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ABSTRACT.

If the equilibrium properties of a statistical system are obtained
by solving numerically the associated Langevin equation describingthe
approach to equilibrium, the connected correlations functionis can be
computed directly with small effort and high precision,

1. - INTRODUCTION.

Computer simulation of statistical systems start to be popular
also among high energy phys:icists(l) ; they are mostly interested to
compute the correlation length ¢ = m-1. if A(x) is a local operator

one can prove that -

LA A(Y) D, 2 AR A(Y)D -{AE)DLAE)D —>
D-1 (1)

—3 exp (-mA Ix-yl)/Ix -yl T2
where mp is the minimum mass of the state created from the vacuum
by the operator A ; the power law in the prefactor is correct only if the
minimum mass state is a one-particle statel2),
In order to extract the value of the mass from the connected cor
relations functions and to compute the mass spectrum, it is necessary

to control the correlation function at large |x-yl, i.e. in the region
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where it is small., This fact is particularily sad; a typical Montecar-
-1/2
T J
N being the total number of extractions, in many physically interest

lo simulation(l’ 2) has a random statistical error proportional to N

ing cases, in particular gauge theories, it is impossible to give reason
able extimates of the mass, also using very high statistics.

In this paper I present a new algorithm which allows the direct
computation of connected correlation functions for continuous systems,
the algorithm being based on the Langevin equation. I have not done a
systematic study of the advantages presented by this new algorithm:
after the description of the method (Section 2) I present the results
which I have obtained in some simple casess (Section 3). The difficul
ties in extending this method to more interesting cases are briefly di

scussed in Section 4.

2. - THE LANGEVIN EQUATION FOR CORRELATION FUNCTIONS.

Let us consider a statistical system, with Hamiltonina HU)J ;
Q)'i ({i=1,N) being N continuous variables, The equilibrium expecta-

tion value of a function f DZ)] is given by:

<e0p]> = falp] exp(-H[PD)2[8) / Sal0] exp(-H[P]). (@

For semplicity we have set § = (KT)-1=1.
A practical way of computing {f [ﬂ] > 1is based on the Lange-

vin equatiLon(B‘) :

P oH ‘ , . ‘ '
p= - p; <y(t) 1,6 > = 2.8, 0(¢ - 1) (3)

ﬂi(t‘) being a function of the "time" t and #7,(t) being a random gauss-

jan variable. Indeed we have:

v
<t[0]> = 1im % /dtf[p(t)] , (4)

T ~»00 0



where P(t) is the solution of eq. (3) for a given random choice of 7.
Eqgs. (3, 4) are a practical tool to compute the statistical expecta
tion value, alternative to the standard Montecarlo technique.
Before actually solving eq. (3) we must discretize the time:

gt - 856%{; []+ Vae gl | (5)

i
where we have set t=¢k and the R; are gaussian random variables:

c ok k' kK
<R /R;> =0 041 (6)

The computer time is proportional to ¢~1 and the errors on the final
result are proportional to & If accurate results are needed, this pro
cedure is slower that the standard Montecarlo: the time discretized
Langevin equation is very similar to the Montecarlo method with small
steps proportional to 81/2.

From the fluctuation-~digsipation theorem we know that :
B0, = = 48> ()
i"j%e  dA il A=0 7

where & ﬂ}z is computed with the Hamiltonian Hy = H - M)J We can

introduce the a-dependent Langevin equat‘ion(ﬁ) :

" ) : Y
p;(t, A) = - 3, + Adij + () . (8)

" Expanding [)i(t, A) in powers of } (‘ﬂi’»‘(t, A) = ﬂ)io) + M)gl) +

+ —% p§2) + +-+) and identifying the terms we get:

*(0) oH °(1) 0 H (1)
O T 3, op, "1 T 0y
(9)
2. _a'H ) ’m (1) ()
T T A B TN T T M e B
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where H and its derivatives are computed as functions of jD(O) only.

We finally get:

, v
0>, =1um 1 [pPwa
0

T =% Q0

1 @)
£pp.0.> = lim = / po et
0

“C
1l T ~»Q0

Similar expressions can be obtained for higher orders correla-
tions functions,

We have found a direct method to compute the correlation func-
tions ; this method cannot be implemented in the standard Montecarlo
approach: we have used in an essential way the fact that the trajectory
is a continuous (analytic) function of the force ; that property does not
hold in Montecarlo simulations, where the force controls a probability
factor which gives a yes-no answer, In the next Section we shall see

the application of this method to simple examples.

3. - SOME EXAMPLES.,

The simplest example we can think about is free field theory:
the Hamiltonian is:
]
1 D { 2.2 2
H =§/d x:]l:m i (x)+(6,,,¢)] , (11)

the field being defined on a D dimensional space.

The equations for P9, pY) and p(2) are respectively:
DV, 1) = (-4 +m?) p P, 1) + 10, D=, D) N> -
= 28 (x-x) 8(t-t) ,
0V, 1) = <= 4+mD) 0 Pix, 1) + 6P |

(2)(:<,t) =-(-4 +m2)¢(2)(X: t).

=04



The solution of the last two equations is trivial in momentum space:

2

0Dk, t) = a1 - exp(-tZ+ m?) ]/ + m?)

(13)
02,1 = 0.

The boundary conditions ﬂ)l(x, 0) = ¢2(t, 0) = 0 have been imposed, The
same asymptotic result for t-so00 is obtained also if we discretizethe
time.

Generally speaking in the method here proposed the equation for
the connected correlations functions are deterministic if the Hamilto-
nian is Gaussian: the convergence is therefore very fast: no random
errors are present.

Let us consider an interacting case:

. ' 2 - ‘
T [—%—— 0%x) + 5 (0 $)° + & ;04] .,

i

2

(x,1) = - (- 4 +m?) p'¥

?5(0) (x,t) + g(fbo(x, t)»)3+ n(x,t) , (14)

- A+m?) 80 x, 0+ 320%x, 26 Vix, 1) + 6P x)

t

0 Nix, 1)

The equations are very simple if we substitute '4 ¢'(0")2.> to
(Q)(‘O)(x, t))2 in the last equation we get the Hartree-Fock approxima-
tion. '

2

We notice that for m® positive, the second derivative -por=—rar—r

(1 0f(x) 8p(y)
is a positive operator and an absolute bound on § )(x, t) can easgily
obtained. The method may fail (although I do not believe that it fails)

2 ig negative ; y)(l)(x» t) may oscillate and become larger and

when m
larger increasing the time and the limit 7 -»co in edq. {10) may not
exist ; this problem deserves a more accurate study.

In order to verify the efficiency of the method I have done a ve-
ry simple test, I have considered an one-dimensional system, the Ha

miltonian is:



jD4
i 2
Sra - 9,0%, (15)

i
periodic boundary conditions have been imposed, N has been taken
equal to 98,

Computer simulations of egs. (5, 6) have been done in two cases:

a) ¢-=0.01, T =500 ;
(16)

b) €=0,0025 - T =125

The results for the correlation function as function of the distan
ce are shown in Fig, 1 for case b, The typical statistical error is of
a few percent, the systematic error is proportional to & Going from
case & to case b the correlations functions change of about 10%, so

also the systematic error can be estimated in the few percent range.

107 |-

| ! N,
o 49 98 4

FIG. 1 - The correlation function & f(c) (k) > as
function of the distance i-k, The periodic boundary
condition implies the invariance under the transfor-

mation i-k —» N - (i-k) ; (N = 9§).



As a check of the consistency of the approach, I have computed
<¢0(x)2 > and <ﬂ1(0)>, these two quantities must coincide in the 1li-

mit ¢ = 0, I have found:

a) <092 =0.245 t0.002, «pV0)> =0.218%0.002,
(17)

0.234 T 0.004 , <<¢)”“)(0)'> = 0,232 10,006 .

< fb(o)(X)2>

The error being purely statistical. We clearly see that in case a the
two results do not agree, while in case b good agreement is found.
In cages a and b the mass is estimated to be 0.285 and 0, 289

respectively.

4, - OPEN PROBLEMS,

If the method I propose gives good results also for higher dimen
sional systems, it would be rather interesting to extend it to both to
discrete system, as the Ising'model, and to constrained systems like
the non linear o¢-model or gauge theories.

Generally speaking it is impossible to extend the method to a ge
neral discreate system, the continuity and the differentiability of the
time evolution being a prerequisite for applying this method. However
in simple cases, like the Ising model, something can be done: indeed
the partition function of the Ising model can be written as(g) :

{0_+1}e"p [32 2 "i“kvik.]

jci[l) eXp[ B E] ky)lﬂk " + 2 1n ch ( Ekﬁvikﬂik)],

L . , (18)
\oi> <.ch(2k,evikpk,»> ,

, . -2 .
<o, oj> = Lch( EkBViklbk) ch zlﬁvjl p)+ oij ch™(Z, B viky)k)> .



The correlation functions of the ¢ spins can be easyly reconstructed
from the correlations functions of f§ fields, which may be computed
using the method here proposed.

The evolution equation for f is

(th> =

1

Bi= - IV [y -en( 28V, ﬂ1).] Lm0

= 2 éiké(t -t"/B .

If we neglect the noise term ('r)i) we recover the mean field
equations,

Unfortunately this operation of substituting a discrete variable
with a continuous one can easily done only if the interaction is quadra
tic. Serious difficulties would be present in an Ising model with a 4-
spins interaction,

For constrained systems, if the above described trick does not
work, we have many possibilities, whose respective advantages and
dis'ax?antages: unclear to me, the simplest one consisting in replacing
the delta function of the constraint with a strongly peaked functions.
This question deserves more investigations.

An other problem comes from the Langevin equation itself: in
order to simulate it on a computer we must discretize the time, intro
ducing a non zero ¢; in the algorithm described in the previous Sec-
tion the error is proportional to &; there are algorithms for which the
error is of order &2 but they are rather complicated, In reality we
need only that the error on the asymptotic behaviour is small: we are
not interested to know with high precision the time dependence of the
solution of the Langevin equation. In order to reach thermodynamic
equilibrium we need to enforce the detailed balance principle for the

transition probabilities P(x,x'):
exp - H(x) P(x,x') = P(x,x") exp - H(x) , (20)

as can be seen from the corresponding master equation(g).
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For example in the one dimensional case we can write the equa-

tion:
pUH) ) - Z e+ s vEe R (21)
where the corrections factors (C(f) and S(p)) are chosen in such a

way to enforce the detailed balance at the order e2 .

Possible choices are:

2
C(p)=1+-§-ﬁ—}%-, s)=1; or
0p ‘
P (22)
, 3 62H
cp=1, 8@=1-7—= .
P
In the quadratic case (H = —21- m? sz) the recurrence equation
would be :
ot g a g™y y5e BRW (23)
where A and B are given by the condition:
2 .
A - %— = m?%e B? (24)

No solutions are found for B=1 if m% > 1. It would be interesting to

extendthis procedure to the general case in an efficie:nt way, bypassing
the condition mZ%e < 1. This step may be crucidl if we want to replace
the constraints by a stiff potential,

It is also possible to avoid the introduction of the constraint and

to write directly the Langevin equation on the constrained system.

The author is grateful to G. Ciccoiti, C de Dominicis, L. Peliti

and K. Wilson for illuminating discussions and comments.
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