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MEAN FIELD THEORY FOR SPIN GLASSES

. G. Parisi
INFN - Laboratori Nazionali di Frascati, Frascati, Italy, and
Istituto di Fidica della Facolta di Ingegneria dell'Universitd di Roma, Italy

Iﬁ;tﬁ"es’é'f“eCéﬁ’c years ot understatding of spin glasses hag strongly improved.
Tn this talk I will describe the fesults which have been obtaitied-id the framework of
broken replica s‘ymmestfyl“ig for teiie spins,

GvneraHy spéaking inorder to build a ‘cheor‘y to deSCrlbe a certam kind of phage
_}_transﬁmn - we must go through flvé steps
f[) We ilrstly identify the- physiedl chardcteristics which dlstmguush the two phases

the system (e. g. spontareotis magnetization).

_[I) We mtrodm‘e an order parameter which quantifies the differences between the
two phiases (e, g. the value of the spontaneous magietization).
1) We write an effective free eriergy ag furiction of the order parameter ; the value
of the order parameter is figed minimizing the free energy (mean field approxima
tion) {a typical-result is m = th(fJIh)) '
1V) We verify that in the long range limit the mean field approximation gives the
exact answer (e, g. for ferromagnetic systems this result can be rigorously proved).
V) We finally compute the corrections to the mean field abp‘roximation due to the
finite range of the interactiofi; at this stage we can apply the whole mé‘chinery of
diagrammadtic expansion, rehorinalization group. '

We shall hiow see how this program can'be implemented for Ising spin glasses,

1. - The Glassy phase,

The méin characteristics of spih glasses is the presernce of irreversible effects

and of very large times of approach to equilibrittm. These effects show up drama-

tically if we compare the alterndte magnetic suscéptibility (xLR) with the field
dM ‘ ~
- cooled susceptibility ( Ze = T )14 16, It ig an experimental fact that:
AX= Xe-leR‘}O (1.1)

and remanence is present in the region

lal < 1, (T) (1.2)



Ly
-2 -

where the critical magnetic field Hu(T) goes to zero for T - TC.

This behaviour is due to the presence of many different states in which the sy-
stem may stay. These states cah be ch:aracter‘iz‘:ec‘l at the microscopical level by
the value of the magnetization at each point m‘%si: the ihdex i runs over the points
of the lattice and s labels the differerit states,

When |HI>H_(T) there is only a stable state of the system : when \H| < H.(T)
there are many states which are stable for small pertirbations, however most of
these states will be metastable states and only a small fraction will be agsymptoti-
cally stable. When we change the magnetic field at fixed temperature by a very
small amount, some of the previcusly asymptotically stable states will become me
tastable states andthe stable will become metastable. However if the hoppihp time '
from one state to an other one is much larger than the time scale at which the ma
gnetization M is measured, hopping can be rieglected: the system remains locked ‘
in the vicihity of one state and the linear response theory can'be applied to :’éofnﬁute
XLR' When we measure X, Wwe hope to be in a asymptotically stable state: the
0 Mg(T,H).

oH
In other words when we change H at fixed T a spin glass system should under

magnetization is the equilibrium one (Mg(T,H)) and 2, =

g0 a sequence of microtransitions: in a finite volume, when we hop from ofie state
to an other state, the maghetization jumps di_scontinuouslygi 17,18, 19, when the vo-
lume goes to infinity the distance in H between two transitions and the digcontinui-
ty in M should go together to zero: My(T,H) should be finally a contihiious curve,
it is clear however that the derivative with respect to H and the infinite volume 1i-
mit do not commute. Mathematically speaking the zeros of the partition function
become dense near the real H axis for all values of H in the glassy region

Vel €1 (m).

2.~ The order pardameter,

The meaning of the local magnetizations mg‘ 1 introduced in the previous sec-
tion, is very clear: we study the evolution in time (real or computer time) of the
system and we define: ¢

m, = 1 f dv 0.(7) (2.1)
i t 1
0
where t is a large but nol too large observation time, e.g., in a D-dimensional fer

romagnetic system of size L, t must satisfy the conditions :

T, <<t <RT ) exp (LD'l) (2.2)



where 7, is the microscopic relaxation time, e. g, one Montecarlo step.

When we change the initial condition we may obtain different results for the
magnetizations ; by exploring different initial conditions the full set of m(i'_sj for
different 8 cdn be obtained.

Unfortunately it is not very clear how to implement this natural definition in
the framework of equilibrium statistical mechanics where all the states receive a
weight exp(-fH). Indeed the existence of two (or more) asymptotically stable states
. breaks the ergodicity hypothesis (i. e, independence from the initial conditions)
which is at the heart of the Gibbs-Boltzmann approach,

Which is the standard solution in the ferromagnetic case 2 When H is diffe-
rent from zero the system may stay only in one possible state; the difficulties ari
se at H = 0:twostates of opposite magnetization are present below the critical tem-
perature. We can define the spontaneous magnetization at H=0 by adding to the
Hamiltonian a small term 2, ¢h; 6, where h; are the values of an external magne-
tic field which may be space dependent: we define the h dependent spontaneous ma
gnetization as o

m%hj = lim ﬂ{‘i(eh) (2.3)
&-50

where m’i(eh) ts the magnetization in presence of the perturbation. ‘

If in a ferromagretic case we consider a staggered h field, mgﬂ:l = 0; on the
contrary if h is translational invariant there are only two possibilites m; = ¥ m,
m being the spontaneous magnetization; s takes only two values,
| The value of the spontaneous magnetization can be obtained alsorby consider -
ing the cvorrelsit‘ion function <10‘i Uk\) at large distance |i -k . In each of the possib
le stét(‘es of the systern we must have

.0, —~» m‘;[si m 151
i .7k

0k ;o li-kl=s . (2.4)

We obtain that the thermodynamic average is given by:

s “ZSJ (2.5)
k

Lo > > I p mS
pg beinp the weight of the sth state in the thermodynamic average. At zero external
tield

N 1 [1]f B EZ]_ ~ < 2
Py =Py 5 m = =m, “‘Giak’ - m° . (2.8)

The spontaneous breaking of the symmetry shows up as a violation of the clu-

stering decomposition: the spontaneous magnetization can be computed using the




classical theorems on the decomposition of a non clustering state into a set of ¢ly-
stering pure states,

I am describing these two procedures in detsils becaude they cannot be applied
to spin glasses: in the infinite volume limit the number S of possible microscopic
1g]

states my™ may become infinite and quantities like

{Uibk> R <fo'i’o'k:’> (2:7)

may go to zero exponentially without giving precise informations on the values of
the rn[ 1 ; often the onset of spih glase order is characterized, by anonzero valie
for the order parameter qt s defined b-y
ot < 1im '“‘“"‘-F"“‘" (2.8)
V «» ®
V being the volume of the system, It shlould be ¢lear that Ggp cannot be extracted
from the knowledge of the spin correlation funétions at 1arg§ distance.

We face the same problem 1if we try to compute the m%sl by adding a magne-
tic field ; from the point of view of the spin glags a constant magnetic field will look
like & staggered magnetic field ; for a generic choice of the h; we will hot be able to
split different states and also in presence of a.magretic field we have:

RO I8
wiT = pom

o (2.9)

where dn infinite number of pg may be different from zero also at finite h. Howe-
ver if we take the h; proportional to one of the possible magnetlzatlon:, hi o] m“ s]
only the state labeliedby & will contribute to the sum in eq. (2. 9), In this way we
obtain the bootstrap equation:
m'?;.h] ] m‘;sj b, oo m‘m‘ . (2. 10)

For example in the ferromagnetic case previously described, the magnetic field is
taken to be point independent as well as the magnetization,

In a spin glass we doh't know the direction in which the magnetization poirtg :
edq. (2. 10) seems to be useless and we face a dead end,

The way out can Be found by introducihg two real identical weakly coupled re-

plicas of the same Syst'e'mi'4; the global Hamiltonian is

W!——L

M, = 2 J; (o0

1
2 ik i

2.9 ’ ¢ 1.2 .
. - AN s I
+ o, ok) 2¢& i 0 01 (2.11)



Wwhere the Ji o are the random quenched coupling among the spins and the index
a=1,2 labels the two réplicas of the system ; when £=0 the replicas are decoupled.
For pesitive ¢ each of the two replicas acts as an external magnetic field on the
other one and both must be locked in the same state, In the limit ¢ ~» 0 we find:

Ay ‘:SJ 2 - y 1 2'~

2P Mm% = Lo 0> . (2.12)
If we agsume that the quaritity qgfg is not s-dependent in the infinite volume limit
and we introduce the quenched free eénergy density F2 of the two coupled replicas
we obtain:

d

e

%A T T @ Fz(g)lezo ’

(2.13)
s 1

Fz(@) = 1im - -Z-BTV-, In [E{G} exp(—BHz(e)] .

V=
The volume V is the total number of spins in each replica. This apparently baroque
construction is the only way at our disposal to compute A p in the framework of
equilibrium statistical mechanics when an infinite number of possible states is
present, '

It is convenient to generalize this construction by introducing r replicas:

H(e)= 0, (3,000)-e3(3 %P n)
B 90 SEnAE IR ap toh
_ (2. 14)

, o . )

Fr(s) = - Eﬁ} In [Lio}bexp(-- BHr(S)‘] .

The same arguments give:

Q) = - S F o), 7 e - a, (2.15)

de " r £=90 EA ’

In this way we define the function Q(r) for integer values of r: the definition can

be extended to non integer values in a natural way:

g r
F (8) = - ‘3%;_‘7' ln fdhi exp(- 8 Eih‘z)LZ(Sl/zhi)] )

r 4 i
(2.16)
z( 81/2hi) = 3, exp[—BH( el/zhi):l ,
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us/2p) = 33, 6dF 4 .ZS‘;[S e o..] .
i ik i, k il i1,

(2.186)

I I |
Qlr) = - de Fr(e) g£=0 :

It easy to chek that for integer r eq.(2..16) coincide with eq. (2.14),
Let us see which informations are contained ih the function Q(r): if the lireayr

resporise theory is assumed to be valid we get: -

SR F .11
From the relation Q(1) =0, we obtain the Fischét“ result :

g © B(ir - Gpp) ' | (2. 18)
which is at zeto magnetic field a consequence of the linear responce theory. Oniffhe
other hatd uhder reasonablg‘ hypothiesis we «can show that! =

2, = B - Q) . o 12.19)

We stay in the glassy phage if and only if the function Q(r) is not a linear
function of r; it is natural to study the function q(r) = -é%— Q(r). As far as the func

tion Q(r) is linear on the integers for r 21, it is reasonable to assume that

g(r) = ApA ¢ rer r 1. {2, 20)
“The final results in terms of the function g(r) are:
‘ 1

5 gf dr-am) .

. 0

XLRzﬁ(l —C[(l)) N .

1 (2.21)
ar= g dr(a) - a), |
0

A = apy

At low temperatures q(r, T) becomes a function of only r/T = yg’ 11

alr, T) = q (r/T) ’ (2.22)



and it can be ct:crrnputed from the formula:

Ld 1d 0 fon e o
a (y) = "V iy y In Jfdh; exp - G(e, h)
2 2.23
he /: (2.23)

Gle; hy) = 2y +y u(el?, h,)

where "U{S-l/z h‘)' is the zero temperature internal energy of the I-Iamiltonian H of

el (2 16i this last exp»res?,mn can be easily computed using the standard Montecarlo

techmques. The shape of the function q(r) contains many informations on the break

1ng‘ of the’ linéar response theory.: it cannot be a constant inside the glassy phase,

We prdpose 1t0 take.it &8 order parameter for a spin glass: in this way the macro--
comc state of a spin glass is characterized by a functmn defined on the interval

i:b19

formalisii-and that q(t) is not a constant only if the replica symmetry is broken,

. We W1Ll gee in the next Section that q(r) can be computed in the replica

The spontaneous breaking of the replica symmetry should be identified with the

onset of irreversible behaviour,

3. - The mean, field approximation.

In the replica theory the expectation value of the free energy is:

..l d hﬂ
Fo=- BV dn Zln=0 (3.1)
and the nth power of the partition function Z is written a52
z" = X 32 zo ;J —l - T (3.2)
f()'a‘} - Lk 1, a
Ui =

It is usual to introduce as order parameter the expectation value of the product of

two spin in different replicas
b a .
- <ofol > : (3.3)

In the mean field approximation the free energy is written as function of Q; e.g.

_dalg 2 2 1 a_b ]
F = - -a—l’—z— Zab @, bt E In(Y¥ exp(o o Qa,b))_J' . (3.4)

Le ’ {a)

The free energy is obviously invariant under the group of permutatlons P,

wh1ch exchange the labels of the different replicas. The value of Q*'° is given by




a stable stationary point of the free energy, It was reaii'zed by T’houless and de A’l’-

meida® that the replica symmetric solution (a1l Q™ P equal) is unstable for iHl<

< H,(T) and in this region the replica symmetry is broken. I'was suggested in ref,

4 that the actual pattern of symmetry breakiyng is

P — P, & (@ V" (3:5)
n n/m m
which in the n —» 0 limit becomes
P —P & @® )0 | (3.6)

m)o denotes the product of

P, with itself zero times (In P, Would be more appropriate),

P() is the group of permutations of zero elements and (P

It was shown in ref, 7 that eq, (3. 6) may be generalized to

P i (P )0®(P )0 @ -0... B P, =

0 m, m, 0% Simy (3.7).

In this scheme P, always contains aé unbroken subgroup PO 80 th:a‘if‘:bwe can h‘ay‘e |
an infinite number of m.. For integer n the m, s must also be integers however
when n is non integer also the m,'s may become noh integers. If some technical
conditions are satisfied one can associate to & matrice @ which is invariant under
the group G{m} a function qR('x)- on the interval 0-1,

It is very interesting to note that if we compute the function Q(s) defined in

Section 2, we find
Qls) = j(') () dx .. ‘ ' (3.8)

Eaq. (3. 8) implies
ap(x) = q(x) . | | (3.9)
This result can be proved by noticing that the free energy (2; 16) is iri’variantv
under a group Py which is explicitely broken when &/ 0 to P, ® ‘(Pc,)oy. In presen
ce of this symmetry breaking term, the matrix Q will orient itself in the direction
of the external force as far as possible.
An x dependent g(x) function implies that the replica symmetry is broken

together with the linear responce theory,

4. - The infinite range model,

In the infinite range model2 (Sherrington-Kirpatrick) the Hamiltonian is given



o

by : N N
H = Ei K Ji,k: 0,0 -HZ;io0, (4.1)
’ 1

H'being the magnetic field, J;, |k random gaussmn variables <J k> = 1/N,
In the thermodynamic llmlt one f1nd<

F(B,H) = max F,.(8,H|q (4.2)
qa(x)

where the effective free energy is given by :

) j 1 9 ;
Fef(ﬁ’ H g = - ;i‘ (1+ \[) q (x)dx - 2g(1)) -
(4. 3)

+ oo 9 .
LI ‘/ dZ exp(-2"/2) g(0, H + 2 /q(0))
\/‘M - |

where the function g(x, H) satisfies the q dependent differential equation7’ 23

-9
. 1 6':1[_6& 08 2]
x T2 5 Whl x5 (4.4)

Qs
[1e]

i

Qs

with the boundary condition

g(1, b) = 1nfch(gn)] .

In'this way one finds results for the thermodynamic dquantities which are in
excellent agreement with the Montecarlo- data,

One finds a line of transitions at H = H.(T) where

o : W3/2 o
H (T) @ (T, -T)" 7, T~T, ,
(4.5)

S /2
H(‘ ~2Inl/T) ", T .0,

The transitions from a constant to a non constant function q(x) (onset of irre

versibility) is a third order transition at H =0 while it becomes fourth order at
H A0, We find also

ar| e -ty ax] e @ om, (4.6)
H=0 T t0
£=1- h4/3 + (3(112) s T <T,
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The results of the ahalytic approach can be recovered with very high approxi

mation {rom the PaT hypothesis‘10 !

_ O .

08 oM EA ; , ; -
e i T [EEERSI 4 “r*] ‘7
T ST = 0. S 0, for |H| H(T) (4.7)

This hypothesis is exact in the random energy model of Derri.da20 where the entro
py of the glassy phase is zero.

According to eq. (4.7) the glassy phase is characterized by temperature in-
dependent magnetization, Ed. (4.7) seems to §uggest that the system has at its
disposal many eqﬁivalent states and, when a magnetic field is added, it poes trom
one state to an other eqtli\)alent state having the same entrdpy.

A mare detailed analysis of the predictions of the PaThypothesis can be found

in the originhal 1iteratu’re10_1d.

5. ~ The redl cage,

In prineiple the method here exposed allows us a systematic study of the cor
rections to the mean field approximation. In the three dimensional cage these cor-
rections should be very small for the long range forces (as diluited alloys) and
should be more sizable for short range forces, Also in this last cage both domputer

1 16
21 and reat experimentsl" shows small deviations from meanfield theo

simulations
ry. cxpecially for quantities like %_.

The impressive success of mead field theory in predicting )fe should not be
considercd ag ah undoubtable evidence for the existence of a transitions: there ate
many cases for which the corrections to the mean field destroy the transition, but
they are small far from the would be transition and experimentally it is very difficult
to distinguish a trangition from a “'clxtaSitr'ztnsi1ti011"22.

The theorctical-situation is rather prormiging, it would be very important to
have a definitive experimental confirmation of the corréctness of these ideas, A
precise measurement of the critical line H (T) and of AX near this line would be

crucial,
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