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LECTURE 1 - INTRODUCTION

The central theme of these lectures may be summed suecintly as follows :

Radiation is Noise

and in particular,

Low-frequency Noise is given by Soft Radiation.

Thus, we shall study noise through a description of the radiation spectrum corresponding
to the specific process under consideration. But, what do I mean by radiation ? By radiation
is meant the emission (and/absorption) of appropriate massless quanta, It is the photon in
quantum electrodynamics (QED), gluons in quantum chromo-dynamics (QCD) and the gravi-
ton in quantum gravidynamics (QGD). (Perhaps also, the phonon for quantized acoustical ex-
citations),

Hopefully by the end of these lectures you will see through explicit computations in a wide
variety of phenomena ranging from Josephson junctions and Electronic shot noise to high ener
gy electron scattering, super high energy hadronic processes, gravitational energy loss, that
it is the same mechanism at play. Consequently, the results are rather similar: one finds a
"power" spectrum ~(1/@ )1‘3 for low frequencies ® and one is left ubiquitously with Pois-
son distributions, The latter helps us understand at a microscopic level why generically sto-
chastic descriptions are applicable (and successful) for noise.

Before discussing the applications, let us take time out to discuss the various underly‘ing
theories: QED, QCD and QGD (Einstein theory)., Usually, they are studied separately, but it

is possible to give a general formalism - in terms of connections - which is applicable to them



all. Now, we wouln't need much of it for later discussions, but this is a school and you are

supposed to be learning new things and it is so beautiful .....

Making Connections:

There is a deep relationship between an underlying continuous symmetry and existence
of massless quanta (gauge particles), The well-kriown argument goes as follows :

Consider a field ¥(x) which transforms as a "tensor" under a gauge group G, That is let

Pi(x) = Ulx)¥(x) (1.1}

where Ty's are generators of G, Au{x) are called the parameter of the gauge transformation,
Now, if we wish to construct an invariant action for the fields ¥ through a Lagrange dep-

sity Z(x), whichis a functional of polyhomials and derivatives of %, we must require that Z{(x)
b

be a scalar under G, But, auw = . w(x), M= (%9, x), does not transform as a tensor
0% not

even though ¥ does. Hence the need for a covariant derivative (and of a connection). Introduce

I’[L(x), a connection such that the covariant derivative of ¥,
DY = (9, -I-gI'M)’W (1,3)
transfotrms under G as does ¥ (g is the charge of ¥) that is, we require
Dy ¥) = UDLY). (1.4)
Using (1.1), (1.3) and (1.4) we discover then how the connection itself must tranform, It

is easily seen that

1
g

-1 1

,' ~ _1 . . __]_ __’
I’M —UFMU +—=1{9, U ~UFMU - S U8, U 7). (1.5)

gg |

It is important to note that the connection PH is itself not a tensor, due to the "displace-

ment" or inhomogeneous term in eq, (1.5).

Fxamples :
1. QED: Here the gauge group G is abelian, go:

eiel(x)

Ux) = and customarily I‘L, = 1A (%),

where AM is the EM vector potential, which transforms as
Al () = Aplx) - 9, A(x) (1.6)

where A(x) is the gauge function,



2, QCD: Here the gauge group G is SU(3) color and ¥ (x) are the colored quarks (trans-

forming as the fundamental representation 3) and we may write

Ulx) = e . (1.7)

The 8 generators of SU(3), Ty obey the Lie algebra

I:Ta’ Tb] fape T (1.8)

where [ T., then

are the structure constants of SU(3), The connection FM(X) = iAua(X) -

abc

introduces 8 color gauge potentials A  _(x), the so called gluon fields,

pa

Gravitation:

The theory of Gravitation can be viewed as a gauge theory of coordinate transformations,
i, e. a theory invariant under any reparametrization of the coordinates, x“—» x'H= x"u’(x).
The gauge group is now GL(4,R), the general linear group of real transformations in 4-dim,
The generators G‘; satisfy the Lie algebra
” _ v @ ¢ v
LGM, Gl-l = 8,G, - 87G) . (1.9)

For the connection F.U" we obhtain

v
I (x) = 9x

' )| UF vl+u a,,U"l:]. (1.10)
O 1

This differs from eq. (1.5) in the extra differential which "compensates" for the change in the
coordinate frame where derivatives are taken., (A crucial difference between "internal" sym-
metries in which coordinates themselves do not change and space-time symmetries where
they do), The more familiar Christoifel symbol 1‘;; is related to the gravitational connection
11#' as

- chp?
L= G I+ T, (1.11)

where Ty, is any arbitrary tensor under GL.(4,R) which can be added. In the Einstein theory,
without torsion, Ty = 0.

Writing,

0 () (1.12)

(J‘u
U=e

where co,ff’ is related to infinitesiomal coordinate transformations,

x' P ¥ xf 1 ghx) through  ofx) ¥ 5,& ). (1.13)



We have

(1.14)

Now, we have the tools necessary for obtaining a gauge invariant £(x) for Y¥(x): any
functional Z( ¥, DY) will do, e. g. in QED, QCD
Prermion - iPPY - mYPY (1,15)
where ¥ may be a lepton (electron, muon, ... ) field when W = (GM— ieA#) ¥ or w may be
a quark field and for QCD, ¥ = (aﬂ - igAMa’I‘at)'}““', where a is the color index and g is the
strong coupling constant,
How do we introduce the kinetic energy for the gauge fields, i. e, what is ygauge ? Once

again we construct a gauge invariant quantity, FM'V(X)‘ the field strength tensor, made out of

non-gauge invariant connection Iy, We form

Flyl) = 8, 1)) - 0, T, (x) + g[ 1%, [,(x)]. (1.16)

Using (1.5) it is easy to show that

Fiplx) = UFjy(x) U 1 (1.17)

i. e Fp,v is a tensor, Thug, any scalar formed out of Fl“’ would do for a gauge ifivariant La

grangian, If we want only second order derivative in "g“pgaug@’ there is a unigue choice
1 \ v
"fgauge(X) = -7 tr (F‘u,,v(x)F‘u (x)) . (1.18)
For QED, ‘
Fuv = 9hy - 0y8y (1.19)
and
QED ’ )

in terms of electric field E and magnetic field R' For QCD

FI«“’ = Fy,'va(x)Ta s (1.21)
we have

Fypal®) = 9u8ya(0) - 8y Aua(x) - gly, A (x4, (). (1,22)

In eq, (1.22) F' is non-linear in A which makes it difficult to solve, If there were no
"matter” (i, e, no charged particles), "?QED given by eq.(1.20) would be a free field theory,
So that if you had a bag of photons,. it would be a bag of free photons, (Photons carry no charge



and hence do not feel each other). Not so for QCD - it is a non-abelian theory - the gluons
themselves carry (color) charge and "?QCD is an interacting field theory. Gravitons also

interact with each other (The Einsteing % is not given by (1.18), however).

LECTURE 2 -~ SOFT RADIATION FORMULAE AND POISSON DISTRIBUTION

In this lecture, I weuld like to obtain the spectrum of soft radiation and show how a Pois
son distribution arises generally. Since it is an important result we shall discuss it in a va-
riety of ways.
that n particles are emitted is Poisson distributed(1) (For this lecture fi=c = 1).

Consider a neutral scalar field of mass , for which the free Lagrangian density is

) = L
,SfotX) =3

“, 1 2.2
(Olﬂ’)(b P - 5 TP, (2.1)
and which is coupled to a given (c-number) source density @(x) (Physically this means that
the recoil of the source is being neglected, since its motion is prescribed).

Now the quantum field operator @(x) satisfies

$(x) = 6x) + [(a*x)e(x) D, (x-x) (2.2a)
= gl)OUt(x) + j(dz&x')g(x')Da(x-x') (2.2b)
where .
5 Bt
(3 +p?) %" (%) = 0 (2.3)
lim  B(x) = oNx); lim  @(x) = 6% (x) (2.4)
t—>» -co t->» +00

Dr, a(¥X) are the retarded and advanced propagators :

(D+#")D, ,(x) = 0%x), (2.5)

a

The (f) frequency components of @ of course obey the free field commutation relations.
E. g,

SRy i -

[@( ingy gl )m(x)J - iD(x-x") (2.6)

= — [ Rk~ ph ek e F (2.7)
(2m)



where .
— ) 1 kY>>0
e(k’) = [002) - o-107] . and o) - '

Trom (2,2) we get

q&ou,t(x) = d’in(:x) + Jf(dzl'x':y)"[]jr‘(x-x') - Da(x -x") o(x")

= (%) - [(a*x") Dix - x) o(x) (2.8)
= s~ lo'xs, (2.9)
where 8 is the (unitary) S-matrix. S must be unitary, since cbi-or;t(x) satisfy the same C, R,
Defining, the Fourier transforts
in in
@out( ) = i - f((i4.k)6(k“ ) ”2) (pout(k) ik x (2.10)
(2m)”
and
olx) = —ir [t X (2.11)
(29)
From edq, (2.8) we edsily deduce that
stk - ) | 3% - M) - 1800 e0) | = 0.
We shall use the notation, 65‘ such that
8000 = &%) - B = - 1808 (k%) (2.12)

is a c-rnumber,
The no. of quanta in the incoming wave is: given by the corrésponding no. operator

N L et -ud ew®) M0 B (2.13)

We want to find the probability B, that n particles are produced if none were present in
the initial state, Call, the (normalized) ihcoming state with no quanta ():7”1 s

('Bin(k)'l °>m =0 (2.14)

and

lolod, =1 (2.15)



Let I 0>out be the corresponding final state with no quanta, We can construct Fock space ba-

sis vectors in the usual manner

. _1  ~N(+)out 2 2
[y Dt 7 ¢ ()07, 007 -4
s __ 1 F(+)out, ~ (+)out, 2 2 2 2
iy Do = U (e)|0> Lo0T - w805 -5, (2.16)
|k, ,x kS == InI 32 - u?) & POt )| 0
1”72 " nfout 0% i out *
\/n! i=1

In this basis, the most general n-particle final state vector may be written

~, 1
F e - j
n (2n)3n

where wn(k soen s Kp) is a symmetric SchrBdinger "wave function", The expectation value of

J[CTN S (2.17)

-,
H(dki)] Y (ks sk

-1 o 177 n)

NOUt for this state is indeed n, i. e,

n =« <]‘7nl NOUtl Fn> 2

provided we have normalized Yyt
1 Ry 2 2, 2
ST I LH (d7k;) 0 (k. - p )] | CCAPRN ) I (2.18)

1[;1'5 also satisfy the completeness relation

n
4
) ¥ (k!,.. ,k')=—=— 2 P IT 6(k-k!) . (2.19)
(2m°™ 121 nomd "™ perm i=1 - !
P

n
1 2 2 % 1
—— I ok -p) v (ky,. K

(The symmetrized §-function on the rhs may be replaced by the ordinary §-fn., if it is mul-
tiplied by a symmetric function of (kl’ eer s k:n)). ,
Now, we are ready to calculate the probability amplitude for the creation of n particles:

Using eqs..(2,12) and (2.19) we have:

1 1 ' ;
{7 oy, = — —“']Ln Yy sl z_l wt
“al T /in 030 \/J_n—l _ 11 (d ki)é(ki R (kl"" k)

(2.20)
/ ~in ~ ~in ~
Qo] ¢ 8™ie,) + 05, ) (D i) + 8Bl e [0

out >

using eq. (2,14),



1 1 2, grv T ik \ s .,
<F IO> 3n ‘/;1_1- jl:n d k k ) )6q)(ki)‘~l wn (ki""’kn" 01:11:\0 O/Ern )

The probability ’
. ' < Fnl ‘0>inl ’

is easily computed using the completeness relation (2.19), One finds

" 1 w1
T PRI L4 l (2.21)

where the mean number T is given by

- 1 4 2

Re—— fd'won’-u?)| s . (2.22)

(247)
Since the total probability must be 1, i.e. 3 P, = 1, we must have
n
i Zolod lz -3t (2.23)
out ™ in ’

Thus, the normalized probability for #i particle production is given by the Poisson distribution

S B ¢ (2
Pn * (i) e . (2.24)

The multiplicity (or mean number)

n= 3SnP..

We may also obtain(2) the total probability per unit frequency interval, (dP/dw), if the
maximum energy carried by a single particle is restricted to be E Using the F, T, , we have

(dPE) at . iot

4,
‘1 g ,nr . (d k) 5 -1k°t
o 1 w) e T I [j— ------- 6(k - )| 0Pk l ‘,

(2.25)
i=1 | B (2m°

where subscript E in any integral denotes integrating the corresponding energy variable up

to E. Thus, Ny is given by eq. (2.22) with energy k°< E, A little algebra then leads to

dP_ o iwt i .
(-a-a—?—) = (-‘g-t;r-‘-)e exp ,- § “:-1——-]5 k -y '609 ' [: LIk t] . (2.26)
- E (.237:)

Leet us apply to a (point) source particle, say an electron, in QED, The scalar source func-
tion @(x) gets replaced by the vector current j‘w(:x). The clagsical current is given by



oo
ju) = e [ dvp, (0" -op¥()). (2.27)
- 0

Consider an electron to suddenly change its momenturn (through scattering):

p T <0

p“('l’;) = w (2.28)
p! T3>0 .
u

In a real scattering process, this imposes the restriction that the admissible frequency range

must be <« 1\/‘17*, where t¥ is the effective collision time, The F.T. of (2.27) gives
~ p P,
1 k = .:Ji - __Eb_. .
JH'( ) e Dk Tk ) (2.29)

The average number of quanta (photons) is determined to be

4 NX ~
Ag = ((d 1)‘3— 8(k%) (ju(k) j“(k)l . (2.30)
B 27

e

The angular integrations in (2,26) can be performed and we obtain

E

g T gt iot- g | (95—)[1- e‘ikt:]
(G- TR 0o & : (2.31)
-0

where the infra-red factor B, for this example is given by

2 2 2 2
3<Q2>=<2—“>Fﬁm—i?—_%l—— 1n<\/1+ 9—5—+/9—2—>-11 , (2.32)
m —

where Q is the 3-momentum transfer, Q = (p - p'), m is the electron mass and a is the fi

e

ne structure constant a= e2/4n = 1/137. In the two extreme limits, we have

2
N. R. 8 {
. ('5%)( 2 5) (2.33a)
Q2<<4m” 4m
2 S
QY =/
. 2
Ext, Rel.' » (2%1_) ln(_@_z_.) . (2.33}3)
Q2 a4 4111‘3 4m

The first limit reflects that as @ —» 0 (no acceleration), there should be no radiation. The
second limit, valid for large angle scattering at high energies, shows that there are indeed

large radiative corrections, This expression is a typical "leading log" of gauge theories,
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It would be useful, for later purposes to agk now: where do these "logs" come from ?
They comeé from an angular integration, When we ghall apply similar techniques to condensed
matter phenomena with lumped circuits say, where sources become macroscopic, spatial
degrees of freedom get frozen, Thus, time and its conjugate, energy are the only relevant
variables left, In those cases there would appear no logs in 8. But more about this later,

An alternative derivation based on Feynman diagrams is more suitable for discussing
evolution and Renormalization Group (R. G. ) equations, Consider a basic process (i = f)

without soft photons, to be characterized by the matrix element Mj,. Now, consider the e-

mission of n independent (uncorreldtad) soft photons of 4-momenta kl"" ,kn, with a clag-
sical current :]Tlu(k), given by eq, (2.29), Neglect of recoil and correlations lead us to the

matrix elem ent(3)

(n) ~ ~

=] (k ko) veues J, (k) M, = 2,34
oy i ”1( )IM)( 9 .an( o) Mir (2.34)
n
- iwt-1 2 k%
; dt = 5 2,342
=fdo | Sne Jui(kl) e dy (k) M. (2.34a)
- 0 n

Rate Pn {or cross-section o) for production of n real photons of total energy @ would

be given by

de e 0] o n
L tny, . 1L w’t Ak um g - ikt
m @ a1 [ J 3003 e :l : (2.35)

where Fo would be the rate without the emission of soft photons, Thus, the inclusive rate is

given by
L 4T d]‘n 1 o it iwt+ B _f ]wt
T—(‘a——) g (o' TC - § Ge (2.36)
-0
where
g = 3x% [aQ, i TM0] .

Eq. (2.36) has the typical IR divergence as k -+ 0. This is compensated for by another diver
gence in Iy which is due to virtual photons, It is most easily found by defining the left wide

as a probability:

. iote g [ gk 0t
(Ey-p 7 1.»t+5g(k)e 3
. ] 5 e . (2.37)
- 0
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Requiring that eq, {(2,37) be properly normalized, we find

E -
P, © . iot-p j(%)b-- e'lkt] (2.38)
("a—d)—)= f (—271;)6 0 ,
- 0

identical to eq. (2.31).

Amazingly enough, for © <K, eq.(2.38) can be solved exactly, The answer is

dp y
(=50 = [ ? ](é,—)(—‘if: @ (2.39)
Yﬂ(l-FB) a

~—

where Iny = 0.5772 is Euler's constant.
The factor (1/®) is the celebrated IR divergence - which is softened by the factor (®/E)
due to the virtual exchange and real emission of an infinite number of soft quanta. The factor

Y BF(I +B) is a ngrmalization factor, which can be usually ignored for small B, since then this

term is &1 + %5 Bz +ooeoes

Footnotes and References :

(1) - This presentation is based on W. Thirring and B, Touschek, Philosophical Mag, 42, 244
{1951).

(2) -~ E, Etim, G, Pancheri and B. Touschek, Nuovo Cimento 51, 276 (1967).
(3) -~ M. Greco, G. Pancheri and Y, Srivastava, Nuclear Phys. B101, 234 (1975).

LECTURE 3 - VARIOUS EQUATIONS - MASTER, EVOLUTION, RENORMALIZATION
GROUP AND BOLTZMANN

I would now like to obtain some equations through the summed soft radiation formulae of
the type (2,38), Their relationship to R. G. equations and Altarelli-Parisi equations in QCD
will be explored. Similarity with the Boltzmann and other master equations will also be in-
dicated,

Consider the scaled variable x= @/E (fraction of energy E carried by the radiation)and

define the probability density

w(x,B) = BE(m=) . (3.1)
Then, we may write T
o 4 weep Y]
wix By = f (o) o 7 . (3.2)
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Taking derivative w,r.t. % and performing soime algebra, we find(l’ 2)

du(x, ) _ (B-1)

ol e wix, B) + gﬂ(x- 1). (3.3)

7 is a probability dengity non-vanishing only for x >0,

m(x) = 0 for x<0. (3.4)

dri{x, 8) B-1 ,
T(x, £1). .
~ T T(x, 8) (x £1) (3.5)
Its solution is #f(x, ﬂ)fvx-H‘B. The coefficient of proportionality is determined by normaliza

tion. This leads to the result quoted in eq, (2.39).
To discuss the relationship with B. G. equations consider the variation of eq. (3,2) with

1
onx, B) ay .1 . ‘
5 E‘) (L) [mwix-y, 8) - wix, 8] - (3.6)

Eq. (3.8) shows how the IR divergence as (y -» 0) on the right hand side is cagcelled, Liet
us asstume (without proof here) that eq. (3.6) describes the soft gluon spectrum in QcD(3), Sin
ce QCD has two components, quarks and gluons, it follows that the quark density Q(x, ﬂ)

should be

Qx, B) = #(1 - x, §) (x=1). 3.7)

Using eqs. (3.4) and (3,6), we may write

1-x
QR0 . Qe - ~Sae, B (3.8)
; .

y

1-8
Y

Q

where we have introduced a small parameter & to mdke the two integrals separstely conver

gent, After the integrations-are performed, g -~ 0", Now consider the moments of eq. (3.8):

oM .(8) ! n-1 1 . 1
—-;%—E— = '—q'%-z-f]—;—g J ‘dyynﬂ Q. p) - ———q—Z]————E— M (B) (3.9)
0 (1-z) 0 g (1-z)
where 1
M () = ({ ('%X)ynQ(y,B). (3.10)

The limit ¢ = 07 should be handled carefully, as the following example will illustrate, If

we let &~ 0 and take the difference of the two integrals, we find
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i JM : ]1\/[ , (3.11)

"
p]
fas3
=
bﬁ\
w

(3.12)

which is the one loop R. G. equation result if we substitute for Kn the anomalous dimension.
However, eq.(3,11) is only an approximation since we can easily check, from the expli-

cit expression (2.39), that M,(8) obeys the equation

oM (B
—5— = [w) - vmp] My (3.13)

(In the above equations, ¥(Z) is the logarithmic derivative of the gamma function),
The correct procedure thus consists in making a small s-expansion of eq, (3.9) and per-
forming the integrals after cancelling the 1/e term. What one obtains is
1
oM (B) : n-1
——— 58 [W(l)- ’!ll(n]M )+ j dx x (Inx)Q(x,B) , (3.14)
0
which coincides with em. (3.13) when the explicit form for Q(x, ) is used.
In R.G. or Altarelli-Parisi equations, the complete anomalous dimension An enters,

which includes the (the hitherto neglected) "hard" collinear gluons and reads

A = T-ci?—-l;“ 1-ﬂ ]f-—‘——-) (3.15)

n

O —

In this sense RG equation is "superior". However, our formula is "superior" in that it sums
soft radiation to all orders whereas in RG equation the IR divergence is introduced and cancel
led only to first order (See discussion after eq. (3,11)).

We have a conjecture for an IR improved RG equation for the moments basedﬂ on the follow

ing observation, In eq. (3.14), if we consider n as a continuous variable, we obtain
'aB - -g-l:l—)Mn(lB) = AnMIJ(B)' (3.18)

It is the summation of soft quanta which makes eq. (3.18) non-local in n. Our suggestion
is to replace Ein by Ap. It has all the correct limits: for large n and/first order in § it is
certainly correct, Perhaps one of you may want to check it in the two loop approximation !

We have done a large amount of high-energy phenomenology based on the above results

for which I refer you to refs. (3-7). Incidently for SU(3) color, and 4 "flavours" of quarks;



- 14 -

. 2y 2
B (_;_g.) 1n(.!£9_2i4§.) , (3.17)
InQ,/A

where Q, is a reference point and A is a mass parameter related to the definition of the

QRCD coupling constant %strong'

Now let us discuss the evolution equations (Altarelli-]?arisi(s)) in QED. Consider an
electron of momentun P which distributes itself into photons carrying momentum xP and
electrons of momentum {(1-x)P. The equivalent number of photons is given by

Ly 4
N,,—(—-—)(X

5 S ) {In P’/me) . (3.18)

Let 7= -21In(m,/P), so that to first order

dN;i(x)
B A TN §
= (75 - (3.19)

Thus, we can say, the number of electrons inside an alectron
41 1

~osy & L7 . 2 :
Ne(x: T) - 6(1‘)() + T (l—X) T o+ C(a ]‘ . (3u20)

Of course, this equation has an IR divergence at x =1, Since the total number of electrons is

not changed by the interaction, we must require
[N x, v)ax = 1, (3.21)

which is a statemient of current conservation. Thus, we modify (%,20) to read

dNS) o 9 o
7 (57! LT:-; - Cd(l-x)] = (5P x) (3.22)
where C (an infinite constant) is chosen such that
§dx peglx) = 0. (3.23)

Now, the first order transition probability (T, P. ) p,ee(x) is independent of "time" 7,
but the compléte electron distribution is not, Its titme development is given by a product of

the T. P. pge(x) and the actual electron distribution at titme 7. That is
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6Ne(x, T) . 1 g
Y (E;—y;) j(y )Ne(}’, t)p,_ (x)
X
1 g -,
() (& Tz ]
"G 1 )Ne(y’”[_l-;c/y ) C’é(l'x”/yﬂ (3.24)
X
1
(E%)I"CNQ(X’”)""Z f ;E%Ne(y’r)‘ )
X

decreage in N, due to the bremmstrahlung of electrons of fraction x: it is naturally therefore
proportional to Ne(x,r). The second term represents an increase, due to those electrons with
motnentum fraction y > x, which are "bremming" into x., The relative loss of momentum is
x/y.

Interpreted as above, eq, (3.24) is quite similar to the Boltzmaunn transport equation (in

the absence of external fields)(g):

e

scatt,
(3.25)

= -1, JQUe k) (dk) + [ 1, Quk k) (dk')
where the first term is the decrease due to elecirons leaving the state k and the second gives
the increase due to electrons scattering from k' into k, Here fQ(}g, k') {(dk') plays the role
of the (infinite) constant C earlier.

Now, consider moments of Ne(x, T):

1
N dx , N

Mi \o) = f ()% N (x7) (3.26)
0
1

Mfel)(r) j c'lxNe(x,r) = constant, indep. of ©
0
1

M(ez)(r) = j xdee(x; T) = total momentum (in P-units) carried
0 by the electrons

ete,

Moments of eq. (3,24) are found to be

(N) (N,
dv T lom! Tee M (v, (3.27)
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where .
; N
(1;2 = .QZZ_ 2" pyz) . (3.28)
0
Eq. (3.27) can be trivially solved
, \ A(N)
(=)A= 1)
MLN)(’F) = M(N)(tc,) e 2T ce " (3.29)
Consider N =2 moment:
(2 )
: (--- A
MP(z) = Moy e .

Thus, we find that the total momentumn carried by the electrons goes exponentially (as a

function of 7) to zero: the whole momentum is transferred from the electrons to the photon

system, Clearly, then T&—/-é_-nl)w 5 r*, plays the role of a "relaxation time",
What is the corresponding situation in the transport equation ‘?(10) Consider the first
moment :
- i t ™ - 1 - 2
2 Jr e = g j(g};)ﬂ_%, f}JQ(g,}g) 0, (3.30)

just as before,

For the second moment, we have

S - " (dk'
51 e Ty fildl) = e [y (de) k,-fj Q(k, k') (dk")
(3.31)
= ! t f
e ffg,(gg) M’ks 5)Q(k k') (dk") .
In the simplified, sharp Fermi level approximation,
ykl
- ' 3 el ¢
j(,y1£ V) QU K (dk) = - =0 (3.32)
defines the relaxation time %, Then eq. (3.31) leads to
a4t) 1 1
T x e Iy s - g I
and we find for the current
‘ -t/eX
I(t) = 1(0)e / (3.33)

in exact analogy with the AP result,
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Now the significance of all this for the noise problem can be stated simply. Consider cur

rent-current correlations :

wt =
10t

S{w) = |dt ol £} 1(0) . (3.34)

I

If we use eq, (3. 33) into eq, (3,34) we find the typical Lorentzian spectrum :

L
SI orentz (@) ~ B (3.35)

which is devoid of any 1/w noise, In our picture, it is the quantum electrodynamic fluctua-
tione to eq, (3,33) which introduce the interesting (1/w )I-B spectrum, To these matters the-

refore we turn ouf attention now,

Footnotes and References:

{1) - E, Etim, G.Pancheri and B, Touschek, Nuovo Cimento 51, 276 (1967).
(2) - G, Pancheri-Srivastava and Y. Srivastava, Phys., Rev., D15, 2915 (1977).

(3) - G, Pancheri~Srivastava, Y, Srivastava and M, Ramon Medrano, Phys, Rev., D23, 2533
(1981), .

(4) - G, Pancheri-Srivastava and Y. Srivastava, Phys. Rev. Letters 43, 11 (1979); G. Curci,
M. Greco and Y. Srivastava, Phys, Rev, Letters 43, 834 {1979); Nuclear Phys. B159,
51 (1979).

(5) - D, Smith and Y. Srivastava, Phys., Rev. D26,{1982)(to appear)

(6) - G, Pancheri and Moriond Workshop on Lepton Pair Production, ed. by J. Tran Thanh
Van (Editions Frontiéres Dreux, France, 1981).

(7) - M. Friedman, G. Pancheri and Y. Srivastava, Phys. Rev. (to be published),

(8) - G, Altarelli and G, Parisi, Nuclear Phys. B126, 298 (1977); G. Parisi, Proceedings
11th Rencdontre de Moriond on Weak Interactions and Neutrino Phliysics, ed. by J. Tran
Thanh Van (1976},

(9) - See, for example, J, Ziman, Principles of the Theory of Solids (Cambridge University
Press, 1964), Chapter 7.

{10) - This analysis is due to G. Pancheri (unpublished),
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LECTURE 4 - SOFT NOISE FOR CONDENSED MATTER SYSTEMS

Now we wish to consider modifications due to soft QED radiation (soft photons) for con-

densed matter systems(l’ 2,3)

4
. I shall illustrate here, the general method"g) through a spe-
cific electron tunneling model of a shot noise device - which is commonly used for engineer
ing purposes,

In the temporal gauge, the electric field € is given by
1 ]
& = . = ( 2 N
&= - =(3) (4.1)

where A is the vector potential, The voltage V across a path P taken by an electron as it

moves through the device

v= [gld, (4.2)
P
is described by Faraday's law
&= [ A, (4.3)
:E)
- L 42
vo=- c ( dt ). (4.4)

Thus, the electromagnetic action is

48 = (

ole
olo

) § Adp) = 20 . (4.5)
P

Let vrt(¢) be the amplitude (in frequency units) for an electron (to the left of the device)
in state ¢ to tunnel into a state r (to the right of the device). In terms of electron creationand

annihilation operators, the tunneling Hamiltonian reads(4)

*

+
tv  (PIC C. (4.6)

= y '«+
H. =+ 2 ('ure(Qﬁ)(,r(,‘e L

T ri
From the path integral action principle, we may incorporate the effect of the EM action
as follows: Given an amplitude for a process P and an action modification 4s due to an inter

action, the amplitude is phase modulated to read

= (48)
Amp(P, 48) = e Amp (P, 0). (4.7)
Thus, for the above electron we get
_ jed
vr£(<1>) = vM(O) exp(5—). (4.8)
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To compute the electronic quantum shot noise current operator

dH (D)
J = ~-c ~ge ¢ (4.9)
we may use eqs, (4.6), (4.8) to obtain
J = J+exp(i§l—?-)+ J " exp(- j—%) , (4.10)
where
e -te 3 5, (00CIC, I evie X W3 (0)C, C,.

Ideally, one would like to compute the nth order current correlation functions:

* = /
W (bt eeesty D) = Ity )eeeen, J(tn)>I , (4.11)

where the averages (B \’)I are defined as

() Jund () at
| fme l,
{BY; = . . (4.12)

(5 fiwsm)
B |

L
0

/
¥ +

In eq. (4.12) I is an external (c-number) current source, through which the Schwinger action

S(I) is defined as the ground state (¥,) persistance amplitude(5):

- v, L

The subscript (+) in the above denotes time ordering.

1 FIN
7 S J e(%;;) It @ (1) at

N,

vy (4.13)

The irreducible photon propagators of the device are determined by the action given by

eq, (4.13) through functional differentiations:

D (b e 15 1) = c 61(‘:1)(,,5?.8.(?)‘., T (4.14)
For example,

D (1) = c —(%%—)— /\4’}1 (4.15)
and '

Dz(t,s,I) = c 61[(‘:5)2?(@ = d;?::;(t) . (4.18)



.20 ~

As an example of eq. (4,16), let us observe that Faraday's law (4.4) along with (4.16) tells

us (after a Fourier transformation) that the photon propagator (for I — 0)

.
D(@) = ic ‘__(wi’_). (4.17)
where Z is the radiative impedance,
Proof of eq. (4,17):
From eq, (4.4)
V(w)=- ~iod(o) = A’f(w)z (o)
eq. (4.16) gives
Diw) = - S - e
Dlw) = - -z(o) o Z (o). Q. E. D.

Also, the two point current correlation function

i
- = =14 3 ) -
K(t1 tz) A lim Nz(tl,i.z,l) (4.18)
I—-0

determines the Kubo formula for admittance Y(®) via

m :
V(o) = (2) | dt e Rex) . (4.19)
0

Higher order engineering functions are determined in a similar fashion by the set of cor

relation functions {Wn}. From eqs, (4.10) and (4.11) we have

Wn(tl,... 1) = p) . Fpltio0, t900, ., t 0 ) (4.20)
Opaee, 0,7 1
] n
ie
n R () G-(I)(t-)]
X gel
F (£, 050 ty0,51) = 5y L) 5% 2. (4.21)
J=1 ‘

In eq. (4.21) we may remove the phase factors from the amplitude average on the right hand

side using the factorization theorem, For any functional A(P), we have
/ - SN e O
<\A(<I>)B>I = A({P > - ific 5 )<B>I . (4.22)

Using (4.22), (4.21) may be written as



i ] i
-=8(1) n eg g +=S(I) n
(| . N . H i . 3 éI(") el N Ue
]r.‘«‘m(t1 Opene b0 1) = e (jI:T1 e i) e (eI;IlJ (te))I ] (4.23)

Eq, (4.23) ig an exact starting point for evaluating the shot noise current correlation fune
tions,

Now it is quite generally valid that any charged particle tunneling event may be consider
ed as instaton "flash disfurhan(zes"(2’ 3, 6). Thus, the current of n "instanton" normal elec-

tronic shots in direections 0qaes Gy at times t.[‘,.. t, has the evident form

n
5 ‘e ¢ = 3 -~ Ll,) v
In(t, t,94 tn rn) e j2=1 o; d(t tJ) (4,24)
The complex phase modulation q‘}n(1t10<1 tnan ; 1) of the ground state persistance ampli-

tude due to n instanton shots can be defined in terms of the Schwinger action S(I) as

‘h’&n('tldi tndn; )= 81+ In) - 8(I) . (4.25)

Eygs., (4,23) and (4,24) then give ds

it (t,o, ...t
PAte, ...t 0 ;1)=& a1l
n nn

0 0 I) Y,
1% <

no g, -

J
F_I J ('tj )>I+I * (4.26)
j=1 n

The physical implications of eq, (4,.26) are worthy of note: (i) the ingtanton phases {0n}
determine the modulation produced by the multiple photon emission, This renormalizes the
shot noise current fluctuation functions {Wn} . (ii) The instanton current sources {I,} de-
termine the recoil effects on the shot events due to such emissions,

The soft-photon ("no-recoil") approximation congists in neglecting the back reaction of
the radiation on the sources. (That is, I, is dropped in computing the second factor in eq.
(4.286)),

To illustrate, consider the admittance of the shot current device to be comnputed using
eq. (4.19), We may employ eqs, (’4.18), (4.20), and (4.286) to obtain
iﬁz(tlol-t a0

s by s ) (4] 1}
z 272 1 2
0. 0,771 ° CINE ("2)>12 ' (4.27)

The ingtanton source Iy on the rhs yields current recoil effeets, If these are neglected,
then from the admittance y(w), in the absence of radiation effects
0

y(@) = (2) | ate'® Rek(t), (4.28)
0
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defining
121ty - t,1) = Lim dy(t), -g5t,y, +051), (4.29)
I->0
we get
K(t) = e-x(t)k(t) . {4.30)

To compute X(t), we expand 0n in terms of the irreducible photon propagators D, as

o)
- ___;I'__ ) o+ T) e
fie Byt ot 6,51) = NE=1 g sy e Tdsy Dylsgee sy D)
n (4.31)
‘IZI' ,In(sj ; t1 LA tnan) .
j=1
To order o= ez/‘ﬁc (the fine structure constant), we find
2(t) = - ia[D(0) - D] + 0(a?). (4.32)

Proof of eq. (4.23):

iZ(tl-tz) = lim ﬁz(:tl, -0; tz,or;][) s
J—0
foe] N
A1) ¥ S £ [ds, .. [ds D (s .. s ;0)
1 ] 2 fc Nel N1 1.@ . N n 1... n’
N
. 1'[ ((S(Sj-tl) - é(sj-tz)) s
j=n

iﬁcl(l)(tl,tz) = e JdsD,(s)[d(s-t)) -d(s--tzﬂ =0,
ez '
ihe X 2t ,t,) = &= [ds, So‘lszDZ(srl,sz)['é(sl-tl)-6(s1--t2)}{:¢’i(s2~t1) -

—t
~
1

. , . -
"’(Sz‘tz’__’ = 5| Daltysty) = Dyltysty) - Dyftyuty) + Dlty, 1) |-
= *[D(0) - Dity-t,) ]
1) = -1a[ Do) - D] QED

The normalized soft photon enérgy distribution dP(®) is defined as
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(ee]
(E2) . SO (4.33)

Since 2(0)= 0 to all orders ih &, edq.(4,33) rigorously defines a normalized distribution,

It we substitute for D(t) the ithpedance formula (eq, (4.17))

A Y 2
b = (A | (42 eIt pego vioh) (4.34)
0
to order @, X becomes
10 = (58§ (22 Reg(o +i0) [1 - 1] (4.35)
0
® R o +i0 )
= (4a) [ ( )[-—--?Z—(—-—-—l } [1- '”"t[ (4.36)
; .

where R = 47/c is the vacuum radiation impedance,

It is instructive to compare eq. (4,36) with its corresponding "high-energy" counterpart

derived earlier (cf. eqs. (2.31) et seq.). If we define an effective B by considering wr¥wl,

where t¥ ig the relaxation time,

B = (42)(R/R,) , (4.37)

valid for g small, The resistance R =1lim Rez(w),

W ~»0

Footnotes and References .

(1) -

(2) -

(5) ~

(8) -

P, Handel was the first to emphasize the importance of soft photons in 1/f noise (P. Han
del, Phys, Rev. Letters 34, 1492 and 1495 (1975)), He and his collaborators have utilized
the above idea for an irnpressive series of applications, See e, g. P. Handel, Phys. Rev.
22, 745(1980); K, vanVliet, P, Handel and A, vander Ziel, Physica 1084, 511 (1981); T,
Sherif and P, Handel, Phys. Rev. 26, no. 1 (1982),

"Soft- Photon Emission from Electron Pair Tunneling in small Josephson Junctions™, by
A, Widom, G. Pancheri,; Y. Srivastava, G, Megaloudis, T.D. Clark, H, Prance and R, Pran
ce, Phys, Rev. B26, (1982),

"Quantum Electrodyramic Circuit Soft Photon Renormalization of the Conductance in
Flectronic Shot‘ Noise Devices", by A, Widom, G. Pancheri, Y. Srivastava, G. Megaloudis,
T, Clark, H, Prance and R, Prance (June 1982 - to be published).

See, e, g, C.Duke, "Tunneling in Solids" (Academic Press, New York, 1969).

J. Schwinger, "Quantum Kinématics and Dynamics™” (W. A, Benjamin Inc., New York,
1970).

A, Widom, Phys, Rev. B21, 5166 {(1980),
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LECTURE 5 - DIVERSE TOPICS

Let me very briefly mention soft-graviton emission in QCD, An accelerated electron ra
diates in QED, An accelerated quark radiates gluons in QCD, Thus, it should come as no
surpise that an accelerated mass radiates soft gravitons in QGD.

The latter can be computed in the no recoil approximation using for the classical gravi-

2
ton source the stress-energy tensor(l" 2)

0,00
LY :
) = 3 o, mnvrﬂj"v];‘lﬂ | dedlx-v 7), (5.1)
n, an= +1 i 0

where for the nth particle m is its mass and v# the 4-velocity, the sign factor G, = 1

tells us whether it is incoming or outgoing, The energy-momentum conservation reads

E"nmnvrlf: 0. (5.2)
n

Once again, one finds a Poisson distribution for the graviton radiation and in the earlier

notation, we may write an analogous result

4 -
. C dk f nikt]
dp at , 1t-fg g (F)ll-e

( do ) = 2n) € ' (5.3)

where 4 is a suitable energy separating "soft" from "hard" gravitons, BG is given by

G 1+Vnzm Oynom mmmn 1+th1
BG = (z_ﬁ) 2 ‘/_-__E_ - .ln(l_V ), (5,4)
m,n 1a-v mn mu
nm
where e
mn m 2
MY S S (5.5)
PrPr
Clearly
dp B 1 o " 1tBg
TR a7 : (5.6)
7PG I'(1+8g) 4
as before,

There are differences, however, The forward peaking present in the EM case (for relati

vistic speeds) is not present here, In the non-relativistic limit (v <«c)
8Gm 2.2
B (=2 (L %’y (5.7)

where 4 is the scattering angle, This should be compared with ﬁEM’ which in the same
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limit reads

B ¥ (55)V . (5.8)

For possible applications to condensed matter systetns (stars and other massive objects
undergoing accelerations of the one hand and gravitational wave detector noise oh the other),
we should fermuldte the problem in terms of macroscopic stress and straing just as we had
to relate the photon propagator to lumped circuit impedance in the EM cdge, This problem
is presently undér study and I shall not comment on it here dany further,

I wotild now like to close these lectures with two physical applications relating to EM

noise,

(i) Josephson junctions(B)

A simple Josephson junction carries an electron pair (Coopér pair, g=2e} ctrrert

J=- qwsin(%fg) = (%)E}exp(%?) - v exp(- i,f?cds )J , (5.9)

where @ is the magnetic flux coordinate,
Now the situation is idetitical to the electron tunheling case (with e -» q = 2& and J" =« J+).

See Section 4. Thus, for a weakly voltage carrying state of the junction; we find
~ G
B = pry R . (5.10)

Now we can convert this into an engineering formula for current fluctuations SJ( @), in a
junction radiating into a cold environment (e, g. the vacuum) :

22 i
5,(0) - (%)‘%f)ﬂ’q (5.11)

For small 3 and wr¥<<1, the current fluctuation spectral function becomes

2v2 8 1
si(0) * (22— pe*a) (F) (5.12)

with ©% an internal time scale (relaxation time);
Thig ig our crucial result which shows that weak voltage carrying states of a small Jo-
sephson jutiction exhibit "(1/® )(]"B) - noise" in the spectral fluctuations of Cooper pair cur

rents. At the one loop level of QED perturbation theory, the critical exponent f§ is given
by eq. (5.10),
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(ii) Resonant Line Shape Corrections(4)

Consider a specific circuit element containing a single electron tunneling device. In the
linearized regime, we can incorporate the soft-radiation renormalization into the engineer-
ing conductance of the circuit element,

As in any electrical engineering problem, the impedance of the electron tunneling device
is computed by adding the reciprocal of the impedances of the resistor (R) and Capacitor (C)

B

and then inverting

Z(w) = -(-—1_:-;1)7}) s (5‘.13)

where
= RC, (5.14)

The propagator D(t) corresponding to an impedance Z is given by

[e0]
D(t) = () (42) e Reg(w +10") (5.15)
0

which contains an infrared (IR) divergence at ® =0, It is precisely this IR divergence which
is eliminated in measured quantities by QED soft photon summations, Explicitly, to lowest

order in @, using eqgs. (4.36) and (5,13), IR finite X(t) reads (in the linearized regime)

() = (4a) () 6 -—T;:fw % [1- o], (5.16)

Now, consider renormalization of the conductance functions., Let y(@) denote purely con

densed matter admittance and Y(®) photon renormalized admittance, Calling

Glw) = Re Y(o +i0") (5.17)
and

glw) = Rey(w+i0") | (5.18)

The conductance of the circuit is simply computed from the admittance y(®) The reso-
nance form is

4

Rg(®) = =2 (5.19)

(2. mcz))zz . wzyz:l
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and the width

RC (5.21)

Glo) = ] dP(e") (=) - 1]elw- o). (5.22)

Using eds. (5.16), (5.19) and (5.22), the problem of computing soft radiation cofrrections

to the line shape is now reduced to quadratures

ar’ | (—dic—)exp{ia)t— ?o(g_k_) ﬂ;ﬂi} (5.23)
dw _CD 27w o k (1+k2’i‘2)
o o . wg
RG(®) = | dl’(<w'>[<"7*r)-~ W 5 . (5.24)
0 © 4 l[(m.. o) - “’i]z+ (@ - w')z‘i’z]z

Footrigtes and Réferénces:

(1) - S, Weinberg;, Phys, Rev, 1408, 516 (1965).
(2) --B. de Witt, Phys. Rev., 162, 1239 (1967),
(3) - See ref, (2) after Section 4,

(4) - See ref, (3) after Section 4.
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GENERAL CONCLUSIONS AND OUTLOOK

In these lectures I have tried to expose the unifying features of soft radiation spectrum
in QED, QCD and QGD. These spectra have been linked in condensed matter physics to the
low frequency noise and in high energy physics to a variety of phenomena (broadening of jets,
low transverse momentum reactions etc. ).

I find it amazing (and satisfying) that QED field theoretic methods are directly applicable
to problems of lumped circuits in electrical engineering. Accurate low noise electronics mea
surements would allow us in the very near future to check the reliability of general quantum
field theoretic approximation techniques, An exciting prospect!

I take this opportunity to thank the Organizers of this School for allowing me to speak
about matters whiech have occupied much of my time and energy recently., To my listeners,

I thank them for their enthusiasm and interest,
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