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Quantum theory and classical probability theory have
some- structures in common from which the development

of quantum thecry has sometimes benefited. The best
known connection between them is that Euclidean (i.e.
imaginary time) quantum theory coincides with the
theory of diffusion in real time. Hence by means of

the Euclidicity postulate one can transform the charac-
teristic differential equations of probability theory
as well as the descriptions in terms of functional in-

(1)

tengrals into quantum theory.

The purpose of this lecture is to discuss an interest-—
ing area of overlap, namely tunneling phenomena, where
the theory of stochastic processes offers some relief

in the d%fficult problem of computing functional deter-
2

minants. In the standard method of recovering

transition probabilities from the functional integral

* Permanent address; presently at Fakultdt £. Physik
Universitdt Gesamthochschule Siegen, W.Germany

163



164 E.ETIM

one comes inevitably against this difficulty. There

is in principle a different approach towards the re-
covery of transition probabilities from the generating
functional which avoids Gaussian integrals. It.con-
sists in first defining out of the generating function-
al other functionals (sections) which, besides normali-
sation, are semi-continuous and positive-definite.
These properties are sufficient to activate Bdchner's
theorem which then allows tc obtain the transition
probabilities as Fourier transforms of the sections.

I will not follow this approach here. Our main ob-
servation is that tunneling phenomena in gquantum
theory, whether ot not one looks at them as transi-
tions associated with instantons and antiuinstantons(3)
may be modeled by a birth and death counting (Poisson)
process. The problem of computing the functional
determinant is reduced, via this mocdeling, to the

much simpler problem of findi?g)the average waiting

time of the counting process. There is a simple

formula connecting the two.

Let us start by considering the descripticon of tunnel-
ing in quantum mechanics. From the Schrédinger
equation

_h? d’e(x)

——== + V(x) ¢ (x) = Eo(x) (1)
2m dx?

one obtains, by introducing the drift velocity

T(x) = 2 L gng(x) (2)

the Riccati equation

2
% gg(x) + T (x) = V(x) - B (3)
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The solution of the original Schr&dinger equation is

now sought by solving (3) by iteration:

TO(X)

i
i+

{ % (V(x) - E)}1/2 (4)
i.

ys!

- m

_ &
k(x) = + b~ K (x)
K(x) is real where V(x) > E and purely imaginary in
those regions where V(x) < E. The n-th iterate is
1/2

. AT (x)
= (T - B _n-l
T (0 = (1) - & B2l )
_ aT (x)
. _h 1 n-1
- TO(X) 2m To(x) dx (5)

The first iterate (the negative sign in eq (4) gives
a normalisable wave function)

~ B _h 4
T{(x) = = T R(x) - 3= Som K(x) (6)
gives the WKB approximation. Let ¢ (x), through eq (2),
be the corresponding wave function. One finds the

well known result.
X

Y(x) = —— exp ( - J ayX (y) ) (7)
VE (%)

Contrary to guantum mechanics the theory of stochastic

processes invests considerably more attention in the

study of the consequences of the zeroth solution

To(x). It gives the so-called deterministic solution

for the velocity, which in the Euclidean space des-

cription (1t = it) is given by

ax (T _ :
—ar . - TO(X) (8)
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x(1) will always stand for the classical (i.e. deter-
ministic) path. The reason for the special interest of
stochastic mechanics in eq.(8) is that some of the
equilibria of the physical system which is being
described are the singular points of eq.(8). These

are the zeros of To(x); i.e. the points xn(n=1,2,.«.)
with

To(xn) =0; n=1, 2, ... (9)

Systems for which eqg.(9) defines equilibrium are
usually dissipative, dissipation occuring through the
drift. The equilibria are absorptive, that is once

the system relaxes into any one of these states it
remains there indefinitely. Random fluctuations alone
cannot drive the system into another equilibrium state.
The problem of tunneling does not exist for such sSys-—

tems.

For conservative systems on the other hand, force does
more than just impart a velocity; it produces acceler-
ation so that equilibrium is not defined by eq. (9).
For these systems equilibria are all orbits of

uniform velocity (including zero velocity) i.e.

the points X, {(n=1,2, ...) where
dTO(x)
—._-___dx = 0, n = 1, 2, PP (10)
X=X
n
The absorptive equilibria (those X with To(xn) =0

in addition to (10)) constitute therefore only a sub-
set of all the equilibrium states. Nonabsorptive

equilibria are called transients. Random fluctuations
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alone can induce transitions between them, even when

in Minkowski space - time these transitions are

not deterministically possible.

Equilibrium sates which are so related are said t6 be
communicating. Communication is an equivalence rela-
tion in the set of transient equilibria. An eguivalence
class is called a chain. The problem of tunneling in
quantum mechanics has thus been transfcrmed into one

in stochastic mechanics.

Consider then the chain spanned by a countable number
of states labelled by integers (both positive and
negative for instance). Transitions in the chain
consist then in a time-dependent step-up (birth) and
step-down (death) of the integer coordinates. We shall
assume that these are Poisson processes. What is the
relationship between this description and the solutions
of the Riccati equation through which one recovers

the description in terms of wave functions? In other
words, how does one measure the effect of the random

fluctuations responsible for transitions in the chain?

Let g(t) be the stcchastic process with drift velocity
T(g) and diffusion coefficient v = i/2m for which
the Riccati equation (eq.(3) constitutes the first

integral of the action of the corresponding generator

d

() S+ L) iy = 1AV (11)

g(r) satisfies the Langevin equation

dg({t) = T(q) dt + dw(t) (12)
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where dw(t) is a Wiener process.

<dw (T) > = 0]

h
m

<aw(t ) dW(T1)> |T2- T]! (13)
Any transient equilibrium perturbed by dw(t) is
rendered unstable after some (random) time. For vani-
shing diffusion coefficient, that is, for B - 0O, the
probability for the system to pass from a state

q(Tl) = Xy to q(TZ) = X, in the time 7 = 1t - 1 is

2 1
measured by the function

w(Tz,x2]T1x1) = ex$£—E(T2—T1)/ﬁ)'

J ar (@4 g (q(r) )]

T1

cexp |- I
| 2% (14)

Using egs (2) and (3) in (14), w(Tz,x21T1x1) becomes

w(Tz,xz[Tl,x1) = exp ( - % SE(TIITZ)) (15)

where wo(x) is obtained from eq (2) with T(x) = To(x)
and
T2
m d ¢
§p(T2,T1) = J dr (5 (a%> + V(q)) (16)
T
T2

J ar 5 (g(1), q(1))

T1

is the Euclidean action of the classical problem
associated with the Schrddinger Hamiltonian in eq(1).

H (g(r), é(r))is the corresponding Hamiltonian.
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Now the characteristics of the distribution of random
times at which transitions occur are those of the
Poisson processes in the Markov chain. So let

Pn n+1(T) be the probability of a birth (B) in time 7t

4

P (1) the probability for death (D) and P (1)
n,n-1 n,n

the probability for permanence in the same state

n after time T . From the assumption that transition

pbrocesses are Poissonian we have in a short time
interval At

2
XAt + 0 [ (A1) ]

Phfn+] (AT) =
2
P (AT) = XAT + O [ (AT) ] (17)
n,n-1
2
P (AT) =1 ~ 2XAT + O [ (AT) ]
n,n

For simplicity we have assumed the same rate ) for
both birth and death. Birth and death processes are in
competition in activating the chain. The probability
for a transition in time 1 from a given initial state
n to a final state n + N is therefore given by the

conditional probability

Tn,n—I—N(T) = Pr (B(T):n_'_,D(T)'—"n_’B(T)—D(T)zN)
Pn,n(T)
=) 6((n+_n—)_N)°Pn,n+n+(T)Pn,n—q_(T)
n_;‘n+==0 Pn,n(T) (18)

From the integration of eg(17) we have the finite
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probabilities
O™ -t
n,n+n+(T) (n+)! e
_ (AT)n— -AT
Pn,n—n_(T) T o (n))! €
(19)
p (t) = e~ 22T
n,n

Substituting (19) into (18) gives (3)

2m

1l

N —
]

J dpe INO exp (Atcosh)
o

Tn,n+N(T)

2m
J do<n+N|0><0|e

tl

_HT/ﬁ|n> (20)

Nré
3

where the Hamiltonian H is the integrahd of eg (16).
Transitions from the discrete states |n> of the chain
into the continuous set of intermediate states |0> are

given by the matrix elements

<n+N| 6> = e~1 (nFN) 8

- - in®d
<o) HT/M s = TEO)T/R Q1R (21)
E(6) = -hicos6

Eqg (20) contains the unknown parameter A. Its physical
meaning is, however, clear from both the point of
view of the counting processes and that of the
difference in energies between the perturbed states.
We will now show how it may be related to a time

average over the distribution W(Tz,X9|T1FX1). To this
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end let ¢ ke the first arrival time of the Poisson
processes, i.e. the first time a birth or a death

occurs. o0 is exponentially distributed:

£ (o) = re MO (22)

The probability for just one transition to cccur is

therefore proportional to the integral

o0 T1+0
_ dg(ty)
I = f dof(o)[ dr, ma?;—~ W(Tz,q(Tz),Tl,X1) (23)
O Ta
O‘.
= fdof(c) [dr g%éﬂ w(t,q(T) | 0,x4)
o o
The constant of proportionality, N, is given by
the normalisation
{
N J dt Q%%ll_ w(t, g(t)]| o, ) =1 (24)

O

of the total transition probability out of the state X
The average waiting time at the state x1(i.e. its
mean life time) is therefore given by

0]

f dOf(O)J dr 71 _d_g;gl W(qu(T)l Or X1)

o]

J dr @%%Zl wit,q(1) | 0,x4) (25)

O

The evaluation of the integrals in eqg (25) is well
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known; one uses egs (15) and (16) for W(T,q(T)ﬁ O,x1)
and expands SE(T,O)about a classical path. The
classical path in the time interval (0,0) is Jjust Xqe
The mean value theorem is used to simplify the calcu-
jation. A Gaussian integral results from the use of

eq (13) to replace [dq(t)1? by
<[8q(t)1?> = %T'FO(TZ) (26)

for small 1. The final result is

2

-1/2 2, q

§2H _ md d4V (%)

(W) = [det(“ a? tae )
_ 1 ,my1/2 _-Sg/h ‘
=5 (77T (27)

The functional determinant has thus been evaluated
without encountering the problem of zero eigenvalues.
The exact value cf the rate ) is not required. It
can be absorbed into a normalisation constant(S).
The reader can easily verify that eg (27) gives the
familiar result for the harmonic oscillator. The
classical action in this case is found by applying

the ergodic theorem
T

SE(T,O)=J dT[% (%%)2 + wzqz}

[
=S
5
N
H
'_.l
i._h
=
I
\_.___\H
Q.
—
Q
[\
=

!
o)
€

o (28)
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Although, we have considered here only the one
dimensicnal Schrddinger equation the extension to more

dimensicns and to field theory is fairly straight -
forward.

References:

1. J.Klauder; Schladming Lectures:

Proc. of the 14th International Universititswochen
f. Kernphysik 1975
p. 581, ed. P. Urban

2. This approach was first considered by

G. Jona-Lasinio. See University of Rome preprint
No. 138, March 1979

3. S.Coleman: Lectures at the 1977 International
Summer School "Ettore Majorana", ed. A Zichichi




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


