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Every physicist is -aware-of the: fact that Hamilton's quaternion theory: (1843) played-a
major rolelin:thesearly history: of .»‘spincsr/theory(;l)‘. Ontthie.other-hand, however,:itlis re-
‘markable that the-current: physicsliteratureifdailsitorappreciate theifasti that'Darboux’s:spin
‘or picture dfirigidibody kinemat icd?). does contain iniitself the same: mathematical formalism
as that-used:to:day in spin kinematics, Tt seems worthwhile theréfore:to ¢losé:this informa
tion:gap, nowithat theve issactive interest in-spinkinematies,.ewing to its-convenience in the
description:of:poiarization-effects for: relativistic:part icles :trapp.eii ifithe: field-ofca: cireular l
saccelerator-oristoragerring(3-8),

o))

- Ini1887, Wel, il:ofiDarbouxisiLiegons ' woni theory ofisurfacesrappeared. ‘This"Vel. Tris

' Hsagddioniarcourseiheihadgivensat the Sorbongeduring the | 18822 1885::academic years. In

iPart I, usingkinematical:approach, ‘hermade; fundamental .oontributions: togeonmetny.

Foriherpurpogesofitherpresentinote it willsulficertorrestrict oureat tentionsat -what:is

sembodied: in the!fivst: thme;ei,(’:!zﬁi&i:‘em sof ‘Parti], Nal, 1.
IniChapt

«ofvasrigid body constrainediby béingpivoted-atione! {ixedipoint, rnamely thevequation

Lihetformulated the'three-dimensional realwector: pictire of theikinematics
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avhish-canibe expressed initerras of theicomponents (e, 8, ¥):=8 "and {(p,’q,¥) =@ ‘as

&: Br -, 3 = PP T, ; Y - Bp {1a)



(his Eqs. (8), page 5). Here, o (t) specifies the (known) angular velocity of rotation of the

body about its istantaneous axis and & denotes the position-vector of any <:seleac1:ed) point

which lies on the surface of the unit spherefixed inthebody and with center. at -‘tlh.e”‘fb{‘e‘d point,
Now, the point that has not till now attracted particular notice from physicists is the

following: On Chapt. II, Darboux was able to write eqs. (1a) in spinor form, namely
v=-cu-(b-h)w, p= av + (b+h)u (2)
(his Eqs.(16), pag. 25), where {v,u)z @ ;s_ii”a{"spinor; a, b and c are given by

2a = -(q-ip) ,m 2b = -ir , 2¢ = -(q+ip) (3)

ot
r

and h denotes any arbitrary function,
More closely related to our interests is the case h =0, which had been considered by

Darboux in the second edition(g) of hi:s: Lecons, i.e, the eqs,
¥ =-cu- by, B = av + bp (4)
(his(g) Eq. 22, page 35). These egs. are, in fact, identical with
P = (i/2)@-Ty (4a)

i.e., formally identical with the time-dependent Schridinger equation.for the spin inotion
of a point-like electron interacting with an external magnetic field. In eq.(4a), the compo-

nents ofthe vector ¢ are given by the Pauli gpin-matrices

1 0
3 o, = . (5)
|

Once the close formal similarity between the rigid-body kinematics and the spin kine
matics-is recognized, it should be not surprising that the result -above hias rélation to the
precession of a magnetic dipole in a magnetic field, In fact, the basic €gs. (1) can be rein-
terpreted, quite generally, as if they were the Thomas-BMT{10) equations-governing the
precession of the spin vector, §, of a relativistic point-like particle moving in an electro
magnetic field (eq.(3) of Ref. (10)), (Readers interested in knowing the general expression

~of @(t) =(p,'q, r) in'this case are referved, e, g. to Ref, (4)),

So it was Darboux who first recognized the potentialities of the spinor formalism,
Moreover, the spinor picture of spin motion, eqs. (4], central to analyses of polarization
phenomena. in high-energy synchrotrons and storage rings, arises directly and naturally
from Darboux's original treatment,



Because of both the great elegance of the Darboux's formulation(z), as well as its hi

storical interest, it will be given in detail in the subsequent remaining part of the present

note,

Darboux first observes that eqgs. (12) have a conservation law agsociated with them,
By multiplying a . ﬂ, ¥ by a, B, Y respectively and adding the three equations, it follows
that '
‘ 2
a? +B +72 = constant (6)
(Zl.u'.s(m eq. (2}, page 19), Since he assuines that § traces out an orbit on the unit sphere,
then necessarily
2 2 2 5
a” + % +y" = 1 (7
(his eq. (), page 21).

The key to the reduction of eqs. (1a) to the pair of egs. (2) is the parametrization of
the unit-sphere eq. (7), namely '

¢ =(1-xy)/(x-y), g = Hi+xy)/(x-y) , Y=o x+y)/(x-y), (8)

go that x = constant, -1/y = constant are the two conjugate imaginary systems of genera
tors (of course, the point a, 8, y is real if and only if x, -1/y are conjugate complex).
Clearly, as remarked ingidentally by Darboux on Chap, IlI, pages 36-37, the same map-
ping of the complex variable x = (a +i$)/(1+7) on the unit sphere can be obtained by the
well-known stereographic projection.of the sphere to the complex plane, )

Apart from the change y+«» -7, our eqgs.(8) coincide with Darboux's(2) Eq.(9), page
22, The repleiff:ement Y -» -7 permits one to express 6 (in our eqs. (4a)) in terms of the
customary Pauli matrices, egs. (5). We feel that the advantage of this slight change out-
weighs that of histbrica]t accuracy, ,

Combining the Rgr*ametric eqs, (8) with (1a), Darboux obtains a Riccati differential
equation for x, naméiy

% = a+ 2bx + cx? (9)

{his eq, (13), pége 23). The corresponding differential equation for y is'the same as eq. (9).
{Sign reversal of a and ¢ gives Darboux's eqs. (10), page 22).

Finally, on introduction of iwo new functions x and # by the substitution

X = M/W N (10)

he obtaing the equation



-4 -

wio - uv = av? + 2bpv + c‘u,:2 , (11)

and notes that it splits into the two .coupled eqs. (2).
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