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ABSTRACT.

The Glauber model and the optical model of multiple scattering in collisions of complex nu-
clei have been discussed. The latter approach which is grounded upon the construction of the mi
croscopic nucleus -nucleus potential can be considered as being an extrapolation of the former
one towards lower energies, Various multiple-scattering expansions have been presented. Use

ful approximations, obtained by partially neglecting the intermediate excitations in the colliding
nuclei, are considered,

1. - INTRODUCTION.

This lecture will be concerned with multiple scattering effects in the nucleus-nucleus colli-
sions at medium and high energies, By medium energies we mean several hundred MeV/nucleon,
by high energies - the ones of one order of magnitude greater.

Reactions with complex nuclei involve a very broad domain of problems and physical pheno-
mena. Therefore, it will be instructive, at the beginning, to localize the position of our subject
in this spacious area, Heavy ion scattering is characterized by three properties:

i) short wave-length:
ii) strong Coulomb interaction;
iii) strong absorption.

1t is convenient to refer to these three features as to the coordinates in a space of physical pro-
perties which characterize the collision of two nuclei.

Re i). At medium and high energies the wave lengths are short indeed. For heavy nuclei they
are short even at relatively low energies. The short wavelengths justify the concept of clagsical
trajectories 1-4 , based on the Wentzel-Kramers-Brillouin (WKB) approximation to quantum scat
tering. At higher energies one may go further and use the eikonal approximation(5'7) instead of
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WKB. In a classical language this would correspond to rectilinear trajectories. In fact, in ener-
getic collisions most of the scattering occurs to a very forward direction, The eikonal approxima
tion congtitutes a basis for the microscopic Glauber model(6: 8) of scattering between composite
nuclei,

There is also anocther agpect of fast collisions. At sufficiently high energies one may neglect
the energies of nuclear excitations with respect to the projectile energy. The former are of the
order of 10 MeV. Thug at medium energies one there ig at least one order of magnitude higher
on the energy scale. The approximation of enérgetic degeneracy of nuclear states simplifies enor
mously the description of scattering. For example the third grder contribution to elastic scatter-
ing amplitude in Watson's theory of multiple collision may be written as follows:
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wheré we have neglected excltation energies E, in scattering propagators:
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and applied the relation of completness:
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The "closure app‘roximation"(g) of Eq. (1) allows to avoid a1l the complié¢ations of coupled chan-
nels typical for low enérgy collisions, e, g, elastic scattering is independent 6f the structure of
excited nuclear states. Eq. (1) is being often referred to ag the "fixed scatterers' approximation.
This corresponds to & picture of scattering where the projectile moves much faster than any sig-
nal of perturbation it can produce in the ntuclear medium, The projectile sees the target nucleons
ag if they were frozen at fixed positions. Of course, various gspatial configurations of ntcledns
are beidg averaged out with the aid of the ground state nuclear wave function 10>,

Re ii), The strong Coulomh field can distort the incoming wave giving rise to the Fresnel
effects in the elastic scattering 10 angular distributions, However, in very energetic collisions
the ctirvature of the projectile wave front over the target is negligible, That is why at medium
and high energies the angular distributions are typical of Fraunhofer diffraction 1 ), i. e, dgtrong
1y forward-peaked and developing regular ogcillations. One roughly has: -

. J, (aR) ]z ‘ "
do 2.2 1 - 2 ‘

(k being initial momentum and g-momentum transfer), which corresponds to seatteririg by &
perfectly absorbing sphere of radius R with a form factor ¢(q) accounting for the diffuseness

of target. Due to this form factor the maxima in the Fraunhofer pattern are strongly depressed
at larger angles. The Coulomb interaction hds an important role in determining the depths of
diffraction minima ; of particular significance being its interplay with the real part of the nuclear
scattering amplitude(l!

Re iii). Strong absorption means that colliding nuclei can easily be removed from the elastic
channel by an excitation, This gives rise, vie the unitarity, to diffraction which corresponds to
the propagation of waves into €lassicaly forbidden or ghadowed regions. At sufficiently high éner
gy the elagtic scattering is predominantly diffractive, i.e. it ¢an be regarded as & shadow of 4
large number of inelastic processes. The inelasticity comés from two sources: excitation of
nuclear states and inelasticity connected with the particle productiot in nucleon-«micleon colli-
sions. The nuclear inelasticity may be treated by means of the closure approximation = see Eq.
{1)., The elasti¢ gcattering amplitude is thus calculated as & sum over all possible intermediate
ekcitations of colliding nuclei. The elementary inelasticity is taken into account by utilizing the
experimental nucleon-nucleon scattering amplitude ; at medium and high energies they are main



ly imaginary, It can be observed that in our energy range the total N-N cross-sections are of

the order of tens mh., At low energies they are greater-of the order of 1b. Therefore two fast
nuclei can penetrate each other during scattering to a greater extent than they do at lower ener
gies,

In this lecture we shall discuss exclusively elastic scattering. Elastic collision of two nu-
clei does not represent a very spectacular event like nuclear fragmentation, shock waves or
fireballs, However, it is of fundamental importance since the elastic channel contributes to any
kind of collision and therefore deserved a particular attention.

2. - THE GLAUBER MODEL OF NUCLEUS-NUCLEUS SCATTERING,

In the eikonal approximation, that is believed to be valid at high energy and small scatter-
ing angles, the scattering amplitude at a momentum transfer q is written as:
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where the eikonal phase-shift function is related to the potential of interaction V as follows:
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k and v are the ¢, m. momentum and relative velocity, respectively. The plane of integration in
Eq.{5) is referred to as the plane of impact parameter vectors. They are perpendicular to the
average morentum (the bisectrix of the scattering angle) rather than to the initial momentum,
This choice of the eikonal axis Oz allows to extend the angular range of validity of the approxi-
mation.

Suppose that the scattering potential‘is composed of the interactions between individual nu-
cleons of the projectile and target nuclei:
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where 1:(5’ z) is the relative coordinate of the two nuclei, and r A’ zglA kB(ZkB’ sz) de

note the coordinates of the j-th nucleon of the projectile A and of the k-th nucleon of the target
B, respectively. These are intrinsic nucleon coordinates, related to the centres-of-mass of the
two nuclei,

From Eq., (7) follows additivity of individual phase-shifts:
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The scattering amplitude can be therefore written:
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7._: 1-e ’ (10)

and the nuclear ground states I()A> . IOB') have been inserted to average over all the configura
tions of bound nucleons, '




The functions 7. ik called the elementary profiles, are to be related to the nucleon=nucleon
scattering amplltude

e
_ ik id-b ‘
fjk(é) = m /d be ij(b), (11)

and can be obtained from experiment with free nuc¢leons by inverting Eq. (11).
The total nucleon-nucleon cross-section can be expressed in terms of the profile:
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If the scattering amplitude is mostly 1magrmar?r then the profile ¥(b) is 4 redl function and, on
the ground of Eq. (12), it may be 1nterpreted 5 the probability density of whichever interac-
tion between nucleons colliding at the impact parameter b,

Using the rules of the probability calculus one obtains for two composite nuclei the following
expression for the total profile:
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This is in a compléte agreement with Eq. (9) since the nuclear profile I'gi(b) should be the two-
dimensional Fourier transform of the scattering amplitude Fy(q). Thus the eikonal approxima-
tion which gives rise to the additivity of phase-shifts is consistent with the probabilistic interpre

tation of the profile.

Bqgs.(9) and (13) are referred to as the Glauber model of multiple SCatter‘img(B); The raodel
previously used for nutlear scattering of elementary hadrons 12) has been generalized for nu-
cleus -nucleus collisions firstly by Czyz and Maximon 8

By multiplying the AB factors in Eq.(9) or in Eq.(13) one obtains Glauber's series of mul-
tiple scattering:

FGl(q) = F(l) +F(2) +F(3) R . _'_Fw(AB) , (14)
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where 7(1) and T'(0) denote the contributions of terms contdining the product of n profiles y;

: AB
for a given n there are (', ) such terms. The series are finite and the successive contribu-
tiong appear with dlternative signs. To illustrate their structure let us write the first three con
tributions to the nuclear profile: '
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where, for simplicity, we have #ssumed that the elementary profiles for the p-p and p-n interac
tion are identical, The consecutive terms in Egs, (17) and (18) are visualized in Fig. 1.
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FIG, 1 - Diagramatic description of the double -~ and triple~scattering proceésses.

For n 22 one can distinquish between the terms with repetition of the nucleon coordinates
(see BEgs. (17b,¢), (18b=f)) and the terms without any repeétition (Eq. (174a), (18a)); The nuraber of

the latter is n'! (ﬁ )(B j: these terms can be calculated relatively eagy, However, the repetition
terms are much more difficult to treat. A large variety of such ternis in scattering of two com-
plex nuclei makes an evaluation of the ground state expectation value in Eq; (13} very laborious
even for simple model wave functions.

Due to alternative signs in the series (14) and (15) different orders of scattering may inter-
fere with each other in a destructive way. The most important result of this interference is the
diffractive structure (maxima and minima) of the elastic differential créss-section, Of particu-
lar significance is also the effect of non-additivity in the total nucleus-nucleus cross-section:

<4 ARG :
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The ground state expectation value in Eq, (13) may be evaluated using the independent-parti
cle model:
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with the single-particle density in the form:
. 2
o(r) = ”—3/2R_3 exp (-~ %) . (21)
R

Ag it is well known the use of Gaugsian densities allows us to simply impoge the condition of
translational invariance(13) on the nuclear densities (20). The c.m. constraint results in a sime-
ple multiplicative correction to the nucleus -nucleus scattering amplitude of Edq. (9)(8), One has:
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where the index deriotes the neglect of the céntre-of-masgs correlations. In order to obtain thie
nuclear profile which includes thece correlations one should perform the Fourier-Besgel travg-
form of Eq, (22):
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62l In Fig. 2 we have compéared various contributions
to the 4He-4He elasgtic scattering crogs-gsection in the
= Glauber model. The calculations were performed using
‘% the nuclear densities (21) &nd assuming the elementary
9] profile function in the form:
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<
© which corresponds to a Gauggian g-deperdence of the
09 N-N scattering amplitude:
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107
102l \ FIG. 2 - The angular distributions of the ‘4Hje~4He
E elastic scattering corregponding to the series of
multiple scattering (14, 15) in the Glauber model,
. . The nuclear Gausgian radii are Ry= Ry = 1,37 fm,
(14)

I L
0 02 04 06 08 10 The nucleon parameters at ~ 350 MéV /nucleon
q?(Gev?) are 6= 28 mb, a=-0.45, a = 1,5 GeV~2,



The parameters ¢ (total nucleon-nucleon cross-section), & (Re/Im ratio of the forward. dmplitide)
and a (slope) are; in general, energy dependent, The assumptions (20) and (24) allow to obtain
analytical expressions for the nuclear profile and the scattering amplitude 8),

Fig. 2 illustrates the mechanism of interference between various orders of scattering, The
single scattering contribution largerly overestimates the crosg-gection at small momentum trans
fers: this feature has been expressed by the inequality {19). The remedy is provided by a strong
destructive interference of higher orders. Another result of the interference are the minirma. and
secondary maxima of the angular distribution at large momentum transfers, It should be stresged
that the convergence of the multiple scattering expansion based on Eq. (15) (we may call it the pro
file expansion) is rather slow. Very many terms-have to be included in order to obtain the correct
result,

3. - THE OPTICAL MODEL OF MULTIPLE SCATTERING,

The eikonal approximation implied in the Glauber model may be surpassed by introducing
the concept of the optical potential of nrultiple gcattering 14)  This potential leads to arother
multiple -scattering expansion which, as we shall see, converges much faster than the profile
expansion of Eq. (15).

The optical potential is constructed by exploiting the well-known fact that in the eikonal 1i-
mit of quantum scattering the inverse scattering problem can be easily solved(6), Thus if at the
eikonal limit G =* Ggji (G and Geji being the exact and eikonal tree Green's functions, réspec
tively) one hag for the gcatiering matrix element on the energy-shell:

(o8]
T > Tepela) = -2miv [ daadolad) Do), (26)
0
tlien the optical potential :
V = Teik(l + Geik Toild ™! . (20

can be reduced, under an agsumption of a spherically gymmetric interaction, tothe following
formula :

[ee]
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The essential point is that the linearization of the propagator implied it the eikonal lirnit(16)
does not affect the interaction., Hence the optical potential (27, 28), although obtained with the
aid of the approximate amplitude and propagator, does represent the true interaction. The use
of this potential in the Schrddinger equation, being solved without dny approximation, will pro-
vide the correct description of the scattering.

Now, the eikonal profile I of Eq.(26) can be identified with the nuclear profile I'qy of
the Glaitber model, This is justified since the Glauber model may be congidered as a transposi-
tion of the rigorous Watson theory of multiple collision{18) to the eikonal mechanics(16: 17) un-
der the usual assimptions of closure and impulse approximations, Ingertifig potential (28) with
the assumption gy = [ into the wave equation one obtaing for the scatterihg matrix:

o -1 ! . . .
T=V(1-QV) =~ = TGl-I T(G'Géi,k)TGl = TG1+ TGl(G -Geik)TGl + . (29)

The uge of the optical potential can thus be regarded as an implicit summation of the eikonal ex
pansion is given by Glauber's scattering amplitude TGl' Indeed this

eikonal expansion represents the main contents of Watson's miultiple scattering series. It can be
shown that the remaining corrections, coming from the nuclear Hamiltonian and from the transfor




mation between the nucleon-nucleon and nucleus-nucleus ¢, m, systezms(lg), tend to cancel each
other(17),

Using Eq. (15) the logarithm in Eq. (28) cad be expanded:
1 2 1 3
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From here a multiple-scattering expansion of the optical potential follows(20) .
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Lét us discuss in details the first order approximation to the potential, Since
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F(]')(q) being the single scattering contribution to the scattering amplitude, the use of the ideri-
tity .

allows to transform Eq. (32a) into the form:
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Hence the Fourier transform of the sphericdlly symmetric potential v{(r) can be written as
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that is exactly the well-known expression for the first order approximation to the optical potential
as given in Watson's theory of multiple collision!19),

Obviously, the Watson potential of Eq. (36) gives more than a single scattering amplitude, This
can be seen by congidering the Born expansion of the scattering matrix:

vy v War - v yWayD e yDayWayll 4o (37)

Thus, in contrast to the profile expansion of Eq. (15), the potential expansion {Ed. (31)) gives, al
ready in its first term, rise to multiple-scattering effects. However, it should be pointed out (see
also Chapter 4) that the Watson potential corresponds to a scattering matrix which neglécts the
quasi-elastic shadowing*® ™’ , i. e. the virtual excitations of colliding nuclei in intermediate sta
tes. Therefore, one may refer to the first-order potential as to the static optical potential. Con-
trary the multiple-scattering potential of Eq. (28) is a dynamic one gince it admits the possibility
of intermediate excitations,

Assuming the scattering matrices t for the p-p, p-n and n-n systems as identical Eq. (36)
may be written in the form:

(1) ~ v -
v ) = - S AB i(a) Dy (a) dgla) (38)
where A s = B u—»r-?
1 < dTiA ¢ _ 1 “id g
@, = K<°A| j,:zie 00, b5 3 (oB ki e o];> , (39)

ave the slastic f6rm factors of the two nuclei and f(g) i8 the nucleon-nucleon elastic scattering
amplitude, Thig leads to a simple double-folding formula for the optical potential:

A1) _ / 3 3 s
Viiir) = AB [d'r,d'rg QA(rA)t(r+ ry - ry) QB(FB) s (40)
where N 0p are the nuclear dengities, i.e. the Fourier tratisforms of the form factorse iﬁA, (‘DB‘
A frequernt &pproximation of Eq. (38) is to put:

fa) v o) - =ALEL (41)

This ig justified since the nuclear form factors fall down with the momentum transfer more ra-
pidly than the amplitude of elementary scattering. This dpproximation corresponds to a zero-ran
ge t-matiix and gives the optical potential 45 the convolution of -the nuclear densities:

(1)

v 8 A’Bj‘dgr' 0u (F - T op(F) . (42)

It is expected that the potential expansion of Eq.(31) will be, due to effects of multiple scat-
tering arising from higher Born terms, sufficiently fast convergent. This would allow to avoid
enormoug complications connected with the caleulation of the Glauber profile for complex nuclei,
Ihetead of the complete profile, only a few first terms in the profile expansion (15) that appear in
Eq. (32) would néed to be caleulated. This expectation is basically confirmed by the comparisons
shown in Figs. 3 and 4.

In general, the rate of convergence of the serieg (31) to Eq. (28) depends on the momentum
transfer and the complexity of colliding nuclei; larger the momentum transfer and heavier nu-
¢clei greater the number of terms have to be included. From the comparison of Fig. 2 and Fig. 3
the superiority of the potential expansion (31) over the profile expansion (15) is evident, For the
411e -4He system up to q=1 GeV/c the potential expansion is practically saturated in the third
order while in the profile expansion of the scattering amplitude one would need at least six or-
ders of scattering. For the 4fe-12¢C system in order to achieve the convergence shown in Fig. 4
the profile expansion would require more than ten orders of ’scatteringt23).
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elastic scattering corresponding to various appro- to the potentidl of multiple scattering. The
ximations (see Eqgs. (32)) to the potential of multip- Coulomb interaction included, The parame
le scattering, shown inthe inset. Same parameters ters Ry=1.37 fm, R]22 =1.93 fm, 0=28 mb,
ag in Fig., 2 a=10,3, a=15 GeV~<,

The potential and profile expansion differ not only by the rate of convergentes. The uge of the
optical potential in the wave equation allows to account for the effects of non-eikonal propagation
which are obviously absent when the scattering arnplitude is calculated as the Fourier-Bessel tran
sform of the eikonal Glauber profile, B

The non-eikonal effects are particularly important at diffractive minima and at largé momen
tum transfers. The results obtained by exactly solving the Schr8dinger equation turned out to -be
very sensitive to the sign of the real part of the optical potential. Specifieally, the repulsive inte
raction (corresponding to negative values of the elementary parameter a, see Eq.(42)) fills the
minima up while the attractive interaction (@ > 0) makes them deeper -see Fig, 5, Incontrast, there
sults based upon the eikonal Glauber model are independent of the sign of a (), -

(x) - When the Coulomb interaction is included also the Glauber restlts depend on sign of d(11),
However, for light nuclei, where the Coulomb interaction is of a minor importance, the sehgiti«
vity of nuclear scattering to the repulgive or attractive character of the elementary force origi-
nates mainly from the non-eikonal propagation.
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FIG. 5 - The differential crogs=-gectiorn of FIG, 6 - The differential cross-section of YHe-*te
ZIHe-z;He elastic scattering in the Glauber elastic scattering(20), Dotted curves correspond to
model (dotted curve) and in the optical mo the Glauber model, dashed and solid (including the
del with the potential of multiple scatter- Coulomb interaction) oties to the optical model. of
ing (28) (solid curves). No Coulomb inter multiple scattering. Experimental data are taken
action. Parameters: RA =Rp=1.317 fim, from ref, {24), The nuclear paridmeters are Ry =
6=28mb, ¢=10.45, a=1.5 GeV-2, The = RB: 1.37 fm. The nucleon parameters are taken
Glauber curve is insensitive to the sign as average values quoted in the literature(26,27).
of a. 6 =32.25 mb, @ =-0.43, a=1,7 GeV~2 at p; =4.3

GeV/c, and 6=39.3 mb, a=-0.4, a=3,4 GeV-2at
pL: 5.05 GeV/C.

in Fig. 6 the angular distributions for the 4f1e.-%He elastic scattering obtained in the opticsl
model (solid and dashed curves) and the Glauber model predictions (dotted curve) are compared
with the experitriental datal24), 1t is evident that agreement with the experiment is considerably
improved when accounting for the non-eikorial propagation with the aid of the optical potential,
The role of the Coulomb potential in filling the minima up i& sigrificant (though not as great as
gtated in ref, (25)) and increases with increasing nuclear masses;

The potential expansion (31] may be used to reordeér the expansion (15) of the Glauber profile.
This Has been first done by Franco and varma(28), In fact, applying the eikonal approximation
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(5, 8) to the optical potential (31) the huclear profile may be written as:

() =1 - LMy 2@ )4 2Py - -]
Gl . (43)
where
+ oo !
A % / az v (Y b2 + 2% (44)
-
Now using the identity:
o) (2 3 ,
)(Gl— X + 2 + X + ——11n(1-IG1) s (45)
one obtains from (30)
{ N
Py -1 1Mo, (462)
1@y -1 [rPo)+ HrDwn?] (46b)
- " t
o %) - i[F(S)(b)+ ) r® o)+ 2rt )(b))ﬂ, (460)
“He - “He
T, = 1370 MeV etc, .......
10! o)
. "”: "‘Zn " 7 The expansion (43) can of course be formally obtained
—mr ) ex@ 0 from (45) without any reference to the optical potential (28).
ol However, the close relation between the phase=shift and
the potential underlies the expectation that the phase=shift
10 expansion (43) will be much faster converging that the pro
file expansion (15), In fact, the eikonal phase-shift, like
N’; the potentials, give rise to multiple scattering effects, ge
S nerated by higher order terms in the Born expansion of
e the eikonal scattering matrix. The convergence of the pha
E o't se-shift and potential expansions should therefore be gqui-
"'g te similar. The comparigon of Figs. 3 and 7 confirms
5 this prediction,
o
1091
107k
10771
\ FIG. 7 - The angular distributions of the *He-*He
1 i T A elastic scattering corresponding to the phase -shift
0 02 0:4 06 08 10 expa,.sion (Eq.(43)) in the Glauber model, Same
9’ (Gev?) parameters as in Fig. 2.
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The phase-shift expansion can be consi-

N2
dered ag the eikonal counterpart of the poten 10

tial expansion of the scattering amplitude. At \ 7 . ‘ !
sufficiently high energies one may rely on 10 ¢ 21GeV/n 9
the eikonal approximation and use only the o

phase-shift expansion (43) avoiding this way 10 4

serious complications connected with exact

ly solving the Schridinger eguiation, Anocther ':; 104 N
example of the phage-shift expansion is giv- @
en in Fig, 8(29)(x e 5
n s ) o 10" i
~
-
010 4
% k
104
LI Y] ‘1)
FIG. 8 - The angular distributions of the O i“hxm
T9C_T2C elastic scattering at 2.1 GeV/n =

_______ X D+ (2 x(3)

corresponding to the phase -shift expan- 10-6_ ) X (1 X‘Z)*)(“)*X”’) N

sion (Eq. (43)) in the Glauber rrodel 29),
The nuclear Gaussian radii are Rp=Rp= 1077 i i
= 1,97 fm, The nucleon parameters are 0 ; ‘O'I Lt 00
¢ =427 mb, a=-0,28; a = 6.2 GeVZ, ' -

| O W SO S S S OS ON

9 (Gev?)

4, - QUASI-ELASTIC SHADOWING IN NUCLEUS-NUCLEUS COLLISIONS,

Ag the number of hucleons in the colliding nuclei increases the evaluation of the full multi-
ple scattering series (15) becomes more intractable, Comiplete calculations have been carried
out only for light systems like dpe-%He and 211-160, using Gaussians wave functions(8), In the
preceeding section we have discussed how the use of the potential and phase-shift expansions
can allow to overcome the calculational difficulties. However,this appears to be a practical way
but for light and medium nuclei, Instead, for heavy nuclei the problem is not solved, as had
firstly heen indicated by Franco and vVarma(28,29) wor large A and B, contrary to prevalent

betief(0), the bigher order térmg begin to dominate (e. g. | X(l)]d 22 £ 123 L L Y, rend-
ering the above expansions useless,

In this chaptér we present a non-perturbative approach to multiple scattering in the nucleus -
nireleus collisions. Some approximations to the Glauber formula (13) are obtained by partially
neglecting the intermediate excitations of the colliding nuclei, This approach originates as a re
sult of reconsidering the assumption of closure which underlies the multiple scattering model.
Closure assumes the energetic degeneracy of the nuclear eigenstates. However, it does include
a possibility of excitations and dé-excitations (linked each to other in such a way that the final
result would be elastic scattering) of the two nuclel during collision, The effect of virtual nuc-
lear excitations will be referred to as the quasi-elastic shadowing(21,30),

The' closure approximation gives rise to ground staté expectation values of multibody ope~
rators which result from summation over all the possible intermediate excitations (see BEqg, (1)).

(x) - There are different ways of presenting the phase-shift expansion related to the manner of
introducing the centre-of-mass constraint(29), We assume here(21,30) that the nuclear ground
states | 05>, 10g> are intrinsic states hence all the expectation values as profiles (see Eq.
(23)), potentials and phase=-shifts inherently contain the effect of translational invariance,

(o) - In pafticular the first order approximation; referred to as fhe optical 1imit(8), turns out
to be inaccurate. This approximation has Been frequently employed to study elastic scatter-
ing(31-33) and fragmentation processes 34)
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It is instructive to show these sums explicitly. As an example let us write two of the third-order
contributions (18) to the profile function (13) as follows:

EENEN

0,08 l Vbts -8 p)7(b¥s, -5, p)V(bFs, ) -5 p5) lOAOIQ =

g

- s 3 0.0 |vy®+s. -5 )|n.n> -
lnA>!nA>|n~B>ln'B>\A BI 1A 1B| A B’> (47 ¢)

./ (bt o _‘a el N t Rt 9.;_"’ 2 l N
\nA“Bl"(b+52A SlB)InAn]B/ <“AnBlﬂb S3a~S1p) | 0407 -

.

S s - Py . ol =4 <
- + - + - =
<OAOBIY(b+SlA sip)V(b+syp -8 ) Y0¥y, S2B)IOA0]B>

= = 3 20,0 |y®+5, 4 -5, 5|00y -
InA> IHA> inB>!“i:3>A B 1 1B l A"B (#74)

. - D s e Y —: »™ ~
<“A“B| 7b+s, - % p)] “A“‘iz><“}x“}'3u AL "213)11 0,057 >

where the summations extend over the complete set of states for the two nuclei.

The complete neglecting of quasi-elastic shadowing (NS) is equivalent to putting |np> = 1 n'V =
=10p> and | ng> = lng> = | 05> in Egs. (47). Generally such a procedure would lead to the follow
ing expression for the nucleus-nucleus profile (13):

A B[ :
NS B > - |
' “m)=1- 3131 klzl l‘1 _(voBI PACEEN skB)quoB{l
(48)

- .3 - AB
= 1-|1-<0,0,] y(b+s1A—:=1B)lOAOB>J .

The expression which is formally identical to Eq. (48) has been obtained by Czyz and Maxi-
mon( in a consideration of so-called optical limit of the multiple scattering., In the present ap-
proach Eq. (48) is obtained by only ignoring the quasi-elastic shadowing, without any agsumptions
about the nuclear ground-state wave functions. Thus the optical limit acquires a new physical

meaning as being essentially equivalent to neglecting intermediate excitations of the nuclei dur-
ing collision,

Since the nuclear ground states { 0,> , | 0g> are intrinsic states the new optical limit (Eq.
(48)) inherently includes the effect of translational invariance(13) which is of crucial irnportance
for light nuclei, This should be contrasted with the usual approach to the optical limit where the
correction arising from the centre-of -mass congtraint is introduced inconsistently, leading to a
divergence at large momentum transfer(8:35) In order to better explain this difference let us
rewrite the basic component of Eq, (48) as follows:

4 R
Y = _1 -ia-b , :‘
\OAOBI rb+s slB)lOA0B> Sk / dqge f(q) B, (AP (a) , (49)

where (DA, $p are the elastic form factors (39) of the two nuclei. In our approach the centre-of-
mass correction enters through the form factors ®p and Pg while in the standard treatment SbA

and (PB are unaffected by the c. m. constraint and an overall correction factor is being applied to
the nucleus-nucleus scattering amplitude. This correction may, however, turn out to be an una-
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dequate oné if one approximates
derivation of the optical limit;

The results for the 4He-%He elastic gcattering presented in Fig, 9

the multiple -scattering series as it is the ¢ase in the standard

(30) clearly show the su-

periority of the new optical limit over the old one, In the present approach the agreement of Eq,

A3 ol A .

10 4He #He elastic scattering

102_ ]
~ 10 L i
N
= : old optical limit
Q; o ..
L s .

E, 10 B " %cro‘oti°°°°°0°°°da°°ooo’
&~ . L} : 5
=2 - complete

107 °\\ mullipie

“‘\9\ 3 “ O\ sccﬂﬂerunq

_o 10 ‘ o ".n' / B
b NG
10 | /no.«,,“ i
1077 new optical limit s,
10“6 q,z (GNZV 2 ) 0.‘

1 L 1 ) 1
0O 02 04 06 08 10 12
FIG, 9 - The differential cross-gection of
4He-4ile elastic stattering in various ver-
sions of the Glauber model, The new (Eq,
(48)) and clal8) optical limit are compared
with the complete multiple scattering calen
lation (Eq. (13)). The parameters are appro
pmate for several GeV incident alphas: ¢ =

- 41mb, @= -0.33, a =10 GeV-2. R,=Ry=
= 1,37 fm,

I‘RP(bj> =1 .

This approximation will be called the "rigid projectile" (RP).

the target nucleus will be denoted RT,

Gop 14 1 [ oy o2, alond] o

(48) with the complete multiple scattering
ig being largely extended, The effect of
quasi-elagtic shadowing shows up only at
large momentum transfers. The gize of the
shadowing might be a meagure of appropria
tenéss of nucleus-<nucléus scattéring as a
tool for obtaining information on nuclear
structure which cannot be available from
electron 9catter1ng( , the latter meéasur
ing only the elasti¢c form factors @A, by .

For large A and B Ey, (48) can be ex~
ponentiated :

NS

I'“v)=1- exp[}AB<0AOB .

| (50)
»o - 1 ;

which exactly coincideg  with the first
order approximation in thé phase-shift ex
pangion (43), It ghould also be siresged
that the optical potential (28) correspond-
ingto this approxiination of the nuclear
profile toincides with the firét order term
int the potential expangion: The Watson op-
tical potential (36) describes thus a static
scattering process§ in which both the projec
tile and the target behave like rigid nuclei
which cannoét be excited.

It ig reasonable to expect that an impro
vement to Eq; (48) could be obtained by al-
lowing for virtual excitationsg in one of the
colliding nuclei; say in the target B, If we
&till ignore the quasi elastic gshadowing in
the project’ileA ivefnpy = fu> =--.

= lOA) we obtain for' the profile func
t10r1

(51)

The an#logous approximation for

Another ivaprovement would be expected from allowing for at least a partial shadowirig in
the projectile A, having still the coniplete shadowing in the target B, The formula 36

B &
QSP e . ‘/{ . B o S :‘s -
o) = 1oy Ik_rgl {.\DA l jl;Il ['1 - Py B3, - L.kB)] | 0A>} |og”

(52)
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may be referred to as the "quasi-soft projectile” (@SP). It corresponds to putting Jr'sx > =1 OA} s
but {np> # 105> in the case of Eq. (47d), and |np> #1np> #10x> inthe instance of Eaq. (47¢).
Here the target riucleons can induce intermediate excitations in the projectile nucleus although

each of them beging and finishes to collide with the projectile in its ground state, Various possi-
bilities of virtial nuclear excitations for double and triple scattering are depicted in Fig. 10,

DOUBLE SCATTERING

n . .
i v e e
P ,
B .u-f'r’ —\\ .c'/r\ P g é PO
soft A rigid A soft A rigid A
soft B soft B rigid 8 rigid 3
(complete shadowing) (no shadowing)
TRIPLE SCATTERING
nlA & & A

AT ya
o AN TN

I Saeh 3O 1
e ./\ ./F\
:f N\ / N SN N
soft A quasi-softA  softA rigid A soft A rigid A
soft B _soft B quasi-softB  soft B rigid B rigid B
(complete shadowing) (no shadowing)

FIG, 10 - Diagramatic description of virtual nuclear excitations for double-
and triple -scattering,.

It is instructive to write Eq. (52) as followg:

QSP ~ / { e
rPe) -1 - \oBI 1|1 Ty - k,kle (53)

The QSP approximation has thus the form of the profile for nucl‘ebn-target nucleus sgcattering
with the nucleon-~projectile nucleus profile PAN to replace the nucleon-micleon profile Yy

Similarly Eq.(51) can be rewritten as:
B - .
RP,. . _ y 1 .(1) > Al
e =1 - Lo T [1- % P B3] * s> (54)

rt being the single-scattering contribution to the profile FAN The RP approximation arises
Y from Eq. (53) by applying the opticdl limit for the projectile nucleus.

Eq. (53) has been used in Refs, (37, 38) where it is called the "rigid projectile approximation",
As it follows from our discussion this name would be more justified for Eqs. (51) and (54) because
the formula (53) does admit the possibility of some virtual excitations of the projectile nucleus,

Both the approximations (51) and (52) are appealing becauge of a relative ease to evaluate
them. The calculations are similar to those for proton-nucleus scattering except that the ele-
mentary profile is now composed of many terms, In Figs. 11 and 12 the quasi-soft and rigid pro
jectile approximations for the 4Hie-4He systems are compared to the no-shadowing formula (48)
and the complete multiple -scattering calculation, This is done both for the Glauber scattering
amplitude (Bq. (9)) and for the scattering amplitude resulting from the optical potential of multi-
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ple scattering (Eq. (28)). It can be seen that by allowing for the quasi-elastic ghadowing in one of
the colliding nuclei the agreement with the cormplete calculation is considerably improved, parti
cularly at large momentum transfer and at small distances. The difference between the approxi
mations of quasi-soft and rigid projectile is, in general, small and it is hard to conclude which
of the two is better.

In Fig. 13 the quasi-soft projectile dpproximation is confronted with the experimental results
for the 4He elastic scattering from various caleium isotopes. The eikonal Glauber model of mul-
tiple scattering with the Coulomb interaction included was used(38), The theoretical calculation
agrees quite well with the experimental data 37) except for the maxima being too high and shifted
+*owards lower momentum transfers.

3

10.1 The size of quasi-elastic shadowing and
10 :._ henee the differences between Eqs, (48,51,
H-2c clastic scattering 52) and the complete multiple -scattering cal
culation, will, in general, depend on the cbr
relation structure of colliding nuclel 2),
The strong correlations among nucleong
esssseess 10 shadowing would increage the chance for virtual exci-
20 AT N quasi -soft 2H 1102 tati : 11idi lei. In the ind
"O '.\\ N qUGS‘-SOﬂ IZC ations in coliliqaing nuc €1, In € 1ndepens~
— FRR compléte shadowing dent -particle model (20) the nuclear corre
R A lations origin from the c, m, constraint
S "..\\ which is mostly important for light nuclei.
=y 2 % Algo the short-range correlations are most
E ¢ ) ) stfective for these nuclei, Therefore, when
~ 101 J 3 '3.‘\ {103 B>A, it should be useful, though numeri-
g 1 \ cally more time - consufning, to applythe
! H approximation of "rigid" or "quasi-soft" hu
) 3 AN pp g u
© 3 H cleus rather to the target than to the lighter
H projectile(30), The example shown in Fig,
3 14 confirms this conjecture.
4 . -4 i
10F ’,\\ E \, 110 In the approximations of the quasi-soft
?:\l'\ .".' \ \\ or rigid projectile as well as in their ana-
;‘.\ v\ A logues for the target nucleus, the colliding
?5'\ K3 \\ ‘\ nuclei are treated on an unequal footing.
’g'\ LR \ This is in coritrast to the symmetry origi-
R ER LR \ nally present in the complete multiple-
10 T 6 WS R E—— S S 10° scattering formula (13), This drawback
0 02 04 06 ) 082 10 , miay, however, be remedied by writing the
q (Gev?) nucleus -nucleus profile down as follows(40).
FIG, 14 - The differential cross-section of ‘ NS
2H-T2C elastic scattering in the Glauber mo pSy™ = p
del, corresponding to various approximations

to the nuclear profile, The no-shadowing, qua + (FRP - FNS) [1 - (I‘RT - FNS)
si-soft projectile and quasi-soft target appro

ximations are compared with the complete -

multiple scattering calculation, The Gaussian
nuclear radii are Ry=2.28fm, R, ,=1.93 fm,

(55)
+ (TRT _ PNS) l_l . (I.RP _ PNS)]
The nucleon parameters are appropriate for

the 650 MeV/n collision: ¢=39.3mb, a = -0.4,
a= 3.4 GeV™2,

+ (PR _ NS, pRT NS,

In Eq. (55) we made use of the probabilistic interpretation of the nuclear profile, The first
term in the right-hand side represents the probability that none of the celliding nuclei is virtual
ly excited, the second term corresponds to a situation when the target becomes excited but the
projectile permanently remains in its ground state, the third term describes the opposite case,

and the last term gives probability of a simultaneous excitation of the two nuclei, Summing up
those four contributions one obtains:
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psye _ pRP | RT NS (P _ NSy

yr® ) s (586)

We wish to point out that the profile of & rigid target RT can be cast in a form which 18 convées
nient for numerical calculations. For large B oné may write:

" A .
TR'I =1- <0A’ 313 { l:l _\ B J Jk Y;’_]_“S,‘]A ” 09]} I OA> =
~ A }§ P S « | ;A .
=1 -<OA|exp L-—B a::1<OB| yjl“b+'sjA-S].B)loB>] IOA> = (57)
I ‘

ot
k

, B A
=1 _’\oAlkaj1 i'_1 - 51 Bly (b+sy -s,lB)lo :“0 >

The second line of Eq, (57) constitutes an exponential approximation to both the firét and third 1i
nes. The second and third lines it Eq. (57) cédh be idéntified as the dominating terthg in the: £6s
called "swarm projectile model" of FHIdt and Hulthage(‘lz). d: (57) indicates then that this mb-=
del is clogely related to the appmmmatmns baged upon the concept of quasi-elastic shadowing;
Indeed, a numerical caleulation{40) shows that for B » 10 the difference between the rigid<target
and the swarm-projectile approximations ig negligible,

The symmetric formula (56) (compare 8lsé Ref. (41)) is the main result of the présehnt appro
ach. The agreement with the complete multiple-scattering caleulation is-quite good except for
very large momerntum transfers where some ghadowing still geems to be migsing - see Figs, 15
arnd 16, [t should be stressed that the profiles occuring in Eq {66) are those of the rigid projecti
le (RP) and of the rigid target (RT). They
must not be replaced with quasi-goft pro- a o e
files since this would lead to a double-co 0 i ' 10
unting of excitations ; the example shown , ZH‘12C elastic’ scattering
in Fig, 16 makes this point clear,

o) shsbined rlgfd fdf‘g&' (l?é )
102_ AN Figid symmeliized dw-z
~ T\ s compléte shadowing
o™~ ..‘
>
o
O
S
ko)
E
oot
3 10
\]
o

FIG, 15 - The differential cross-sec 10
tion of 2H-12C elastic scattering in
the Glauber madel, coriesponding to
various approximations to the nuclear
profile, The rigid target approgima-
tion (Elq. (57)) and the symmetri¢ for-
mula (56) are compared with the com 10
plete multiple «scattering calculation, 0
Same paramieters as in Fig, 14,
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5, - SUMMARY.

We have described two approaches to mul-
tiple scattering in nucleus-nucleus collisions.
The first one has been the eikonal Glauber mo-~
del that is appropriate for high-energy collisions.
The gecond approach, grounded upon the construc
tion of a microscopic optical potential, makes pos
sible to extend the description of multiple scatte- 101
ring towards lower energies,

“HeHe elastic scattering

N e rigid symmetrized
O, - quasr-soft symmetrized -
/ complete shadowing

The main calculational difficulty in both ap
proaches is the evaluation of the nucleus -nucleus
profile function, The profile is expressed interms
of the nuclear densities and fo the nucleon-nuc-
leon scattering amplitudes, Various perturbative ,]OO],
techniques have been presentec, They differ by ;
the quantity which is being expanded according to |
the number of elementary amplitudes : the nucle-
ar profile itself, the optical potential or the eiko i
nal phase -shift. B

Finally, we have discussed a relatively no 10
vel method which is based on the concept of qua-
si-elastic shadowing arising from virtual nuclear
excitations, Useful approximations to the comple
te multiple-scattering calculation have been ob-
tained by partially neglectihg the intermediate ex
citations of the colliding nuclei, B 10
FIG, 16 - The differential cross-section of
e-3He elastic scattering in the Glauber mo
del, corresponding to the nuclear profile, The
symmetric formula (56) with the rigid profi-
les and its analogue with the quasi-soft profi-
les are compared with the complete multiple- ' "
-scattering calculation. Same parameters as 0 02 04 szi ((‘QVE)IB
in Fig. 11. q? (GeVe)
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