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ABSTRACT: The reason for interest in the unorthodox view
of first order (~ R(x)) gravity as a matter-induced
quantum effect is really to find an argument not to
quantise it. According to this view gquantum gravity
should be constructed with an action which is, at least,
quadratic in the scalar curvature R(x). Such a theory
will not contain a dimensional parameter, like Newton's
constant, and would probably be renormalisable. This
lecture is intended to acquaint the non—-expert with the
phenomenon of induction of the scalar curvature term in
the matter Lagrangian in a curved space in both relati-

vistic and non-relativistic quantum theories.

1. INTRODUCTION

A quantum theory of gravitation seems difficult to
formulate without giving up one or more basic concepts
characteristic of either quantum theory or general rela
tivity. The two theories appear as if they were created
to remain separate; they have structures which are dif-
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368 E.ETIM

ficult to reconcile. The problems of uniting quantum
theory and general relativity have not been attacked
head~on; they have been evaded by reinterpreting or re-
jecting thogse concepts of general relativity which are
most overtly in conflict with the premises of gquantum
theory. The metric was the first structure to be sacri-
ficed in this way. The metric tensor gpv(x) is considered
to be just a field, like all the others, which has to be
quantised. Its role in determining the distance between
two events cannot be maintained in quantum theory.
According to quantum theory the distance between two
arbitrarily close events is subject to uncontrollable

uncertainty and is therefore not unambiguously defined.

The Lagrangian of the guantum spin 2 field guv(x) is
that of Einstein

L(X) = T.é:lﬁ;— G(X) (1)

where R(x) is the scalar curvature, constructed with
guv(x), and G is Newton's constant. Since G ([G] =
(length)z)

cribed by (1) is not renormalisable. This is accepted

is a dimensional parameter the theory des-

as the problem which quantum theory has to solve, and
there has been a considerable amount of work aimed at
obtaining cancellations, order by order in perturbation
theory, of the non-renormalisable divergences. Super-

(2)

gravity ig claimed to promise to serve in the solu-
tion of this problem. While a lot of progress has been
made in this direction it is possible that the unifica-
tion of space-time structure with the guantum theory of
all energy-matter forms may not be achieved in this
way. It may therefore be necessary to experiment with

(

another kind of evasion. Sakharov 3) has suggested one:
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reject eq(1) as the fundamental Lagrangian of quantum
gravity and reinterpret it as the change induced in the
curved space matter Lagrangian by quantum fluctuations.
The solution of two key problems is reguired to make the
proposal worth further attention :

(i) M =<T€%§>1/2 is effectively a mass parameter which
the matter Lagrangian has to supply. How does one
arrange to have such a large mass with which to com-
pute the induced Newton's constant?

(ii) If (1) is not the fundamental Lagrangian of guantum
gravity, what is ? The answer is in principle easy:
The Lagrangian will have to be proportional to R2.
Such a Lagrangian will not contain a dimensional pa-
rameter and hopefully should be renormalisable.

The renormalisability of R:2 gravity was first studied

by Stelle(4). It will not be reported here. This lecture

is intended to familiarise the non-expert with the in-

duction of the scalar curvature term in the matter La-
grangian in curved gpace in both non-relativistic and

relativistic quantum theories and to comment on the am-
biguity of its coefficient. In the relativistic quantum

theory the ambiguity of the scalar curvature term is a

consequence of regularisation. The induced coefficient

is given by a guadratically divergent integral which
has to be regularised. Sect.2 is concerned with the non-
relativistic limit. I will use there the method of path
integrals and compare the kernel in the Feynman path in-
tegral for the wave function with the kernel of the
corresponding semi-group operator associated with ran-
dom paths. One comes to the required result also by ran-
domising the metric itself. A derivation of the induced

Newton's constant in the relativistic case, discussed
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by Prof.Adler in his opening lecture(sx,is given in sect
3.

2. ON THE CONNECTION BETWEEN THE SCHRODINGER EQUATION IN
A CURVED SPACE AND FLUCTUATIONS OF THE METRIC
The fact that the Schrtdinger Hamiltonian in a curved
space acquires an additional term (with respect to its
flat space classical form) proportional to the scalar
(GX It did come
initially as a surprise but is today generating a con-

curvature has been known for a long time

troversy: the coefficient multiplying the scalar cur-

(72 The am=—

vature seems to depend on who computes it
biguity derives from the ordering problem of non-com-

muting operators.

In relativistic quantum theory there is no more to
the ambiguity than that it is the consequence of regu-
larisation. It is unavoidable. It becomes of concern
however when we try to relate the coefficient of R to
Newton's constant. But then it is experiment which is
deciding between the various regularised coefficients.
Let us therefore limit our considerations to how the
induced term arises in the first place, Let guv(x) be
the Riemann metric of a sgpace-like hypersurface of di-

mension n and let
Lx(t), x(8)) = Zg,,(x) "%’ - v(x) (1)

be the Lagrangian describing the motion of a non-relati-
vistic particle of mass m under the influence of the po-

tential v(x). ku(t) = dx¥ where t denctes time.
dt

The classical equation of motion is
d2XLl rH dxx ax” |

IR
at? * v de aE o md YV (2)



INDUCED GRAVITY 371

where the matrix TA with elements
vo_
(Fx)v - va

1. uo,,
7gl (33 9ys T 39y ~ 269av) (3)
is the Christoffel symbol (= the connection) associated

with the Riemann metric guv(x) and

vV = 3 =T (4)

is the covariant derivative.

According to Feynman(a) the wave function ¥ (t,x) des-
cribing the quantised motion of the particle satisfies

the integral equation

| tHAE
VAL, x(E+AE)) = %fdnx/—(—)g Xexp(gf  dTL(X,x)) -
t
s P(t,x(t)) (5)

C is a normaligation constant and g(x) is the determi-
nant of guv(x). It is easy to verify in flat space that
eg(5) is equivalent to the Schr&dinger eguation. It is
assumed to continue to do so in a curved space. Our task
is to exhibit the corresponding curved space Schrddin-
ger equation. To this end recall that the basic assump-
(8) is that a
variation Wu(t) about a solution trajactory of eg.(2) in

tion of the path integral representation

the time interval At is bounded and of order (At)1/2. A
deformed path is therefore in general continuous but
not differentiable since lim b (t) =1/2

Ftso &t~ (AY) > . The

deformed trajectory purports to represent a possible
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outcome of an experiment designed to follow the quantum
motion of the particle. Since the guantum trajectories
are non-differentiable one cannot apply the standard me-
thods of the calculus of variations which are used fre-
gquently in deriving equations of motion. In this con-
sists the main difficulty of operating with functional
integrals. The appropriate calculus rests on the mathe-
matical theory of Brownian motion and more generally of
all random (= stochastic) motions(gz Since the potential
V(x) is assumed to be a sure function (that is, not sub-
ject to random variations) it is sufficient to consider
the free geodesic equation

d2xu

atc?

A v
wodx’odx” | 6
+ Ty 3t ac ° (6)

in defining random motions, with the property |w"(t) |
(At)1/% also in the presence of a force field. Let us
therefore expand XH(t + At) in powers of At and make

use of (6)

wht) = xP(t+at) - xP(8) = =P (t)At +
+ é% sHan)? + é%-%W(At)B o,
_ s ST ATEAY 2
= x"(At) - §FXv x"x"(At)
1 U _ ond Py Asveo 3
G(BGPXv 2va :Xc) x"x % (At)

A (7)
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Making use of the assumption that |W"| ~ (At)1/2 in (7)
we define the stochastic process (which is independent

of At) .
Mgy = xMar) /2

(8)

with the conditional expectations (= E(-

x(t)))
E(E"(t) [x()) = O (9.a)

(M (e eV (0) [x(t) = DgWV(x) (9.b)

The constant fi/m in eg(9.b) is introduced on dimensional
grounds,zu(t) defines a Gaussian process whose distribu-
tion is taken to be proportional to the kernel in eq(5)
considered in Euclidéan space-time, that is (Feynman's
prescription)(g)

1 t+At
P(E(t),0t|x(t)) = Nexp(-g/  drH(x(T),x(7)))
t
cszeXp(Y¥§;éE—) exp (_%%.guv(x)iuiv At) (10)

N is the constant of proportionality. If the Wick ro-
tated version of eqg(10) were straight forwardly used in
eqg(5) and expanded out for small At - o one would get
the usual Schré&dinger equation as in flat space without
a scalar curvature term. The reason why this procedure
is incorrect is that dx" = E”(At)‘l/2 is not the sto-
chastic process associated with random variations of
paths about classical trajectories in a curved space.

According to eq(7) this latter is given by
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1

ax" (t) whe) = een /2 - 2

U ALV
Tkv& £ At

1 oo U D ARV 0
; (acrkv ervrkd) ENETET (AL)

3/2

o e e e e e e e e (11)

W) = g (ae) /2

tion coefficients TKv are identically zero. The problem

only in a flat space where the connec-

which thus seems to arise is that Feynman's prescription
(eg(10)) gives the distribution for gM(At)1/2 but not
for WY (t). This latter is not difficult to find from
egs (10) and (11). Let us first consider the conditional

expectations of powers of Wu(t) from eqgs(10) and (11).

E(WY (t) |x(t) = -g% g™V rgv At + 0(AE) D) (12.a)
BT v R s SR , 2
E(WM (t) WY (t) |x(t) = g At + O((At)7) (12.b)

W” (t) is therefore also Gaussian distributed but with
a non-zero mean. To find the corresponding distribution
we argue that it is sufficient to solve eq(11) for
Eu(t) in terms of Wu(t), that is
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u 1/2 U (Y AV
EV(AL) W™ o+ 5 TKV W' W +
1 -U H ¢ AV O
T o Ty + Ty i) Wowo W+
N . (13)

and then substitute into eqg(10) to have

P(£IW], At]x(t)) Bw,at]x(t))

= _ .M oA V.0
P(W,At|x(t)) [1 Rt T po AW W W

. _m H v AT P O
8EAtguv TAT de whwwWh W

. m U _ LM p A Te Ve O

+ @ﬁAEguv(ac FAT Ibc FKT)W WWwW

m2 u ALV T 0O OB

+ g g, TF T w W wPWOWy
8ﬁ2(At)2 UV AT po T aR

] "

The Wick rotated distribution ﬁ(W,iAtlx(t)) is now to
be used as the kernelin the Feynman path integral in
eq(5). The additional terms in eq(14) induce a change
in the normalisation of ﬁ(W,AtIx(t)) with respect to
that of P(W,At|x(t)). This change, in turn, accounts
for the different form of the Schr&dinger equation ob-
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tained by using the Wick rotated form of the one or the
other in eq(5). The change is found immediately by eva-
luating the integral

I(At)

Fa™ B (W, At|x () [ /g o+

+] (15)

and making use of the identities

n/2
_m WoVy o (miAt/m) T T
fdnw exp ( SHERE guv Wwh W) = —
Vg (16.a)
ratw exp(—iﬁ%g guv wH WV) -Wk1,WA%....WA2k

(ﬁAt)k (Whht)n/Z / /g (16.b)
m m
The sum over the indices (i) extends over all the di-

stinct pairs that can be formed from 2k objects. The
sum contains (2k)!/,k.k! terms. We find for I (At)
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rhA L\ 2
=)

I(Af) = \ ]

N exp [Tﬁt dT(V'FEE{R)

(17)

where R(x) = g“v(x)]guv(x) with

¢
= R
Ryv Hpv
o Py TP P pT P T 18
Rucv =9, FUG Oy Fuv + Iy Fuv TV WO (18)

Comparing eq(17) with the normalisation of (10) i.e.

I(At) = Jsa% W VG P(W,At] x(t))
he e t+AL
~ ThAt n/2y exp (nlf at V(x(t))) (19)
m ‘ﬁt

we see that the effective potential in the curved space
is

. #52

V'(x) = V(x) + 3 R(x) (20)
We emphasise that the additional term in eq(20) is in-
duced by a certain averaging procedure over the matter
distribution. To bring this out clearly we did not try
to evaluate the path integral directly through discretisa-
tion prescriptions(7). Quantum fluctuations in the re-
lativistic case induce the Einstein Lagrangian through a
similar averaging procedure. That the coefficient of

R{x) is arbitrary is clear from our derivation, since
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we could very well have used the correlation function

Eghe) £V () |x(r)) = B gk (21)

with C an arbitrary constant, instead of eqg(9.b). Eqg
(20) would then have been replaced by
cﬁz

Vi(x) = V() + o R(x) (22)

Random variations about a given trajectory form a semi-
group (existence of an identity element = no variation;
the closure of the composition law follows from the
fact that any two variations always combine to give a
third) but not a group. In the space of random func-
tions of the coordinates these operations are represen-
ted by the kernel in eqg(10). In terms of the kernel the
composition law is expressed by the fact that the ker-
nels are self-reproducing i.e. if we write P(g,At]|x(t)as
the transition probability W(t + At, x(t + At)| t, x(t))
then one has

Wity,x(ty) [ty,x(ty)) = fd'x(t) /GERE) -

. W(tz,x(tz)lt,x(t)) W(t,x(t) [ty ,x(ty))

(23)

The constant N can be chosen such that eq(23) is satis-
fied. The kernel of the semi-group operator of Brownian
motions is proportional to the Wick rotated kernel of
the Feynman path integral. This is where quantum and

classical random field theories overlap.
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The induced potential in eq(20) or (22) may be rela-
ted to second order random fluctuations of the metric

tensor guv(X)' To this end let us rewrite the curved

space Schrd&diner equation

e P(t,x) . _ i ou .
b5t —-——Et, = > v VU P(t,x) +
2
+ (V + EgﬁIR)W(t,x)
with k = %, in the form

e 00 _ o 1 + K2R WYL v, x)
l‘fiﬁ—[szuD\)i'K’ﬁ.u\))g v(t,x)

Du is the extended covariant derivative

DU = wi(ﬁvu + muu)
with
. ged 0 (-
u, (t,x) vulq) (t,x) |

(24)

(25)

(26)

(27)

Quantum fluctuations of the metric in the presence of

matter (y(t,x) * O and Eu # 0) may be defined by

ag"’(t,x) = gl @M g+ w¥ ghy e

+ 3= R(x) €' €Y At + 0((At)

1/2

3/2)

(28)
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The coefficient of the second order term in e (t) is de-
termined by dimensional arguments.

From eq(28) the operator Du can be defined as the limit

. -
b, "V = i e Be e 2ag™ x(e))

gl

uv(t,x) (29)

Similarly from the second term in eqg(28) we have in the
limit At - O,

pg"Vix) = L E@g"Vx(e)
A rx) g* () (30)
whence
52 .
£ R(x) - L masaen g (x0] x(¢)) (31)

This formula is general and exists in almost identical
form for relativistic guantum fields. The characteri-
stics of the Schrddinger equation in a curved space and
those of the fluctuations of the metric are therefore
intimately related. Note that there is a priori no rea-
son for the coefficients of R in egs(25) and (28) to be
related. However, since both are arbitrary and are con-
nected with the same effect caused by fluctuations of
the matter field (~ £M(at)'/?
balance leads one to identify them.

) the principle of energy
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3. INDUCED GRAVITY IN RELATIVISTIC QUANTUM THEORY

The original argument of Sakharov(3) for a matter-
induced gravitational action is approximate. It may be
formulated as follows: consider for simplicity the La-

grangian density

D)

L[R;¢]=‘l /=g [guv(x) BU

o (x) 3,0(x) - m? mz(x)] (32)

for a scalar field ¢ (x) in n dimensional space-time with
metric guv(x). g is, as before, the determinant of
guv(x). L depends functionally on the curvature R(x) of
the spacetime manifold. Let us expand it in powers of
R(x)

8R? (x)
(33)
and try to identify the expansion coefficients.
Clearly
1 UV, . 2 2
LIR=0;9] = 5In au 9(x) 3, 9(x) = m7p" (x)] (34)
where nuv is the Lorentz metric. Tofind the coefficient

of R(x) we make use of the functional generalisation of

eq(28), that is we substitute
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guv[w;x] = nuv + Gguv[¢;x] (35)

for g“v(x) in eg(32), where

- 3
sg"Vlo;x] = (¥ w¥ + ¥ W + Rx) W W+ O(W)

(36)

oM = U“[@] and W' = WU[Q] are functionals of ¢(x), with
w"” the fluctuation in ¢ (x). The coefficient of R(x) in
eq(33) is then found to be

SLIR; ¢l _ 1o Vi > o () 37
(6R(X) >r=o S Lol Wilel 3, o(x) 3, 0(x

Now take the vacuum expection value of (37) and average

over the distribution of the W' lo] to get

<O]E<<§%%%§%1>R=o ’@(x))]o>

= 3 JaNE W 610 Te] 6 (1)) 0(k,)8 (P mIk K, (38)

m
H

We use the following normalisation of states
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<o|la(k), a+(k')]lo> = 2E6(n_1)(§-f')

(39)

U
Note that W [o] has the dimension of length. The assump-

tion made by Sakharov is that
i v
EMW [olW [o]lg(x)) kU k, ~ const.

(40)

so that the coeficient of R(x) in eq(33) is. (n-2)-fold

divergent. Making use of (38) in (33) we therefore have

E(LIR;0llo(x)) = E(L[R=0;0]] ¢(x)) +

1 2
toTer g g R T ORY)
(41)

where the induced Newton's constant is defined by a re-
gularisation of (38), i.e.

n-1y
e R0 ~ ey S
ind §2+m2 (42)

As a formula for computing Gind eqg(38) is too general
to be useful since we have neither specified the func-

tionals W"[¢] nor their distribution. This may be re-
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medied in the following way. Use the formula

§31§l = - 9xg,,x (43)
sgMY (%)
to recognise that the energy-momentum tensor

= SLIRsel _ LIR:
Tuv )= 295 o) Iy DIRi0]
(44)
for the field g (xX) can be put in the form
1 8 —
T (X)) = 5 (/=gLIR;91) (45)
H V=g Ggu (x)
HV S

Applying the operator 9_ /=g to both sides of

Sguv
eqg(41) and making use of (45) we therefore have

nR(x)

flat 32“Gin

E(T{j(x)lm(x)) -
ad

curved E(Tﬁ(X)IQ(X))

or equivalently
(46)

n H )
wa—s—R(x) = =[E(ST (x)]e(x))] -
321TGind H ] guv = nuv
(47)

Eg(47) should be compared with (31). We now specify the

conditional expectation E(+|¢)using Feynman's prescrip-
tion (c.f.eq(10); the distribution of ¢ is given by the

kernel of the functional integral, that is
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A on. —
P[R;9l] = N exp (g d xV/=gL[R;¢])
(48)
The right hand side of (47) is now computed by averag-
ing Tﬁ(x) over
ipn_ .
5PI[R;¢] = N exp(ﬁjd xL[R=0;0]) -
» [(g fa"x6 (V-GLIR; 1) (49
(Consequently
n iran —— uv
5—a—R(x) = - 2fdyIVI(y)ég" " (y) *
327w Gind A
- A
s B(T,, (DT () o x) 1y o) (50)

uv uv
for all metrics. We shall specialise it

a conformally flat, constant curvature

Eg(50) is true
to the case of

space where

2
v uv uv Ry
g™Wiy) = PV =PV I Ll (51)

Substituting for dguv(y) from (51) into (50) gives
finally

K 2
e = g J9Y YEIL )T (0) o)
1nc

1

~ 27 1% YRIT (TN (1) TV (0)) 1] (52)

-
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T stands for time ordering. Eg(50) admits other repre-
sentations but we shall not consider them here. We have
shown in this lecture that the induction of the Ein-
stein action for gravity by guantum fluctuations of
matter fields in a curved space closely parallels the
analogous non-relativistic quantum effect (compare

eqe (31) and (47)). Other powers of the scalar curvature
R(x) are of course also induced; they involve higher
order correlations of the fluctuations of the matter
field and may hopefully be neglected. The main reason
for interest in induced first order (~ R) gravity is to
find an argument for not guantizing it. According to
this argument quantum gravity should be constructed
with an action which is at least quadratic in R(x). For
details on the prospects of a theory of this kind the
reader is referred to the lecture of Adler in these pro-

ceedings(s).
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DISCUSSION

CHAIRMAN:  Prof. E. Etim

Scientific Secretary: E. Guadagnini

DISCUSSION

~  DRAGON:

I am confused concerning the dimension of the Riemannian
space. Is R still the curvature of a surface at constant time or

has the dimension of the manifold increased, by some mechanism, to
include time?

- ETIM:
R is still the Riemannian curvature of space only,

- DRAGON:

The affine connection entering R is independent of the metric
at this stage or is it explained by the metric?

- ETIM:
It is given by the metric.

In order to get the result shown by Adler, at this point, I
have to assume that your affine connection is defined by the metric,
otherwise you don't get this result.

387
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- GUADAGNINT :
Could you explain the meaning of the correlation equatien
» ?
<dwudwv>¢h guv(x) dt 7
- ETIM:

This is a rule of path-integral and stochastic quantization
that will lead to the Schroedinger eguation.

If we use canonical quantization the kinetic emergy term is
given by the Laplace-Beltrami operator:

A=9, W= A 8y By g'Y)
u \/E 1
There is no induced R term. This procedure is wrong for scalar
fields.

-~  SORACE:

In order to obtain the Schroedinger equation by canonical
quantization have we to take into account the ordering problem?

-~ ETIM:

Yes, in quantum theory; but we have a classical theory in the
path—integral formulation. This ordering problem will enter only in
the determination of the coefficient R. The way to solve this is to
fix yourself in a geodesic coordinate system. Then in that coordin—
ate system the Christoffel symbols vanish at that point; the second
derivatives will just give you R and that coefficient is determined.

- ADLER:

I don't quite agree. The canonical quantization procedure is
well defined for spin % and spin 1 fields. It is only for the
scalar field where one finds that there is an ambiguity as to the
correct wave equation in curved space-time, and the naive kinetic
energy term that we write down, which is Vy V¥ has the property
that it should be conformal invariant and in fact it is, and it
happens that there is a 3@ R term. There are two possible scalar
wave equations and you can quantize either of them. For }& and
spin 1 there is essentially no ambiguity; for this reason it was
necessary to exclude scalar fields in my lectures to get a
determined induced R term.
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