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ABSTRACT.

The Q2s—-dependence of the nucleon structure function F3 is
analyzed using an approach inspired by the Bloch-Nordsieck theorem
in the context of QCD. Detailed comparison with the Altarelli-Parisi
(AP) equations, which give identical results to the renormalization
group, is made. Moments are obtained and compared successfully
with the existing data. A regularization scheme is proposed which
avoids singular distributions. In the appropriate limit, it reduces to
the AP result,

B
1

Lyman Lab. of Physics, Harvard Univ,, Cambridge, Mass. 02138
- Sponsored by Program No, 3 of Cooperation between United States
and Spain. Partially supported by the National Science Foundation,
under Grant No, PHY 77-22864.
- On leave of absence from Departamento de Fisica Téorica, Uni-
versidad de Madrid,
(+) - Physics Department, Northeastern Univ. , Boston, Mass. 02115,
- Work supported in part by the National Science Foundation,
Washington, D, C., under Grant No, PHY 78- 21532,
(o) - Permanent address: Physics Department, Northeastern Univ. ,
Boston, Mass, 02115,



1. - INTRODUCTION.

In this paper we present an application to QCD of an approach
inspired by the classic Bloch-Nordsieck (BN) theorem to obtain the
Q2 ~dependence of the moments of the non-singlet quark distributions.
The underlying physical picture is as follows. The observed x-distri-
bution is supposed to be a folding of the "primitive" (scaling) probabi
lity of finding a quark in the hadron with the soft and collinear-hard
gluon x-distribution given by the BN theorem. In ESectioriln%C:ﬁJea show that
for the moments < x> , the above implies a factorization)2 terms: one
part depends upon the primitive distribution, and it is thus not known (a

priori), but is independent of Qz, and the other one is a calculable QCD

distribution which gives the relevant Qz dependence, This happy cir-
cumstance obtains only for non-singlet quark -distributions and offers
thus the possibility of a clean test of this approach, through a compari
son with the moments of the (nucleon) structure function Fg.
Previously, moments of structure functions have been analyzed
in detail by the renormalization groﬂp(l: 2)(RG) or equivalently through
the Altarelli-Parisi (AP) equations(s). These equations also provide a
summation, albeit a different one from the one presented here, of the
gluon distribution. The essential physical difference between the two
may be summarized in the following way. Standard perturbation theory
begins with a free quark at x=1, i.e. a 8(1-x) distribution, supple-
mented (to first order in a) by the soft-gluon spectrum proporticnal to
(a/x) for x —»0. AP regularize this spectrum by defining a distribution
(1/x)+ such that, upto this order, the quark spectrum is correctly pre
scribed. Their evolution equations then provide the vehicle for compu-
ting the (logarithmic) scaling violations in Qz. Our approach (a la BN)
on the other hand has, a priori, no IR diiver;gtarxce(4). The correspond -
ing soft-gluon distribution, for x -»0, is proportional to (a/x]-‘ﬁ),
where B itself is of order a, and this automatically provides an inte-
grable spectrum. Thus, if one asks the question, say in QED, as to the

probability of finding an electron without any associated photons, the BN
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approach immediately gives the null answer, whereas for every order
in perturbation theory, the corresponding result is infinite (and it is on
ly the final sum which gives the correct answer, zero). The point is
that for any finite a, however small but not zero, there is never a "free"
electron, i.e.there is strictly speaking, no 6(1-x)term, Infact, in
Section 4, we modify the kernel of the AP equations using the B-method
and show that there are no singular distributions whatsoever and that to
first order our results match precisely with those given by the AP (or
RG) equations, as they should. These may be useful for Monte Carlo si
mulations of the quark and gluon evolutions, especially in the context of
jets, for which clearly a procedure avoiding any singular distributions
is required.

Section 2 defines the problem and sets up the algorithm for the
separation of the Q2 dependence of the moments. In Section 3 we deve-
lop our approach and obtain the formula for the moments. A comparison
with RP (AG) moments is also made. In Section 4 we show the modifica
tion of the AP equations using the f-method. Section 5 deals with the
phenomenological application of the moments derived in Section 3 to
analyze the experimental » (v) data on F3(5). The paper closes with

some brief concluding remarks.

2. - SEPARATION OF PRIMITIVE AND RUNNING MOMENTS.

Let us assume that the probability of finding a quark inside a
hadron is given by the (primitive) distribution (dP,/dX) where X is
the fraction of hadronic energy (or longitudinal momentum) carried by
the said quark. Now, this quarks can emit and absorb gluons and will
find itself at the end with the fractional energy x. The probability of
losing a certain fraction of energy, call it dP[Adx/X), is to be calcu-
lated using the BN approach in QCD. Since the two steps are assumed
independent, it is easy to see that the observed x-distribution is given

by the equation



1 e
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Defining,the moments

1
Ny = dx n dP
T joxx<dx>, (2)

eq. (2) lets us obtain the factorized form
<XI‘1> - <X1’1> ('}‘(L’l> , (3)

where, in an obvious notation, £ X1 denotes the moment of the primi
tive distribution P, and {%X%» the corresponding moment of ‘5
(dP/dy) is properly normalized to a Dirac d-fn. 6(1-y) when the
QCD coupling constant a =0, to obtain the primitive scaling distribu-
tion (dP,/dy) in this limit. Since & X%>, by definition, have no Q2-
-dependence, all the observed Q2 variation is contained in the running
moments £ X1 for which we obtain explicit expressions in the next
Section. From now on, we shall drop the bars over X0 and call
them simply < x%>, _

From what has been said earlier it should be clear that the
above is true only for non-singlet quark distributions. For the general
case, both quark and gluon distributions enter and we have a system
of matrix equations from which the primitive moments do not drop out.
It is for this reason that the analysis, say of‘ Fz, is more model de-
pendent since the primitive distributions need to be specified. In this

work, we shall not deal with this problem,

3. - BN MOMENTS.
In QED, the Bloch-Nordsieck theorem and the overall energy-
-momentum conservation leads to the following soft-photon formula for

the energy dist ribution(6)
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is the single-photon spectrum written in terms of the classical current
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Defining, the fraction x= @w/E, a standard calculation yieI'ds(6)

dP, _B-1
L : (x & 1) (8)
y 8 re)

where Y= eC = 1,781 is Euler's constant,

1f we include the hard-photon correction, i.e. replace 1/k by

2
+:{(1 = N
! (12kk/ E) as given by the Weizacker-Williams approximation, then

for large E, eq.(5) may be replaced by

E 2

- dk k k 3

h(E,t) ¥ h(E, 0+ [ S (-2 +22)-nE,1 -2

Jo ¥ TE T g2 4
Thus, eq.(8) is modified to read
3

dB b g-1

Y e X
ol . (9)
X
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The corresponding electron spectrum would be given by
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The nth-moment of this distribution is
3
1 dP 4
n - n-1 e . e (n)
x> F f dx x (=) = o (11)
0 dx .),13 I'n+8)

The above argument ignores the production of e e~ pairs and
is thus particularly suitable for (e -€) or "non-singlet"-distributions
in general for which it (i. e. pair production) cancels out.

In QCD, in the leading logarithm approximation, IR divergen

ces have been shown to cancel for color fsing;letfs(r'?’ 8)

. In this approxi
mation, the non-abelian nature of QCD manifest itself essentially in re
placing the coupling constant by the running coupling constant - other-
wise, the results are practically unchanged, apart from obvious group
theory factors. Thus, eq.(11) should remain valid for non-singlet quark
distributions as well, We shall épecify B for this case shortly.

Let us compare the above expression (eq. (11)) to those obtained
through the renormalization group or equivalently, the Altarelli-Parisi
equations for the moments of the non-singlet quark structure functions,

for large t (= 1nQ2/42):

s
Min,t) o Zab (12)
M(‘n: ) :
where
1 n .,
NS n-1 [: 11 1
= = - — Y ———— i
A jo dx x" TR (%) = Co(R) |- 5+ oy - 2 jgz‘li_ . (13)
2 ) ]
NC— 1 11NC—2Nf
Cy(R) = —2—1‘\-'[::— and b = (—-——-—i-z——a;c-w———) for SU(N,) color and N; = num

ber of flavors.



For large n, eds.(11) and (12) lead to the same n dependence,
provided we identify
C,(R)

B~ --—J‘[——-—b Int . (14)

This allows us to interpret B as

B = %Cz(R) fdt a(t) . (15)

For QED, Cz(R) —> 1 and we get the correct expression (for
large Q2)
Q2

(In ——2) . (16)
m

v @
Bep ~ &

For QCD, if we use the asymptotic freedom formula a(t) = E-lt— s
eqd. (15) gives back
Boep® S
, t) = ———1Int
D 1 ’
QC (t large) 7

in agreement with eq. (14),

Also, from eq.(11) we can compute the variation of (Xn> with
B (and thus Qz) :

4a<x <Xn__>’_ - s [
af LX)

i

-1ny --w(n+3)] , (17)

S

where ¥ (z) = d;dz In I'(z). We may contrast it with the RG result, eq.
(12), for the same quantity

ANS
= n 3 (2n+1)
An(o) = "2"5;"(1:5 i Iny - 9(n) - In(nr1) (18)

To first order in the coupling constant, we may set B=0 on the
right hand side of eq. (17) and compare it to eq. (18). The difference is

then seen to be of order 1/n for large n.



At first sight it seems strange that the two results differ (by
non-leading terms in n) to first order in a (or 8). This discrepancy

can be traced to the particular normalization of P’G (x) and hence the

1q

(‘1 - -
consequent Al;Tlo. For example, it leads to AI‘in =0. In the next Section,
when we modify the AP equations using our B-regularization but keep-

ing their normalization, to first order, our result is identical to theirs.

4. - MODIFIED AP EQUATIONS.

We now set up equations of the AP type with the f-correction
in the kernel so as not to encounter any singular distributions. To faci
litate comparison, we shall follow as closely as possible their develop-
ment‘(?’).

The "equivalent number of gluons" at x in a quark is taken

from the bremsstrahlung formula to be

w2 Bp) o =P 1ead) o

where C(8) is a normalization constant to be specified shortly, The
corresponding number of quarks inside a quark will be
A ; A
g’q(x,ﬁ) = g’g(l -%, 8) . 4 (20)
The above expression can be read: the probability for a cer-
tain missing energy is equal to the probability of finding a quark with
that energy missing.

The transition probakility for quark bremmstrahlung is thus

ap p qq(x,B) (21)

In analogy with AP then the fo].lowihg master equation is pro-

posed:



will thus satisfy the equation

where

aM™(8)
Bl - a_(g) MYp) ,

dg

1
- dy o ‘
An(ﬂ) ,{; - y pqq(y,ﬂ)

C(B) can be fixed by requiring that

1
dx A (x) = 1
0 q

Eqgs. (19) and (26) then give

where

B
cp) = i
LY T pa v e

Now eqs. (19-27) allow us to obtain

_d -an(B’) :‘|(
AMB)‘EELng_’

I [, m+in 'J
2,8 = Fmvp U mrpmrgen

A straightforward calculation then gives for B=0,

(23)

(24)

(25)

(26)

(27)



- 10 -

g 2nfl)
Apl0) =g -Inv- vl -5 05Ty

which is exactly the AP (RG) result given in eq, (18).

From the normalization condition, eq.(26), it follows that
’!]' ’
(x, g)dx = 0, (30)
| Pgql= 8

which is equivalent to Al(B) =0 as given by eq. (28).

Also,the momentum conservation condition

pqq(X: B) = qu(l-x, B) (31)

is valid here for all x - in contrast to AP - due to our regularization

procedure, It easily follows that
1
dx [ x, B) + (x, ]d}:‘{ =0 , 32
fo x [Pgqls B) * Pgql B) (32)

Relation (30) allows us to obtain the sum rule

n-1 -1 ”
A - 3 S HaB @, (33)
k=0 '
where
1
gq k-1 ‘ ’
A - % .
. /0 dx x pgq(x) . (34)

Thus, we have all the AP results without ever encountering
singular distributions. As stated in the introduction, if one wishes to

use the basic quark and gluon densities and Pgq ete, for numeri

p
aq
cal computational purposes (say of Mote Carlo type), it is important
that the input probabilities always remain finite and bounded without
recourse to sigular limits. For such applicétions, the above method

appears eminently suitable.
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5. - PHENOMENOLOGY OF Fq MOMENTS

We now present a fit to the moments of the nucleon structure
function Fg based on expression (11). We shall assume, for lack of a
better knowledge, the asymptotic form, eq.(12),

CsH(R)
2 .
- "—J_E-E—— Int

valid for large t=1n QZ/AZ, throughout for all Q2. Clearly, this is a
gross approximation and reflects our ignorance of the non-perturbative
confinement region,

The data are taken from ref, (5). For this Qz region, we shall

assume 3 flavors. Thus, for N, =3, we have

B (50)nn Q%A% . (35)

We have also chosen A= 0.75 GeV, the same value which gi-
ves the best fit to first-order QCD result. Figure 1 shows the compa-
rison between data and eq. (11) for the moments of F3 for n=2, 3, 4
and 5. The agreément seems quite satisfactory down to Q2= 0.8 GeV2,
It is interesting to note that the theoretical expression also has a ma-
ximum even though its position is not right. Thus, the qualitative fea-
tures of the low energy data are reflect in this simple formula,

Fig. 2 shows the n=1 moment, The GLS sum rule gives a
constant value (3) asymptotically, To first order in QCD there is no
variation in Qz. Since in ref. (5) severszflﬁ?)rrl'?ier QCD estimates are
shown for A= 0.2, 0.4 and 0.75 GeV, we also plot our expressions for
the same A, The experimental errors are large for this case so no

firin conclusions can be drawn. A smaller value of 4 (than those need

ed for n=2, 3,4 and 5) does seem to work better.
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FIG, 1 - Moments of F3 for n=2,3,4 and 5 vs. Qz from eqs. (11)
and (35) with 4 =0,75 GeV. Data are from ref., {5).
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FIG. 2 - n=1 moment for Fg vs. Q from eqgs. (11) and (35) with
A=0.2, 0.4 and 0.75 GeV. Data are from ref. (5).
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5. - CONCLUSIONS,

The analysis presented here seems quite well supported by
the data even for rather low values of QZ 2 A2 and for the lower mo-
ments the fits are somewhat superior to the RG result. It apperas re
markable that we are able to do as well as we do with the asymptotic
formula for B (valid for large Q2) all the way. It is an interesting
open problem to derive theoretically a reasonable low energy expres-
sion for f. This is likely to be difficult since it inevitably involves
entering the region of confinement., We conjecture that for sufficiently
low Qz, B becomes a constant and probably vanishes. Such is the

behavior in QED and may turn out to be so in QCD as well,
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