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The effects of soft gluon brehmsstrahlung on the k_ distributions of u pairs
produced in hadron—-hadron collisions are studied using the Block-Nordsiek method.
At moderate energies we obtain a good fit to present experimental data by adjusting
the values. of two phenomenological parameters. At quite large energies the predictions
are independent of specific values assigned to the parameters and the whole p, dis-
tribution, including p, =0, turns out to be computable.

1. Introduction

= Much work has recently been devoted to the study in the framework of QCD of
transverse momenta distributions in processes which involve a highly virtual photon
of.mass Q. In particular, the transverse momenta distributions of muon pairs
produced in hadron-hadron collisions have been computed perturbatively for large
values of k., i.e., in the region k, =0O(Q) [1, 2]. In the region where kr<Q
perturbation theory breaks down and one must use explicit resummation formulae.
This task has been accomplished by Dokshitzer, D’Yakonov and Troyan (DDT) 3]
who gave an expression valid in the double logarithmic (bilogarithmic) approxima-
tion. It is well-known in QED [4] that double logarithms can be simply resummed
by using a Block-Nordsiek [5] approach in order to control the emission soft pho-
tons; we propose to apply this technique to soft gluons for sufficiently small values
-of k, where, as we shall see, the leading bilogarithmic approximation breaks
down**. ‘

In this paper we concentrate our attention on the k., distribution of u pairs of
mass Q produced in hadron-hadron collisions. We will argue that for large values
of the total c.m. energy S, the whole k_ distribution, including k. =0, is comput-
able from first principles. At first sight this result is surprising: one is inclined to

* On leave of absence from the I;tituto di Fisica dell’Universita, Roma, Italy.
** In QCD this approach has been followed in ref. [6].
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believe that at k, =0 one feels the effects of the original k, distribution of partons
inside the hadrons However, the probability of having a parton-antiparton anni-
hilation in u*u~ with no emission of gluons having transverse momenta greater
than a fixed value decreases asymptotically faster than any power of Q. Events at
k. =0 may be obtained asymptotically only by the emission of at least two gluons
whose transverse momenta are not small and add to zero. This process is clearly
computable and the effects of original &, distribution of partons inside the hadrons
are washed out.

The plan of the paper is the following: in sect. 2 we present the method in the
case of QED, we discuss the main features of &, distributions and we compare
them with the DDT formula. In sect: 3 we try to extend the results to QCD and we
discuss which are the main effects of a running coupling constant: asymptotic
analytic expressions for the k, distributions are presented in the appendix. In sect.
4 we compare our result with existing data, we give predictions for the mass range
of the weak neutral bosons and we make some concluding remarks.

2. Summing soft photons

Let us consider the process e ™ u "~ +ny via one- photon exchange and let
us compute the &, distribution of the w pair due to the emlssmn of photons from
the e¥e” pa1r We denote by s the mass squared of the e”e” system and by Q that
of the u ™ system. We consider the & . distribution in the region s(1-8)<Q*<
s, & being a not too small but fixed number. The cross section is given by [7]

In(s/k% )+0(1))] ’ 2.1

d‘}(‘f =aus)] 8k2)+ & o

where oo(s) is the total cross Section for the process e e ™ w”u”. If we include
the exfects of virtal photon emissions we find for the k&, inclusive cross section

e

k2
a'o(s)z k_L = J’ d
1]

4
= — -5 : 2.2
""(s)[l 27( 5 +O<]" kl))] @2
Neglecting simple logarithms and differentiating eq. (2.2), we find for small &,
do 1n<s/ki)) ] | |
—— + .
dki 0'0(5)[ (k.l.) ”( k.L . (2.3)
=0o(s)[8(k2)+av(kL)],

where the cross section is a distribution [2] (it makes sense only after a smoothing
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in k) and the plus sign is defined by

) s

J‘ dkI[H (k)]s f(k L) = I dk H(k[f(kL)~£(0)]. (2.4)

0 0

With this definition, integrating eq. (2.3) we get back eq. (2.2). The sign plus takes
care as usual of virtual photon exchange.

We want to find an expression for 3(k3) (or dg/dk?), which is valid in the
region (a/m) In*(s/k2 )~ O(1). It is clear that the double logarithms arise from the
emission of photons having momenta much smaller than Q. In this soft region the
cross section for the productxon of n photons factorizes into independent dis-
tributions [5] ~

1 - " :
—do="=dk} - dkTp(kL) (kD) 2.5)
ag n!
where »(k,) is the probability distribution for one photon. If we call p, the sum of
transverse momenta of all emitted photons, i.e., the transverse momentum of the

recoiling  pair, we find by a repeated use of the convolution theorem the eikonal
result [§]

1 do d(r 1 2 ~ib-p, ~
a'odp_L e J‘dbe &(b),
o(b)=explas(h)], _ ) 7(2.6)

5(b) 1 J &Pk, e Pk, .
w

In-the large b region
5(b)c —a In*(1+5%). . 2.7)

The learned reader may be surprised by the fact that we speak of independent
photon emissions; it is known that the damping in the virtual mass of the electron
implies in the single leading log approximation an ordering in the photon emission.
However, this is not the case for inclusive soft photon emission. The matrix ele-
ment for the soft bremsstrahlung from a charged fermion is proportional to

a(p - €/p - k), where € is the photon polarization, p is the particle’s momentum and °
*k is that of the photon, and a the fine structure constant, The matrix element for n
photon emissions in the soft limit is

nD €1 D€ . P €n
ki plkitks)-p (ki+ky+k,)-p

+(n!—1) permutations

nP 511762 an
ki pkep kep’

(2.8)
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i.e., it factorizes in the product of independent matrix elements. We have neglected
in eq. (2.8) terms proportional to k:k; in respect to p - &;, p - k;: this is true only in
the soft region, where the electron energy is much greater than that of the pho-
tons*.

If we do the Fourier transform in eq. (2.7) in the leading bilogarithmic approx-
imation, we find

o §
See(pl)= exp[ 5 In’ —z—] , 2.9)

ar Dy
1 do 1 a, s s’
— —=—5 —In—ex [———*ln - 1. 2.10)
godpl piw pi Pl 27 pi- ‘ (

The result is slightly different from that of DDT in the same approximation
2
a2 _
EDDT(pi)={J dz CXP[— : zlnz“%‘]} s (2.11)
27z Pl

1

although it coincides with it at the first non-trivial order in a. We are not able to
pin down the origin of the discrepancy. We feel that DDT have strongly used the
ordering in k,’s of emitted photons, which breaks down in the soft region: this
difference may be crucial. Note however, that both expressions have the same
qualitative dependence on p,. Eq. (2.10) is not a very accurate expression for the
Fourier transform in the region where p, is small: it predicts that the differential
cross section at fixed p goes to zero faster than any power of 5; in particular, one
obtains do/dp] |,2-0=0.

If we relax the leading bilog approximation for the Fourier transform of eq.
(2.7) we find that, for small p, and when s/m.=e"*** (m. being the electron
mass) -

P A J 2 [ @, 2 2
— o | db ——In"(1+ ] o
p dpﬂpﬁo exp - n(1+56%s)

0

IJ’ 1 g

== | drexp[t—at’]~=exp-—. '

S xp [~ at”] S exp ia (2.12)
[

As one can see also for small p, the relevant region for the Fourier transform is
the small b region. The physical interpretation is clear: S...(p2) plays the role of an
elastic form factor similar to that of a virtual electron of mass p> and it gives the

* This approximation is known to give correct results for QED form factors to double log
accuracy {4].
** This condition, when applied to QCD, does not imply fantastically high energies as in
QED.
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probability of muon pair production without emission of photons having k, greater
than p,. This probability decreases faster than any power of s and at small p, the
leading contribution is given by multiple photon emission corresponding to small 5.
The formulation in impact space automatically takes care of this kind of effect.
The general prescription that one obtains is the following: derive the results in the
leading bilog approximation in impact space and do the Fourier transform to
momenturn space only at the end. This procedure allows the computation of p,
distributions also at p, =0. ’

Let us apply this approch to the full DDT formula for the process A+B -
up” +anything, wheré A and B are particles made of electrons and positrons. We
denote by‘eA(x, Q%) the effective Q> dependent distribution of electrons (positrons)
in the colliding particles (x is the fraction of momentum) and by y the c.m. rapidity
of the & pair. DDT found in the region where p, «Q

r}

d
(%, Q% 5)= j o

. 2
dk> dQ dy e

y=0

<

= Clea(r, p3)és(x, p3)+(AB)F(p3/Q%), (2.13)
2

=L e

2
8ma’r

C—‘é—é‘@r',

where the form factor F is given by

\Q* 2m
If we define the cross section in impact space, we obtain in the region QO » 1
- d 1 i -
(%, Q% )= [ e 6,02, 9), (2.15)
dpi_ 47T ’ v
(b, Q°, 5)= Céalx, b7)énlx, b%)+ (A B)IF(Q%),

where

. /1
éalx, b7)= eAl\x, -27—2)* ,

2 2
F(f'i) =1y T +0l). (2.14)
4

F(O*?) =1 —% n2(1+ Q%] =1—-aA().

The expression we propose is

G(b, Q%, 5)="Cléalx, b*)én(x, b*)+(A <B)IG(Qb), (2.16)

* This definition follows from simple dimensional analysis: to double log accuracy, this is a
sensible choice for the singly logarithmic dependence of electron distribution functions.
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where G(szz)sexp—-aA(b), which is valid in the region 1/ Q’<h’< 1/m2, m.
being the typical mass scale. At distances b >1/m, the dependence of éa(x, %)
on b is connected to the details of the target: however, if Q* is large enough,
exp (-« A(Q/m,)) is a very small number and this region is never relevant for the
Fourier transform of eq. (2.12).

3. Summing soft gluons

In this section we propose to apply our summation to QCD. In this case, we
cannot directly use eq. (2.16) because of the sizeable dependence of strong coupling
constant on Q® which might modify the exponentiation of double logs. The
simplest suggestion would be to use independent gluon emissions with a probability
proportional to a (k2 )

1 2 2.2
4
L __d¢72 P "—*——————a(kulngo /k—i)+'0[a'2(ki)], 3.1)
Jgo dk_l_ k220 3>7T k_L

where a(k?)= 127/25 In (k3 /A?) with four active flavours.
The leading log result for the form factor F(Q?%/p?) of eq. (2.13) is then
obtained by exponentiating the first order as in the case of QED
., Q2
2

F(pQ-T) = exp[ _ [ Lde? dki] . 3.2)

2 oo k2

54

This result may be questioned for being too naive. A more learned approach would
be to study the form factor F(Q?/p?) with the same resummation techniques used
to find the Soudakov form factor in QCD. In this case a renormalization group
equation has been derived by De Rafael, Coquereaux and Korthals-Altes [9],
which a2llows op= to control the resummation of double logs: Using their formalism,
which amosnts o the introduction of Q? dependent anomalous dimensions, we find
2 2 16, Q* In(Q*/A% 16 Q7

F@ "’*)‘exp{ B ARG T 2 } '
Egs. (3.2) and (3.3) coincide and the naive approach seems to be justified, although
a more careful investigation of this point would be needed. The corresponding
exponentiation in impact parameter space reads

F(Q% by=exp A(),
4a(k?)In (Q%/k3)
37rki

2 2 2
=1J‘ dszLiM——/—k—ll{exp (b k)-1].
T 377' k‘L

(3.3)

ae)=—| | ] expis -k,
T +
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Some care must be used in order to define the integral in eq. (3.4) as far as the
coupling constant has a singularity at k> = A% It is useful to perform the split

02
1 . S,
Mb)=5 | akE wlh) [ dofexp (. B)-1]
M2
M2 :
#oo [ ko [ delexp . 5)-11, (5.5)

0

where M % is a typical mass of order A which acts as an infrared cutoff and

ln((? /kL)

.L

AhF“ﬂM)

Whilst the first integral is well-defined, the second is not because the perturbative
expression for »(k ) cannot be safely used. However, if we assume that the
complete 1heory will not show up a physical singularity in the mass region from
zero up to M?, the contribution of the second integral is proportional to 5°M? and
is negligible in the small » region which is, as we will see, the only relevant
integration region.

We finally obtain the approximated expression for #(Q?, 52) in the region
1/Q« b« 1/A at leading log level in & space

i {16/25)1(Q2/A2)
n(1/6%A )] . (3.6)

In(Q%/A%)
Tlie final expression for the p, distribution relative to the process A+B -

w” u” +anything at zero rapidity in the c.m. frame is (the generalization.for arbi-
trary rapidity is trivial):

Fbs, @) =[ 2o

-1 .
STa0T) =] b6, 0.9),

&b, Q,5) =-§-c{§ e?‘q:-“(x, ;—2)4?(:@ 51—2-) + (AeB)}F’(QZ, b%), (3.7)

and Jo(Z) is the Bessel function of first kind. The general notation is the same as in
eq. (2.16): ¢; are the quark electric charges and g their effective distribution
functions. This equation breaks down at b ~1/A where the effects of hadronic size
get important and the effective quark distribution cannot anymore be computed.
Summarizing, we can distinguish three regions: in the first, 0<b<1/Q, lowest-
order perturbation theory can be used; in the second, 1/Q <bh<1/A, resummed
perturbation theory can be used and in the third 5= 1/A one is sensitive to the
non-pe_rtu:rbative structure of the hadron. However, for b= 1/A, the b integral is
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already depressed by a form factor which goes asymptotically as*
A2 (16/25)InIn(Q2/A2)
(2
It tends to zero faster than any power of Q2 implying that the cross section is
dominated by the first two regions.

4. Comparison with experimental data

Let us apply the formulae derived in sect. 3 to muon pair production in p-matter
collisions. We will use slightly simpler formulae: at leading bilogarithmic approxi-
mation neglect the b dependence of quark densities. We express the lowest-order
perturbative cross section as

do

FERTT =oo[8(k?)+a(k?)w(k?)], 4.1)

y=0

where »(k_) can be computed using the formulae in ref. [2]and

do
dQ dy y=0

In the leading log approximation in the k 1 'Space one would find

Op=

do -
m y=0=0'0 5 exp( [ dpLa p_L)V(pL)) 4.2)
K

We exponentiate in b space and using the arguments developed in previous sections
we obtain

-

AN N U G
o BT d@éﬁi?‘,&_%rjd be a(b),
o(b)=[exp AB)]p(5), s

where
A(b)=% [ e nateva),

and p(b) is a smearing function which has a characteristic scale of the order of the
hadronic size. It reproduces phenomenologically the effects of an intrinsic trans-
verse momentum distribution of partons.

* We assume that the neglected terms coming from the integration region from 0.to M2 do
not have such a singular dependence to compensate the damping of the perturbative part of
the form factor.
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The exponentiation of the complete lowest-order result is correct at leading
bilog approximation and presents the advantage of being automatically in
agreement with the lowest-order calculation when k= 0(Q).

In order to calculate A(b) in eq. (4.3) we have to regularize the pole of a(k2).
The choice of the regularization prescription does not influence the asymptotic
predictions: its effects are in fact relevant only for large & where, however, the
integrals are damped by the form factor in impact space F(Q2, b,) in eq. (3.7).

In fig. 1, we plot the quantity A(b) as a function of b expressed in Fermi for
5=7.5%10% and Q> ~7500 GeV>. Notice that at b=0.2 Fermi, i.e., at a distance
still small compared to hadronic size, the form factor damps the & integral by a
factor 50." R

Our procedure is the following: at moderate energies we will show that experi-
mental data can be fitted with a reasonable choice of the regularization procedure
and of the function p(b): indeed, the results depend on this choice. At high energy
the results are practically independent of the values of phenomenological
parameters.

We use the following explicit procedure: we replace a(k2) with a[k>+M?]; if
M?*>A? the pole is not in the physical region. Notice that in the large p, region

, 127\ 25a(k2) M>
T+M%) — : [1‘ (_ ) 2 _]
a(k} )kr;—;a(kl) N\ T 25ak2)) T12e AZL

which obviously does not modify the perturbative result.

{a (b}
T
3

| | [ ]
[¢] 0.2 0.4 0.6 [¢3:}

b (Fermi)

Fig. 1. The absolute value of A(b) (see text) for s =7.5%10° GeV? and Q*=17500 '_Gc:V2 asa
function of b.
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A simple choice for the function p(b) is

p(b)=exp (-f-;‘) ,

corresponding to a transverse momentum distribution
2
exp (_pJ.A) ’

and to an average value { pi)mmm,c 1/A.

A good fit to the data is obtained with dlffex ent choices of A and M>; in ﬁg 2
we show a fit to experlmental data usmg M?=1.25GeV* and A=2.5GeV 2 cor-
responding to (p l)mmns,c—O 4 GeV>. In the same ﬁgure the dashed line cor-
responds to the choice A =oo({p L),,,,,ms,c =() and M = 1,75, which, in the Small
p. region, differs from the data by a factor 2. This shows that at present energies,
the low p, distribution is sensitive to the choice of parameters. Notice that by

T

10°

A

-

10?

10 % em? Gev?

.
T T

‘o
dp’ |y=0

T

ﬁ&!

10’

T 1 1117

10° L
0

p, (GeV)

Fig. 2. Theoretical predlctmns are compared with the experimental data of ref. [10] at s =
750 GeV? and Q% =56 GeV?. We report the results obtained with two different choices of
parameters {p L)mm"s‘c and M: (j) first choice: {p L),m,ms,c— 400 MeV?, M =1.25 Gve:V2 (Eu]ll
ling) (ii) second choice: (p 2 Y intsincic =0, M = 1.75 GeV?> (dashed line).
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taking into account the k3 dependence of a we obtain a sizeable decrease of the
intrinsic { pi)mm,,sic needed to fit the data. The main difference with respect to ref.
[2] is the replacement of a(Q?%) with a(k?); as far as k2 is O(Q?) the two results
asymptotically coincide but large differences are possible in the low Q? region.

In fig. 3 we present the shape of the &, distributions in arbitrary units for quite
large energies: s =7.5x10° and Q*=7500 GeV>. On the top of the figure we
report the ratio R of predictions made with the two sets of parameters ({A =
2.5GeV™%, M?=1.25 GeV?} and {A =0, M*=1.75 GeV?}) which gave at
moderate energies large differences in the low p, region. At high energies the
difference between the predictions obtained with the two sets of parameters is
reduced to about 10% at p, = 0.3 GeV showing the independence of the resuit of the

10+ .

1054~ \
1

095}~
090

AN,

10" = "“‘“\

Q 10

102

10'-

0 H i |
1
0 s3] 1 10 100
p, (GeV)

Fig. 3. The p, distribution in arbitrary units for s =7.5x 10° GeV? and Q*=7500 GeV?,
using the first choice of parameters.of fig. 2. On top we show the ratio between the predic-
tions obtained with the second choice and the first choice of parameters.
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particular values assigned to parameters. In fig. 4 we report the same quantities as
in fig. 2 for s =7.5%10° and Q%= 120. The general feature is that the peak at

p. =0 flattens when Q7 increases according to the increase of (p% ) with Q2 at s
fixed in this region of Q?/s [1].

The, calculation we have presented is based on the conjecture with the soft limit
of QCD can be treated in a full analogy with that of QED with the minor technical
change of « into a(k,). The possibility for gluons to emit gluons may affect the
independent bremsstrahlung picture of the Block-Nordsieck method, The existing
results on elastic form factors in QCD however seems to confirm our simple guess,
but further investigations of this point are definitely quite important. The approach
we have discussed can be applied to any hard process which is damped in the

R
10°
104+
[=)
I
>
g 107 -
5|2
Clg
s
10~
10' -
10° ! ! ! | 1 i
01 05 1 5 10 50 100
p, (Gev)

Fig. 4. We plot the same quantities as in fig. 3 for s =7.5x10° GeV? and Q*=120GeV>,
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double logarithmic approximation, as it is the-case for transverse momenta.dis-
tributions. Owing to the damping, small p, distributions are obtained asymptotic-
ally as a compensating sequence of semi-hard processes and turn out to be
computable by means of suitable resummation methods.

We thank M. Greco and Y. Srivastava for interesting discussions.

Appendix
We want to present some analytic expressions for the asymptotic behaviour of
p. distributions in the p, ~0 region. "
We write down the cross section as follows:
o) _ (9‘_{) + [i(ﬂ?_)] 2
dpi ‘P_L"'O dp-zL p:=0 dpi dpi PL=0pJ-
=aoRo{l~Ripi}, (A1)
where
do do . ,
(i), )] ot
o dp}L p1=0 dPi b

d /doy /( do
e8], /),
U Ldpi \dpl/ o/ \dpi/, -0

Using eq. (3.3) we find, in the asymptotic region

1/A2
' ln (1/b2A2) In(Q2/A2), 16/25
o [ afion [
o(Q) Q) T
/Q?
1 .
1
“—'57 [ dzexp {T[1+A)z+AIn(1-2)]},
¢
T=Iln(Q*/AY, A=16/25. (A2)
We evaluate the integral with the saddle point method and we find for large Q*
A2\ 1
Ro(Qz)‘:—(ai) ,  mo=Aln {1+;‘—] ~0.6.

In a similar way we find

) AZ [n,-m0] )
Ri(Q )==(5§') , m==Aln[1+Z]=().,91.
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One therefore obtains that the peak at p, =0 flattens with a width proportional
to (02/A2)0.31. .
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