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Dimensional Regularization of the Schwing;er Coefficient.

E. Brmm (*) and L. ScHULKE

Department of Physics, University of Siegen - Siegen

{ricevuto il 19 Marzo 1981)

Summary. — We show that the dimensional regularization of the vacuum
polarization amplitude contributed by fermion loops regularizes auto-
matically the Schwinger coefficient. Contrary to what happens in the
Pauli-Villars method, the regularized coefficient is not zero. It is pro-
portional to the volume of the unit sphere in the corresponding Euclidean
space-time. This result would have serious implications for gauge in-
variance if positivity and spectral constraints cannot be relaxed. V. iolations
of these constraints are not necessary to achieve the convergence of the
integral over the imaginary part of the vacuum polarization amplitude.

1. — Introduction.

The Schwinger term (1) is assumed to be a well-understood anomaly, of
which it seems to be e\nough to know only that it exists. It is of concern only
when it cannot be avoided (e.g. by subtractions), and that rarely happens.
Jonsequently the Schwinger term and the problems connected with it have
been ignored. There is another reason why it may be preferable not to get
too deeply involved with the Schwinger term. It poses an almost insolvable
dilemma: its presence is required by positivity and basie spectral properties (-3).

(*) On leave of absence from Laboratori Nazionali dell’INFN, TFrascati, Italia.

(Y) J. ScawineEr: Phys. Rev. Lell., 3, 296 (1959); T. Gorro and I. ImaMURA: Prog.
Theor. Phys., 14, 396 (1955).

(*) G. KALLEN: lectures given at the Winter Sehools in Kaspacz and Schladming
(February and March 1968) published in the Schladming Proceedings, edited by P. UrBax
(1968).

(®) K. JounsoN: Nuel. Phys., 25, 431 (1961).
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On the other hand, the coefficient of the Schwinger term (Schwinger coef-
ficient, for short) must be zero or at least do so through regularization in order
to avoid conflict with gauge invariance (¢). These two requirements are not
easy to reconcile. The problem has not been much discussed, partly perhaps
out of fear of entertaining heresies and partly because of the surprisingly limited
number of regularization schemes adapted for the purpose. KALLEN (2) dis-
cussed it extensively using the Pauli-Villars method (°); he found the regularized
Schwinger coefficient to vanish. We shall show in this paper that the Schwinger
coefficient is automatically and unambiguously regularized by the dimensional
regularization of the propagator of vector currents of spin-} fields. It turns
out to be nonzero. This result may still be considered to constitute no threat
to gauge invariance in those theories, like QED, in which the photon couples
to pointlike fermions and the form of the current is the same everywhere.
Regulators could again be used to enforce the vanishing of the overall coef-
ficient. But is this always necessary? For instance, in the coupling of photons
to hadrons the current is not everywhere a simple bilinear in quark fields.
The quark structure shows up only at very high energies. At low energies the
structure of the current is dominated by neutral vector mesons. An entirely
different mechanism may be operating to maintain gauge invariance in this
case. The vanishing of the regularized Schwinger coefficient may not be com-
patible with it. Such a mechanism could well be at the basis of the so-called
¢>-duality (¢) between the low-lying vector mesons and the free or quasi-free
quarks which govern the behaviour of deep inelastic processes. A nonzero
Schwinger cocfficient is consistent with gauge invariance if the electromagnetic
current is proportional to gauge boson fields coupled to conserved currents (7).

The hadronic electromagnetic current is peculiar in other respects. The
quarks which contribute to its structure are postulafed to be confined and
their vacuum state is probably abnormal, so that quark condensations (%) (.e.
{01g(») ¢(2)|0) # 0) may occur. The quark mass operator Mg(x) q(z) would
contribute in this case to the photon propagator. The regularization of the
Schwinger coefficient for the hadronic electromagnetic current cannot then
be carried out with a QED blueprint in complete disregard of these additional
structures. The result of this paper is another argument for a more careful
analysis of the role of the Schwinger term in hadronic quantum electrodynamics.

() G. WeNTzZEL: Phys. Rev., 74, 1070 (1948); L. 8. BRowx: Phys. Rev. Sect. B, 150,
1338 (1966).

(5) W. Pavrr and F. ViLLars: Rev. Mod. Phys., 21, 434 (1949).

(®) A. Bramox, E. Erim and M. GrECO: Phys. Lett. B, 41, 609 (1972); J. J. BAKURAIL:
Phys. Lelt. B, 46, 207 (1973).

() N. M. Krorr, T. D. LEE and B. Zvmivo: Phys. Rev., 157, 1876 (1967).

(8 M. A. Scurrman, A. I. VAINsTEIN and V. I. ZAKHOROV: Nucl. Phys. B, 147, 385
(1979).
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2. — Gauge invariance and the Schwinger coefficient.

The usual definition of regularization as a procedure for eliminating in-
finities with the proviso that such a procedure should not leave behind finite
effects is very restrictive. The famous Adler-Bell-Jackiw anomaly (°) is a good
example of a measurable effect which comes entirely from regularization.
Furthermore, it is not true that regularization is required only for taming
infinities. By regularization we shall mean any consistent procedure which
guarantees in a theory those properties which it is supposed to exemplify.
For instance, replacing the axial vector current

by the nonlocal one (1)

z+n/2
%

@) ity = 5o+ Z) ey (v ) s [ a0 st

&nl2

and evaluating its divergence as the limit for 7 —0 of that of j°(x, n) amounts
effectively to a regularization but not immediately in the sense of eliminating
an infinity. It gives the same result as follows from the Pauli-Villars regular-
ization of the axial vector—two-vector current vertex (*), viz.

5 : -5 N e*()*
B) Oufile) =m0, (o, 1) = 2MP@) + o cyse ) Pl

@ is the charge in units of ¢ carried by the field w(x), M is the mass, j3(x) =
= P(®)y,p(®), Aux) the electromagnetic potential and F(x) = 9, A4,(x) —
— 0y Au(2). The exponential in eq. (2) protects the invariance of j; (2, ) under
the gauge transformations

(4) p(@) > p(@) exp [ieQf(@)],  Au(@) - Au(@) + 0uf(x).

The Schwinger term may be generated by the same kind of procedure from the
commutator

(8) [Jo(@o, ), Jul@0, ¥} = —iCu(x, ¥, k=1,2,3,

(®) 5. L. ApLER: Phys. Rev., 177, 2426 (1969); J. 8. BrLL and R. Jackiw: Nuovo
Cimento 4, 60, 47 (1969).

(1% 8. L. ApLER: lectures at the Brandeis Summer School, Vol. 1, edited by 8. DESER,
M. GrisarUu and H. PenpLrETON (1970).

{*} D. Barva and 8. N. Guera: Phys. Rev. D, 13, 3240 (1976).
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where
(6) Jul@) = eQp() yuyp(@) .

This too is a form of regularization required not'to eliminate an infinity, even
though the point splitting does later introduce one, but rather to correet for
the inconsistency of the two sides of eq. (5) present in the canonical formalism.
It is, therefore,*to be expected that other procedures of regularization may
not yield the same result as the point-splitting method.

Oi(x, v) is zero if the commutator is evaluated by means of the canonical
anticommutation relation for the field (x). This result is inconsistent with
positivity and spectral properties for, if one takes the vaeuum expectation

value of both sides of (5) and inserts a complete set of intermediate states be-
tween the currents, one finds

, . G

(7) 0]Cx(x, ¥)]0> = O —063(x—y),
Oy

where

8 C = ] md Im

(8) = siman(s) .

0

Im 7(g?) is the imaginary part of the vacuum polarization amplitude z(g?)
defined by

(9 mlg) = —i[a% exp [iga] O T {julw), j.(0)} 0> =
= (" Jur — Q@) 7(¢?) + (Guv — GuoGra) C .

Because of the last term in eq. (9), which comes from the noncovariance of the
T-product, mu,(g) fails to be gauge invariant. It is through this term, which
represents the coupling of two photons to a charged particle at the same space-
time point (corresponding to the so-called sea-gull graph), that the Schwinger
coefficient contributes to the photon mass. Indeed with eq. (9) the photon
propagator, to second order in e@, is

. GJuw | Gua Gy
(10) Dwlq) = g + o 7ar(q) o

Guy Y 8
= [1 + (73((12) + Eg)l T n(q*) g Yol -

If we iterate this, by summing the diagrams in fig. 1, we find for small ¢2

/ g v
(11) Dmm=¢10+oww

15 — Il Nuovo Cimento A.
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Fig. 1.

We insist that it is this undesirable result which regularization has to repair
consistently with positivity and spectral conditions. The use of regulators
violates the latter requirements and it is, therefore, not surprising that with
it one succeeds in regularizing C to zero. This is, however, a roundabout way
of saying that the vanishing of Cy(x, y) in eq. () was no problem in the first
place.

To second order in e corresponding to the second graph on the right-hand
side of fig. 1, the imaginary part of 7(q?) is

The integral in eq. (8) is, therefore, infinite. If, in addition to the field
y(#) carrying charge eQ and mass M, we introduce the auxiliary fields v,(»)
(i =1, 2,...) whose charges ¢Q, and masses M, satisfy the conditions ®)

(134) Q@+ 30 =0,
(13b) Q2 M2 - %QEM,?:O,

then, with Q,_, =@, M, ,= M.

H

oo | DAL 4\
(14) Reg € = %i?; fds (1 +— (1 ——) -
an?

==

el [, oM? amn: 1
= A 1o fdé‘ [(H'T ===

4

e+

& e'QI . s \~¢ 2M2 4 M2\: e QM
f— d —_— 1 —_— [ p—
2 g 0 fds (4M§) [(1+ s ) s 1 2 on

2
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is indeed zero (2). But eqs. (13) violate positivity and spectral conditions.
Of course, difficulties with gauge invariance could be temporarily avoided by
wsing in eq. (9) the covariant 7-product

(15) T#(jul(@)y 35(0)) = T (ju(@); §o(0)) — 10 (gur — 0 9,0) () -

The problem is, however, that such a subtraction must be consistent with
the whole renormalization program. There is an outstanding infinity in the
theory which is only evaded by the subtraction but not satisfactorily eliminated.

3. — Dimensional regularization.

Quite apart from its possible implications, it is interesting that the Schwinger
coefficient is automatically regularized by the dimensional regularization of
the vacuum polarization tensor (see fig. 2)

e . 1 1
(186) ﬂTW(Q)—_1Wfder{p_}_My”p—l—-q—]—Mw}'

q+p
—.—;&C%
e aaaad
q q
p

Now, if we replace the integral over p in (16) by a n-dimensional Euclidean
integral, we get upon evaluating traces and integrating (12)

Fig. 2.

262Q275n/2%

(x7) Tur(qy 1) = [4*Ju» — Qu ] (2m)"

'@ —mn/2)-
-fdw 2(l— m)[qu(l —p) — M8,

The imaginary part of the polarization amplitude is, therefore,

2e2()2 n\ . wor
— nf —_ o
(18) Im n(s) @) NIt 2F<2 2)sm 5

-fdxx(l—w)@(ML—soc(l—— ) [ M2 — (L — ) o122 .

(12) G.’t Hoorr and M. VELTMAN: DIAGRAMMAR, CERN Report No. 73-9 (1973).
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Firgt consider values of #n>2 such that Im n(s) can be wriften in the form

4¢20)2 qptnie .
Cr) 2 —1) " T(n)2)

(19)  TImo(s) = — O(s—4M?)

x-(s)

E o G LI CEE) CREN e

0

where

(20) 24(8) = % [1 -+ (1 — él;—[—z)%]
are the solutions of the equation

(21) w2—az—|——l—1?:0.

For n <2 the representation (19) is not valid, since it neglects an infinite surface
term arising from the limit

(22) lim (z—a_ )",
Dropping this infinite term would allow one naively to use eq. (19) in order
to continue the Schwinger term in n dimensions to all n < 2 except for » = 1,

where it has a simple pole. This is eagily seen by performing the integral over
x in (19), which gives

z—(s)

(23) fdx [(0—2_(s))(z— . (s))]"* 1=

0

2w )2 ‘ . &_
= i—;x*)— 21«11(1, 1—n/2;1 4+ n/2; -9-0:) ,
T
and then evaluating
1
(24) C(n) = - fds Im n(s, n)

0

with the result

— 422 M-t o2

(25) 00 =""Gm  Tnp2)

no (1, 1—nf2; 14 n/2;1);

J(a, b; ¢; 2) is the hypergeometric function. The failure of the naive con-
tinnation from #>2 to # =— 1 arises from the breakdown of the identity

I't+n2)'(n—1)  n

@6) WL I 1Bl = e T T s —1)
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at m = 1. Since the point » = 4 at which we shall use eq. (25) is outside of
the range of » in which (19) is not applicable, we shall not discuss the significance
of the singularity of C(n) at n = 1 any further.

Making use of (26) in (25), we finally have

232Q2 Mn—E; ﬂnlz n

@7 Oln) = — @m)»  I'(n2)n—1’

n=%=l.

By the usual prescription, the regularized Schwinger coefficient in real space-
time is obtained by setting » = 4 in eq. (27), that is

2002 M2
2 =
(28) Reg € 3.

where o = e2/4zr.
We stress that this result is unambiguous for, even though C(n) would
be formally divergent for all n, if we used Kummer’s transformation

‘ . 1 [ @0
(29) oy (1a 1—mn/2;1+ %/23§:) = 1—__90—_/70:21’71 (‘1, n; 1+ nf2; T —-w+)

to express the integral in eq. (23) in the form

a-(s)
(30) fdw [(#—o_(s)){w, —a(s))]/21=
0 (@, @)
@ —w

= (2/n)

. X_.
El(l,%; 14 n/2; o ),

L@y,

CO(n), defined in this case as the limit

(31) O(n) = lim f dsTmor(s; AM; n)

am2a?

would still exist and be given by eq. (27). Equation (29) is an analytic con-
tinuation which is valid for all x_jx, #1. At x_ = w,_ the right-hand side
of (29) is formally divergent, while the left-hand side exists. Replacing M by
AM keeps 2_(s) # @, (s) for all s and allows one to use eq. (29) over the whole
range of the s-integration. The limit 4 — 1, taken at the end of all operations,
avoids the difficulty of using eq. (29), in which it is not valid. There is, there-
fore, no ambiguity in the determination of C(n).

The rather straightforward way of getting eq. (28) from a method of reg-
ularization we now like to believe in indicates that the problem of reconciling
the presence of the Schwinger term with gauge invariance and current con-
servation has not been completely resolved if we insist in maintaining positivity
and standard spectral properties.

It is important in this.connection to observe how dimensional regularization
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achieves finiteness of ¢ (n = 4). It amounts effectively to obtaining the in-
tegrand in the second line of eq. (14), which vanishes for s — oo, without using
the Pauli-Villars conditions, eqs. (13). We have in fact (*)

%

Ra

N 022 22 4 M2\t
= Tm Tlgrml 7(s, n) = 1% O(s — 4 M?) (1 -+ _5_) (1 - ) ,

: i __ e . 2M2\ ( 4 M2
(32) kﬂhmﬂ&mmiﬁﬁ@w—4M)Kl+ s)@ :

from which it is clear that conditions similar to those in eqs. (13) are neces-
sary to achieve the convergence of the integral of the last term. The vanishing
of Reg ¢ in this case is the price paid to maintain consisteney. This is not
necessary for the integral of the second term of (29), which is automatically
finite.

(*) The first equality can most easily be obtained by using the identity

jrdw [.1=1 { j_dw [...] —l—jdw [...]}

in eq. (19).

® RIASSTUNTO (%

Si mostra che la regolarizzazione dimensionale dell’ampiezza di polarizzazione del vuoto
fornita da cappi di fermioni regolarizza automaticamente il coefficiente di Schwinger.
Contrariamente a cid che accade per il metodo di Pauli-Villars, il coefficiente rego-
larizzato & non nullo. E inoltre proporzionale al volume della sfera unitaria nello spazio-
tempo euclidiano corrispondente. Questo risultato avrebbe importanti implicazioni
nell’invarianza di gauge se la positivith e i vincoli spettrali non si potessero rendere

meno rigidi. Lia violazione di questi vincoli non & necessaria per ottenere la conver-
genza dell’integrale della parte immaginaria dell’ampiezza di polarizzazione del vuoto.

(*Y Traduzione a cura della Redazione.

PaszmepHan peryispmsanus ko3hdmmenta IlIsuarepa.

Pestome (). — MsI mokasbiBaeM, YTO pasMEpHAA DETyIApH3alds aMILIATYABL TONSPH-
3alluK BaxyyMa, B KOTOPIO IAtOT BKNal (hepMHOHHBIE TN, ABTOMATUYECKH PeTyIIApH3yeT
ko3tbdumment IlBmarepa. B mpOTHBOMOJIOXHOCTE 3TOMH, B Metome I[laynm-Bmmapca
Peryisapu3oBaHHEl k03hdunueHT He paseH Hym0. DTOT KO3(hGOAIUEHT NpONOPUHOHATIEH
o6reMy enuHNMYHON cdepsl B COOTBETCTBYIOLIEM 3BKIMAOBEOM IIPOCTPAHCTBE-BPEMEHH.
OTOT pesyNsTaT OyHeT IMETh CEPhe3HBIS CASACTBHA 11 KAaNuGPOBOYHON MHBAPUAHTHOCTH,
€CIIE OrPAHWYEHWs ITOJIOKHUTEIHHOCTH ¥ CHEKTPajbHBIE OrpaHUveHHs] HE MOTYT OBITh
ocmabrensl. Hapyiienuss 9TAX OrpaHAYCHE} HE SBISIOTCA HEOOXODMMBIMHU IS OOCTH-
KCHUSA CXOOMMOCTH HHTErpana OT MHHMOM YacTH aMIUIUTYABI NOJApH3allid BaKyyMa.

(*) Iepesedeno pedaxyueii.
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