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ABSTRACT

In the framework of the new version of the replica theory, we
compute a sequence of approximated solutions to the Sherring’ton-KirE
patrick model of spin glasses,

It has béen recently shown that in the replica approach to spin
glasses (Edwards and Anderson 1975), if the replica symmetry is bro
ken (de Almeida and Thouless 19"78', Pytte and Rudnik 1979), as hap-
pens in the spin glass phase at low magnetic field, the local order pa
rameter is a function q(x) defined on the interval 0-1 (Parisi, 1979 c,
d). If the replica symmetry is unbroken, the function q(x) is a constant.

The 5-K model for spin glasses (Sherrington and Kirkpatrick
1975) is supposed to be soluble in the mean field approximation (the
range of the interaction is infinite) and it is a good testing ground for
this approach,

We derive here a convergent sequence of approximations to the
free energy of the S-K model; excellent agreement is obtained with the
computer simulations of Sherrington and Kirkpatrick 1978. The zero
temperature entropy is consistent with zero, while the zero tempera-

ture internal energy is estimated to be:
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(o) = - 0.7633 F 1074

(1)
The computer simulations give U() = -0,76 %t 10-2,

As in the conventional approach, one uses the replica trick to
integrate over the random spin couplings; in the saddle point approxi
mation (which becomes exact in the thermodynamical limit) one finds

that the free energy density Fy given by

Fp = Tmax Fr [] ; g =1/T , (2)
FT(Q) = wt— + 1im 2 aEbB Q - In|Tr exp( 2 B Qa b >, b)l
n->»0

where Tr stands for the sum over all the 2" pOSsiblé values of the
n Ising spin variables Sa and the maximum is taken over all the pos-
sible nxn matrices @, h being the external magnetic field. After
that the limit n-+»0 is taken, Q is a 0x 0 matrix, which is defined
as analytic continuation from intéger n. The replica symmetry is
broken, i.e., the matrix Q, which maximize FT(Q), has a non trivial
dependence on the indeces. There is a very large number of ways in
which this dependence may be realized (Blandin 1978, Bray and Mo
ore 1978, Blandin, Gabay and Garel 1979), the space of 0x 0 matri-
ces being in reality an infinite dimensional space, It was realized by
Parisi 1979 ¢, that this space contains a subspace S, which is iso-
morfic to the space of continuous functions on the interval 0-1. A
matrix Q belonging to S can be represented by a function q(x)., It has
been suggested that the maximum of FT(Q) belongs to S, and in this
note we will restrict in S the search of the maximum,

The evaluation of (2) for a generical function q(x) is not evi-
dent, however by extending the results of Parisi 19794, ¢,d one finds

that :

()

--"B E+/ -2q(l) | -£(0, h), (3)



where the function f(x, h) satisfies the following non-linear differen

tial equation:

o, f"
of 1 dq I o“f of .2
— T e o—— e i
9x 2 dx |52 X(ah)] )
with the boundary conditon :
£(1,h) = In|2 c:h(ﬂh)] , (5)

Eqgs. (3-5) are correct as they stands only if q(0) = 0, if a(0) #
#0 the correct expression can be obtained by continuity arguments,
It is easy to show that the internal energy and the susceptibility are

given by:

1 , 1 _ |
U= - g / [‘1 - q‘z(x)] dx , X = B/ Ll - q(x)] dx . (6)
0 0

The identification of the physical order parameter ( qph =
= {<Lo) 2> ) is not easy in this framework ; it has been suggested
that :

L~ q(1) . (1)

Analytic results can be obtained near the critical temperatu-
re (T, =1) outside from the critical region approximated numerical
techniques must be used: however without doing any numerical calcu

lation, one can argue (Parisi 1979 d) that for small magnetic field:

a0) = v¥3 . x- 1o . T<1 . (8)

The singular behaviour of X is a signal for the existence of
long range correlations in the spin glass phase, the independence
from T of the zero field susceptibility for T <1 is a remarkable
prediction of this approach, which unfortunately is in variance with
the existing computer simulations.

To simplify the calculations, we have avoided the task to solve



directly the eqgs. (4-5), we have approximated the function q(x) with a

piecewise constant function (Parisi 1979b, c):

q(x) = 9 if Xy <X <X i=0,...,k (9)
O E Xos }(1.\ ...... “& X}k‘s\ Xk_l_l = 1

In the limit k~» oo one obtains exact results. The advantage of this ap
proximation is that f(0, h) can be written in a closed form, e, g. for

k=3, we have:

f(0,h) = T 1n{T_ {T_ S&T- o
q‘O

Using the well known Green function of the heat equation, f(0, h) can
be written as a (K+1)-folded integral., If K=0 we recover the results
of unbroken replica symmetry, The case K=1 hag been discussed in
details in Parisi 1979 a, ¢; in this note we will concenirate our atten-
tion on the case K=2,

From the exact solution of the problem near the critical tem-
perature, we know that, if F(q) is maximized with respect to both oh
and X, the error for F decrease like (2K + 1)"4, while the errors
for q(1) and X decrease slowly, i.e. as (2K +'1)‘2: in variational
methods the energy is known with much greater precison than the wa
ve function.

In Table I we show the calculated zero temperatures parame-
ters. As expected the convergence with K is rather fast. The negati
ve entropy increases with K and it is quite likely that S(0) = 0 for

K =o0. The problem of negative zero temperature entropy, which pla



gues the conventional approach to spin glasses, is absent here ;this

result strongly suggests that the maximum of F(Q) really belongs
to S,

TABLE 1

We show the zero temperature entropy, the internal
energy and susceptibility for K= 0, 1, 2.

K S(0) U(0) 2(0)
0 - 0.18 - 0,798 0. 80
1 - 0,01 - 0.7652 0. 95
5 | -0.004 - 0.7636 0.98

"~ When T -#0, the ‘qi*have a finite limit while the X; are-pro-
portional to T. In Fig. 1 we show the function q(x) in the approxima

tiong K=1,2 for T=0.3,
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FIG, 1 - The dashed line and the full line are the functions

The full curve is an educated guess for the true function q(x).



According to Thouless, Anderson and Palmer 1977, in the low

temperature region we have:

2
S(T) = g1 , qph(T) -1-aT? | B = -‘%- =In2 . (11)

In order to test the correctnes of eq. (10), we have plotted in

Figs., 2 and 3 the functions:

s(T) = ST)/T,  o(1) = [1-q (m)]/[7%(2-7]] . (12)

The approximation of keeping q(x) piecewise constant worsens
by decreasing T, and the division by T2 enhance the errors in our ap
proximation (the difference between q(1) for K=1 and K=2 is always
less 0.015), so that we cannot expect that for finite K the functions S
and r have-a finite limit for T -0, In"fhe intermediate T 1?e;gioxl our
results are in qualitative agreement with eq, (10), although we are una
ble to extract the values of a and §.

The method presented here enables us to compute thermodyna
mic properties of the S-K model with arbitrary precision (it would be
quite interesting to understand if and how analytic calculation can be
done near T =0). It is rather annoying that the magnetic susceptibili
ty does not agree with the computer simulations of Sherrington -Kirk
patrick; the origine of this discrepancy is unclearf although it is qui
te possible that, if the approach to the equilibrium is rather slow, com
puter simulations may give a wrong result for the susceptibility., This
issue may be vlaryfied by calculating, via computier simulations, the

magnetization as function of the magnetic field.
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in the approximations K =0, 1 and 2, respectively. The arrow
is zero temperature prediction of Thouless et al. 1877,
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_F_‘_E(_}r___”?i - The three curves are from above the functions r(T)
in the approximations K=0, 1 and 2, respectively. The ar-
row is the zero temperature prediction of Thouless et al.
1977,
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