presence of a noise which does not depend on the distance. Of course it is
possible to do in reasonable time a computation with a large lattice spacing, but this
strongly limits our possibilities of testing QCD in the continuum limit.

Having exposed the problem let me tell you now some of the solutions which have
been found up to now, hoping that something better will be found in the future,

The first remark is that we can use the linear responce theory to partially allevia
te the plroblem(‘l’ 5,6) : we suppose to add to the action a term proportional to £0(0):

S, = S - £0(0) (4)
and we consider the & dependent expectation value:

K K
- <o()0(m)>  (5)

W‘Im

eR(n) = «’.fO(n))E - Lo = {O(n)> - lim <O(x)>8 = 3
=0 n-» oo k

While for & small only the first term is dominant, if OK does not excite from the vac-
uum particles of mass smaller than m, we have that for any value of ¢ the response

function goes like



R{n) ~ exp(-mna). (6)

The natural statistical error in measuring the responce function is:

(0(0)/L3m)1/2,

while also if we consider

; T
= Zm <O(m)O(n+m)>,

1

the error for the correlation function is:
1/2
©0(0)/ ) 2 ~ (0(0)/L) /2, (8)

(we assume that T is of order L, as happens in most of the cases).

By comparing eq. (6) and (8) we see that we have gained a factor L in the statistic
al error, which corresponds to a factor Lz in computer time, If ‘L =10 this is a gain
of a factor 100, which although not negligeable, is not the solution to our problems, What
really need in an algorithm which has an intrinsic error which exponentially decrease
with the distance. This can be done if we can in some sense cancell the effects of the
randomness of the Monte Carlo approach,

The first suggestion would be to do two Monte Carlo simulations, one at & =0, the
2)

other at small &(e.g. € =10"°) using in the two simulation the same sequence of random

numbers and to evaluate directly:

R(n) = 1 [£0(m)Y, - <OMm) ¥, | (9

hoping that the fluctuations are the same in the two cases, so we should see the gignal
directly., However due to the nature of the Monte Carlo method, the difference between
the two configurations (with action S; and S.. respectively) will be or 0 or 0(1) but
cannot be of order ¢, This difficulty can be solved if we use an algorithmm whose output
depends in a differentiable way on the action § (the output of the Monte Carlo is not con
tinuous in S). An example of this algorithm is provided by the Langevin equationm),
which we write for semplicity in the case of a. scalar }b4 field theory:

p=(-arm¥prgp’en= - 35 (10)

where 7 is a Gaussian distributed with noise with covariance:

N(x,t)Nx',t") = 28(x-x")d(t-t"), (11)



It is well known from the beginning of this century that the time average(E'li) of a
solution of eq. (10) with a given realization of the noise gives the normal statistical ex-
pectation value, In this way the Langevin equation for continuous variables is a visible
alternative to the Monte Carlo,

We can now use an & dependent action in eq. (10), compute two trajectories for
different values of & and use the eq. (9) for evaluating the response function in the limit
g~ 0,

If g=0 the algorithm is no more probabilistic, hut becomes deterministic when
0=9:

$=-(-A+m2)@+gg> +n, R=-(-4+m2R +3gp?R 6(x),  (12)

R(x) = lim = j R(x, ') di' .
T —» ‘0
If g is different from zero the algorithm is probabilistic, but one can prove at all orders
in perturbation theory that the error on R is exponentially small when the distance be-
comes large, However the algorithm must be used in a region where perturbation theory
does not converge too well so that it is usefull to see what happens in different cases.

On a linear chain for m =0 and g=1 the algorithm is perfect(4): correlations func
tion may be evaluated also in regions where there are of order 10-20 without dificulties,
implying a gain in computer time of 1040. In more realistic models like the non linear
sigma model in two dimensions I have observed(4) a gain factor of order 1016 for the
O(N) model (N 4) while a gain of only 100 was observed for O{(3): the reason for this
drastic difference are not clear,

The algorithm has been implemented for measuring the glueball mass in 4 dimen-
sional SU(2) gauge theory(z), where an imnprovement factor of order 103-4 have been ob
served (given the two dimensional experience we may hope that something better can be
done for SU(3)).

Methods based on the Langevin equation seem to be the most promising one for ac
curate determination of the glueball mass spectrum. Let us now see how these ideas can
be extended to Fermions. The key point that we need to implement is that although some
probabilistic method must be used, the computation of the correlation must be done as far
as possible using deterministic algorithms. We consider now the case of QCD in the con-
tinuum and we do not address to the problems connected with lattice regolarization. If

the euclidean action is written as:

S = I (B + m)y, + S(A) (13)



the gauge fields have the following probability measure:
- n
d,wLA] o= dLA] [det(;ﬁ + m)] f exp[S(A)] (14)
ne being the number of quark flavours (for semplicity of equal massg).
We pospone the problem of finding the algorithm to extract the gauge fields with
such a probability distribution and we concentrate on the evaluation of the masses of
particles having internal flavour quantum numbers different from zero, For a given

gauge field configuration, the quark propagator can be computed using the same ap-

proach as before (eq. (12)), the action being quadratical in the quark fields :

<PEWO0) >, = Glx|A) = lim Gylx]A) (15)

100

where G?(x|A) satisfies the deterministic equation(g):
q - q ‘ '
Gt(xlA) = - (B +m)G(x,A) + 0x. (18)
The pion propagator can be written as

Gplx) = J 6% a1 au[a] (17)

where we have neglected flavour dependent factors; similar formulae hold for different
propagator, ’

The strategy is now clear : we extract the gauge field configuration with their pro
bability distribution, we evaluate the quark propagator with a deterministic algorithm
and we use the quark propagator to compute the hadronic correlation functions.

We should now evaluate the statistical errors induced by this procedure. This can
be done if we know the expectation value of 'Gq(x)l 4. Gmw(x), the relative error on Gy

being given by:

; - 1 + "!
(Gﬂ(n‘))measured Gn(n) r(’ﬂm

()2 (18)

An elementary computation(g) shows that if L is large and if no pion pion bound

states are present:

-1
o
Gnn(n) ~ exp“- -—

3“ r.la_ [G ﬂ.(n)] 2 (19)

L

where a is the pion pion scattering length (which must be negative) arising from Zweig
violating diagrams, which from fenomenological considerations is supposed to be quite

small on the normal hadronic scale,



We easily see that:although the relative error is slowly increasing with t, the
absolute error is practically of the same order of the correction itself, moreover if
t goes to infinity together with L, the error in extimating the correlation (and the
mass) of the pion decrease like 1/L (1/1.2), so that only one quark propagator would
be enough in the infinite volume limit to obtain the mass of the pion: the most likely
masgs coincide with the true mass. The same result hold for the proton, while a mere
careful analysis must be done for the other particles,

The sgituation is quite satisfactory, as far statistical errors are of the order of
magnitude of the signal itself so the can easily reduced without a too large increase
in the number of configurations to be considered, If we implement this program by
setting ng = 0 in the probability measure for the gauge fields, we obtain the so called
quenched approx:imation(g); in this case we can extract the gauge field configurations
using the standard Monte Carlo technique and the vacuum polarization diagrams of the
quarks are neglected(lo).

In the realistic situation nff 0 and the direct evaluation of the determinant is so
painfull that the Monte Carlo method can be applied only on very small lattice. A prac
tical algorithm for extracting the gauge fields configurations with the correct wheight
have been proposed in ref, (11); we present it in the case of the Langevin equation(lz)
(we can find an equivalent version for Monte Carlo); We consider the following coupled
differential equations:

Ay=-28 4 +
T ga TP BB, (20)

f = - (B+m)-B+m)p/v + n’b/r”z

where the 7's are as usual white noises,

If n=1 the time average of the solution of eq, (20) are the statistical expectation

values evaluated with the action:
S(9,A) = S(A) + f(- (B)? + m?) p (21)

where f is a normal spin 1/2 Boson. This results holds independently of ¢ and can be
proved order by order in perturbation theory(7). If we set n=-1/2 and we send 7 to

zero, we can argue that the AM fields are distributed according to eq. (14), with an er-
ror of order «; a direct digramatical proof of this fact in perturbation theory is avail-

able(12),
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I have sketched how to generate the gauge fields configurations to be uged for the
evaluation of non flavour singlest hadrons; the computation for hadronic singlests can
be done by measuring the appropriate response function, as discussed in ref, {9).

I have outlined here the strategy that should lead to a verification (or to a falsi-
fication) of QCD as far the hadronic mass spectrum is concerned. This strategy may
be not the best one, but it is the only one available at the present moment. Also if we
do not try to change strategy there is still much theoretical work to be done, among
the various open problems let me quote the search of the best efficient method for
computing the quark propagator on the lattice'(Fz), and the completion of Symanzik's

improvent program,

FOOTNOTES
(F1) - The time here is a five dimensional time (computer's time) which quite differ-
ent for the four dimensional Euclidean time,

(F2) - At the present moment the quark propagator on the lattice is computed for Wil
son's fermions using the Gauss Seidel :method(13), but it is possible that other
methods, like the coniugate gradient method of ref. (14) may be more powerful.
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