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ABSTRACT. - Ireport the results obtained in the last year in lattice QCD with

fermions.

1. - INERODUCTION

Recently many exciting progresses have been
rmade in the computation of hadronic spectrum start
ing from lattice QCD. I will briefly report here the
more relevant results,

The plan of the talk is the following: in section
2 Iwill recall the basic ingredients of lattice gauge
theories; in'section 3 I will discuss in some lenght
the computation of .the hadron mass gspectrum and
finally in section 4 I will present the relevant re-

sults obtained from Montecarlo gimulations and com

pare them with the corresponding experimental quan

tities.

2. - WHY QCD ON THE LATTICE ?

We believe that the hadronic world can be de-

scribed starting from a fundamental theory of inter-

acting quarks and gluons : QCD. All the strong inter

action physics should be contained in the following

action:

S = clxl[-%

- m q(x

‘q—. 7’ MQ(X) -
l o2 (1)
o]

- U ; comti
Dy = o,+ig A ph  is the covariant derivative ,

a a A2 abc b ¢
FM’ a.”AV Oy .“ - go AMA"’

Unfortunately even such a simple action gives
rise to a very complicated physics and, unlike for
weak or electromagnetic interactions, it is possi-
ble to use perturbation theory only for deep inelas
tic (very high energy) phenomena.

Lattice QCD is at present the only formulation
which is able to give quantitative predictions for
hadron physics (masses, widths, ..... ) in the low
energy domain where we cannot speak any more of
quarks and gluons but only of pions, protons, etc.
To put QCD on a lattice is a very natural way of in
troducing a gauge invariant ultraviolet cutoff: the
continuum limit is obtained when the lattice spacing

a -» 0 For the lattice action we require:



1) Local (lattice) gauge invariance;
ii) Formal a -» 0 continuum limit,
A possible action for a pure gauge field theory,

first proposed by Wilson(l), has the form:

- L ot
S5g(U) = —5 123 tr (U, + UL) (2)
gO

where Up is the product of link matrices belonging
to an elementary plaquette as shown in Figs, 1 and
2:

Up® U, ()0, (x +R)Us (x + BN U (x) . (3)
L ] [ ] L]
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FIG. 1 - Definition of the link variable; the dots
represents the lattice points,
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FIG. 2 - Definition of Up (see text),

The link variable U“(x) is related to the gluon field

Ai(x) by the equation:

iagoAi (x) },a
e .

U“(x) = (4)

It is very easy to show that:
1 y @MY X
Sq(U) — - 7 Fuy (X FT 7 (x) (5)

a-e0

and that SG(U) is invariant under local gauge trans-

formations :

Uy (x) = g(:x)U“u(x)g'l(x +5) (6)

The only parameters which enter in the action are
the lattice bare coupling constant g, and implicitely
the lattice spacing a. All masses and lenghts may be

expressed as functions of these parameters:

< L ;
m, ‘—af:.(g). (7

For a -+ 0 the physics should become independent

of a; this means for instance:
a—= = 0, (8)

In this limit, eq.(8) implies that all masses and
lenghts become proportional to a single fundamental
scale:

m; = Cony Apppy (9)

where Cmi are dimensionless constants . Using the
renormalization group equation for gyt

€o 3 5

da - " Bog - Bigs (10)

and asymptotic freedom, one finds:
12 B1

.- —g - ——
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(11}
. ‘1 + O(gz)] .

At ALATT fixed (because it is a renormalization
group invariant quantity) eq. (11) shows that the lim-
it g, — 0 corresponds to the continuum a —» 0 lim-
it. In this limit all the correlation lenghts §i Ja=
= 1/1mia go to infinity in units of the lattice spacing:
we are in presence of a second order phase transi-
tion in the language of statistical physics.

All the relevant informationg of a gauge theory
are given by the expectation values of gauge invariant

operators, For t= ix4 we have:

-5,.(U)
falule © o
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<02 = Z55(0)
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The exact computation of the functional integral in
eq. (12) is a formidable task even on the lattice: to
evaluate this functional integral several non pertur
bative methods of approximation are at disposition;
the two methods which at present are able to give
more accurate quantitative results are strong cou-

pling expansions and Montecarlo simulations.

a) Strong coupling expansion (SCE):
Let us write the exponential of the action appea

ring in the functional integral of eq. (12) as:

N , +
RS : '2% 2 tr(Up+ Up)
W =e =e = e P
2N (13)
B=—%
go

g plays the same role of the inverse temperature in
statistical physics, In SCE one makes a Taylor ex-
pansion around f§ =0 (g, = ) of W, Since at the

end we are interested to extrapolate to the weak cou
pling region (f— o) this expansion must be analyt
ic in g.. Due to singularities near the real g axis(z)
or to the presence of an infinite order (roughening)

(3)

phase transition it is not obvious that informations

on the interesting scaling region can be extracted

by strong coupling expansion,

b) Montecarlo simulations :
One makes the direct integration of the gauge
fields (eq. (12)) on a finite lattice,
One of possible algorithms is the following (Me
tropolis method):
1) Start with a trial gauge field configuration {U};
Nex
2) Choose another link U' —s {U'} .

=1,

3) If exp L- (SG( {ur}) - SG( {U})ﬂ > %', with x' ran
domly choosen between E), 1_1 with a flat distri-
bution, {U'} is the new configuration,

4} Ngy = Ngy + 1; return to 2),

It can be shown that the probability distribution

of U goes, for N_, -~ o0, as:

ex

P(U)dU —> exp[- SG(U)] du . (14)

The expectation value of some operator becomes:

{u}

N
ex

2z o[{uﬂ

N -

ex o .

<BW) = (15)
The main limitations to this method come from the

limitations on the size of the lattice imposed by com
puter memory and speed, THe gituation is deserib-

ed in Figs, 3.

@
a) b)

c)

FIG. 3 - a) Hadron on the lattice for B small: the

size of the hadron is smaller then the lattice spac-
ing. b) The hadron for 8 —» c becomes as large
as the whole lattice. c) The optimal situation is ob
tained with a lattice made by a very large number
of points: the hadron is large if compared to lattice
spacing and small with respect to the lattice size,

In Fig. 3a (B small) the size of the hadron is small
compared to lattice spacing: this is certainly not a
good description of the continuum limit, In Fig. 3b
(B large) the hadron contains many lattice points but
because the maximum number of lattice pointvs is
small the hadron, put in a small box, feels véry
strong finite size effects. The idéal situation is de-

scribed in Fig. 3¢, However, for the actual compu-

tations, this situation is never reached, because it



would require a lattice made by a huge number of
lattice points.

To understand this problem it is useful to look
at the behavior of the mass of some particle (let us
say the glue ball 0%t mass) as a function of g ona
lattice of finite size,

In Fig. 4 a typical result from Montecarlo simu
lations is reported. The points with errors repre-
sent the measurements from computer simulations.
The full curve is given by strong coupling expansion,
the dashed lines are the expected renormalization
group behavior (cfr, eq.(11)), and the dotted-dashed

line is the spin-wave (f — w on a finite lattice) pre

diction.
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FIG. 4 - Schematic representation of the behavior
of the O** glue ball mass as a function of § (cfr.
text). The scales of the plot are arbitrary.

For small B we are in the strong coupling region
where the lattice physics is completely different from
the continuum physics; for large i finite size effects
prevent us to obtain sensible results: Only in a very
small window (in § not in lenght scale) we get re-
sults which can be extrapolated to the continuum us-
ing the renormalization group.

Note that the observation of the correct scaling
behavior of the masses is crucial to give predictions

for the continuum theory.

lowing expressionfor interacting quarksandgluons

3. - LATTICE QCD WITH FERMIONS

Inthe preceding sect, we wrote one of the ]pc)ssibl'e
pure gauge field actions onthelattice. It is possibleto

addfermions in a gauge invariant way by writingthefol

(4),

5= % { b [—;— 2 (B0 (r-1,) U, 08t B +
@

£ X

+ fl—’f(x+y>(r+7 U S” (x)) +
(16)

+ (rnf+4r)‘:l_’f(x) Q’f(x)]} +8.(U)=

Pt aqu) 3+ 55(0) .
SG(U) is the pure gauge field action. pf is the quark
field with flavour f. In eq.(15) for r=0 we have the
Kogut-Susskind(s) like action, plagued by the fermion
doubling problem ; for r=1 we obtain the action ori
ginally proposed by Wwilson(!) which however does not
have the same chiral properties of the continuum
QCD action,

We are interested in the expectation value of
some gauge invariant operator depending on the

quark and gluon fields:

A

LO(P, P, U =

jd[qﬂ d[P]a[u]e’
§fa{o] a[@] a[ul e"s

(P, 41' U)

The formal functional integration over the fermionic
degrees of freedom is possible because the action is

quadratic in the fermion filedsf1), We obtain:

5dlUTe
fafu] e 5

ndet[A (uj] 8[‘0, 4; 1 u]]

N

c(v) H clet{

(18)
The determinant of Af(U) contains the effects of
quark loops on the gluon Green functions (see Fig,5);
for a fixed gauge field configuration {U}, Aj‘;"l'( U) is
the quark propagator in presence of the externalfield
{U} as illustrated in Fig. 6. The main difficulty com

es from the computation of the determinant.and of 'the



d
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FIG. 6 - Quark propagator in presence of the
field {UJ.

inverse of Af(U): for a typical lattice size used in

Montecarlo simulations (53

x10 = 63 x 12) the num-
ber of matrix elements of Af(U) ig o~ 109.

Several methods have been proposed to compute
the determinant and the inverse of Af(U)(e’ 7); by
using relaxation tesechnz‘iques(’?), it came out that the
computation of the quark propagator is much easier
then the computation of the determinant. Most of the
results for hadronic spectroscopy have been obtain
ed by putting det 4¢(U)=1 (quenched approximation)
so that only the propagator must be computed: in
this approximation we completely neglect the feed-
back of the quarks on the gluons. The approximation
is expected to work reasonably well for several rea
sons : it is exact for Nggigur =¥ ® at ng fixed;
Zweig rule is exactly satisfied and hadrons are ma-
de only by valence quarks and gluons which is not so
far frorm what happens in the real world; the results
obtained with the hopping parameter expansion(g)
seem to confirm that quark loop effects only amount

to a small changement for the relevant physical quan

tities. It is clear that it will be necessary in the fu-

S NSNS & R
A ,

ture a complete computation of the functional inte-
gral of eq.(18) including the det Af(U). In the quench

ed approximation eq. (18) becomes :

560 « -1
fa[u]e 3[v. 4;'w)]
£0> = ; . (19)
z
And the integral over the gauge fields U can be ma-
de by usual Montecarlo methods.

To compute the hadron mass spectrum we start
by defining operators carrying the same quantum
numbers of the particles we want to measure the
mass, For example for the plon, rho, proton and

A1t particles we find:
at(x) = 3275 ) |

+ooy . =A A
QH(X) =1 (X))'Md (x),

(20)
P, () = (6" () € 158560 (x) €xpc

4 (%)= (uA(x)(C Y‘uuB(x))ug(x) €rpc -

It is straightforward to compute the correlation func

tion for these operators. For example for the pion:
G(x) = < (x)7(0)> =

-S(U) T ,
Kd[U]e G \'Gu(x,O)}’sGd(O,x)Ys]

Z

(21)
Gf‘[x, 0) is the propagator of a quark with flavour f
between 0 and x, For large time distances the pole
corresponding to the lowest lying state of mass m

will steam out and we expect:

mt

G(t) = I G(X,t) —> Ae . (22)
X

t-» ©

In principle, by fitting the various propagators we
can obtain the hadron mass spectrum in lattice spac-
ing units, In practice, because of the small size of
available lattices (t small) the evaluation of hadron

masses will be affected by systematic effects (for a



detailed discussion see refs, (9,10, 11)) due to the
presence of many excited states propagating simul-
taneously in the same channel,

Tor mesons the coefficient A in eq, (22) is re-

lated to the determination of fn" f,, ... . The trasl

9 :
ation of hadron masses in physical units is obtained
2 2
‘by fixing a strong interaction scale (e, g. mg- m_)
and a mass parameters for each quark flavour (which

B

must be large enough so that all the masses scale in

corresponds to fix for example m_, my, ete.).

a well known computable way, e, g, :

51/121 i
B exp[——?ﬁg—(ﬁ-&wﬂ .

(23)

g

33

No systematic analysis has been yet done on the sea
ling behavior of hadron masses, albeit the results
(cfr. next section) within large statistical and syste
matic errors are compatible with scaling. The lack
of scaling found for excited glueball states(12) indi
cates that a more carefull analysis on this point is
needed,

4. - RESULTS FOR 1A DRON SPECTROSCOPY' 2

The results for hadron spectroscopy (SU(3) of
colour) obtained by several groups(g' 10.15) yre re-
ported in Tables I, 1I and III, The different groups
made their computations with different lattice sizes
(ranging from 43x8 to 6°x 14), at different values
of B (from 4,0 to 6.4) and using different expres-

sions for the lattice action (r=0, 1/2 and 1; ecfr.

TABLE I - Results for strange hadrons,

STRANGE HADRONS

my 890170 MeV
my 99050 MeV
m- 1.6820.50 GeV
mz_ -mA ~20 MeV

CHARMED HADRONS
m, (2980) 3000430 MeV
Jpcﬁo# .
3400%50 MeV
m_ (3418)
X
o
JP=1++
3500550 MeV
mp, (3507)
C
P+ 36007100 MeV

-charmed hadrons, The value of r (cfr. ea.(186)),

the lattice size (Volume), the number of gauge field
configurations (N,,.¢) and of B are reported, Also
the total computer time (t) spent in units of the

CDC-7600 computer time is given, Then the values
of physical hadronic quantities are reported, my g
are the bare quark masses.

Ret. (9) Ref. (10) Ret. (10) Ref. (15)
1 0 1 w5 r
3 'G:)XI!‘
s*x10 6x12 A W12 Volume
67x12 N
32 8 28 8 Neons.
5.6 .0
6.0 6.0 6.0 5,55 8
64 5.7
~90 h ~150h ~ 100 h t
758 Mev 706 MeV 70 MeV 73 Mev A%
780 Mev 750 MeV | 750180 Mev | 610°100 mev my
+ an+240
TOMeV | 950100 MeV | 7I0TOMEY | myiny)
1120 MeV | 11002150 MeV my
1
1230 MeV | 3 1100 MeV g,
200't5Mey | 180Mev | 150t50Mev | 81*1lmev fa
+ ] + +0,15 -1
0.63%0.05 0.50%0.10 0as*%15 g
A 0.2 B
4.550.6 MeV wsmev | 7.0707 mev me
1.2720.40 1207028 Gev my
GeV ~ 1,70 GeV B
1.37%0.60 1:69*925 oy m
GeV -0.30 A++
t0 ey - _ +180 )
220-90 MeV 200 MeV 2‘)0_'220 MeVY mA ++"Tp




eq.(16)).

patible among different computations and in rather

The results for s-wave mesons are com-

good agreement with the experimental values:

my ~ 700 MeV ,
mK* ~ 900 MeV ,
(24)
m’b -~ 1000 MeV ,
m ~ 3000 MeV ,
Na

However the meson decay constants turn out to be
too large when compared to their experimental va-
lues (e, g. fop~ 150+ 200 MeV; experimentally £
~94 MeV), We believe that these systematic discre
pancies are connected to the fact that the lattice
spacing is still to large compared to the size of the
hadrons and they should becomes less serious at
larger values of §, The same kind of systematic el
fects are cbserved when one computes mass diffe-

rences coming from spin-spin forces, For example:

(exp 290 MeV)

m o qq - V200 MeV ,
4 P (25)

~ 20 MeV ,

my - (expn 77 MeV)

A

The situation for p-wave meson states (0(980), Aq
and B mesons) is at present rather confused and
the results from computer simulations should be
further improved hefore making any comparison bet
ween Montecarlo results and experimental values.
A surprising (and to me not understood) result has

been obtained for

), that is the average lighest ba

ryon mass, using Kogut-Susskind like fermions (r =

=0 in eq, (16))(10) They found:

mp 1700 MeV , (26)

All the other computations of baryon masses give re
sults in agreement, within rather large statistical
errors, with experimental values, although one hag

to say that the average computed values turn out to

- -

be systematically higher than the experimental ones
(typically mp~1.2 GeV), Probably this overextima
tion of baryon masses is due to a greater difficulty
in isolating the lowest lying states for baryons be-
cause of the smallness of the lattice in the time di-
rection (andperhaps to other finite volume and strong
coupling effects).

My conclusion is the following. Many progres-
ses have been done and many promising results have
been obtained in the last year in lattice QCD : for the
first time we see a way to compute and predict the
hadronic world starting from basic principles, Many
problems, which I hope will be solved in the next fu-
ture, come from ultraviolet and infrared limitations
imposed on the lattice and a carefull study of system

atic errors is needed,



FOOTNOTES

(f1) - Note however that it does not exist any simple
algorithm like that explained in the previous
section to perform the functional integral over

the fermion fields because of the anticommut-

ing nature of the fermionic degrees of freedom.

{(f2) - I bave not enough time to discuss the computa
tions of other important hadronic quantities
that have been tried in the last few months as
for example the proton and neutron anomalous

magnetic moment{!3) and GA/GV(H).
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