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Abstract,

It is conjectured that spontaneous breaking of supersymmetry
implies superconductivity, This conjecture is investigated in the nomn
relativistic domain, where it is shown that all the supersymmetric
theories of fermioris of a certain class have superconductive Hamilto-

nians,

XX XXXXXXX

The theory of superconductivity has been formulated both as a fi-
eld theory of fermions (electrons) and bosons (forions), and as a field
theory of selfinteracting fermions. In the second formulation a compo-
site boson appears, formed by two electrons, The superconducting
state results from a dynamical equilibrium where composite bosons

(1)

are converted into electrons and vice-versa

(x) - This paper is the development of the previous work LNF¥-78/ 17
(1978) ’
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Supersymmetry(z) hag been realized both in terms of boson and
fermion fields changed (linearly) into each other by the spinorial gene
rators, and in terms of a single fermion field'[g) which is transformed
nonlinearly in itself by the spinorial generator.

When supersymmetry is spontaneously broken, a Goldstone fer-
mion appears belonging to a nonlinear realization, and some of the bo
son and fermion fields of the linear representation can be expressed
as composite fields in terms of the Goldstone fermion field,

The above remarks suggest that spontaneous breaking of super
symmetry implies superconductivity, at least in the nonrelativistic
domain(4). This conjecture is also supported by the fact that the same
U(1) symmetry which is broken in superconductivity must  be bro-
ken in the presence of spontaneous supersymmetry breaking. This can
be seen in the following way.

Since the low energy properties are determined by the selfinte -
racting Goldstone spinor, let us consider a supersymmetric Hamilto-
nian of fermions only. Let us denote by Qg the spinorial generator
(gsee eq, (6) below) and by \‘PO) the ground state. ] ‘Po’> {g not anni-
hilated by Qg and therefore the state QQ 1 ¥,> is algo not vanishing
and has the same energy as quo} , but a different number of parti-
cles, so that mass symmetry must be broken,

In the following we will show that nonrelativistic supersymme-
tric theories of fermions can actually be constructed. We will confine
ourselves to Hamiltonians quartic in the fermion fields, giving up
from the beginning Galilean invariance in order that they be exactly
solvable. This is in the spirit of the ''reduced' Hamiltonian of BCS.
We will see that supersymmetric "reduced' Hamiltonians must ne-

cessarily be superconductive.

Let us consider the graded algebra of rotations and spce-time

translations

B, I 1= ey Be 5 130 J=cey " Te @)
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[QMM 0 (2)

01‘ j”o (4)
S04, Qa = £ 6up H (5
81 G § =+ oup 5)

all the remaining commutators vanishing, In the above equations H ig
the Hamiltonian, Pj and J are the k-components of the total momen
tum resp., and o) are the Pauli matrices,

Since Qg is a spinor it can only contain odd powers of fermion
fields. In order that the Hamiltonian be quadratic and quartic in the
fermion fields, we require that Q, be linear and ctibic. The most ge-

neral expression for Q, satisfying eq. (2) is therefore

&qz:dei_-Q,o(quPf(x) b by LVP(X)] rJQJxlfo\Xz d ¥y

' - “ )
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where y, (x) is the fermion field satisfying canonical anticommutation
relations, a a B and baﬂ are constant matrices and Fa(k)ﬂyd are
arbitrary functions. We confine ourselves to the case that the Fc(zk)ﬁyé

are square integrable even functions of a single argument
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It must be noted that the ch01ce among the arguments X %o,
Xg-Xg. XgoX, is irrelevant to F 208y 0 and F 4) By o because they mul

tiply a totally antisymmetr]c opera or, but there are two independent
1)6}'(5 nd F’ 31876 giving rise to the additional inde
B v o

choices for F

pendent functions ta
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The most general form cvf the matrlces 8o & and b, f and of

the functions fx k)P Xb PO/ compatible with eq. (3) is

QJ,,(P“—’Q/({;O(P ';b“P:\:»iqp

.{8;”“8(5):: e, b P PPy

PPy = 6, E” £

eyl oy p(3) (8)
go( M (Yy) = go{ tYX { ()
) (4 5

meys 0. S w
t‘i“ (4) = Sdp . ¥ jc(ﬂ{(j)

terms involving two

(M H £ : S 1) k Pauli tri
b by (y) = ¢ P s ¥ tm‘[‘j) : ‘
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where 2 - i4 - C 24 L. 224‘ = 4. We will omit the terms
involving two Pauli matrices. They would modify the last term of eq. (10)
below, without altering any of our conclusions. In order to find the con
dions for Qa to satify-eqs. (4)-(5) we must distinguish the case i) in
which eqs. (4)-(5) are to be satisfied for any value of the quantization

box volume £, from the case ii) in which they are to be satisfied only

for Q- o0, Case ii) is relevant to infinite systems and we will start

from it. Precisely we require that

A <1:E\SL(320(, GFH'@,N‘:O

000

o V '
¢ and ¢ Dbeing any couple of eigenstates of H. We identify H with
the diagonal part of%(g‘x " QP Sgefcting

r1.\:51(;\olizf‘\b»iz)+J”axJJ3) WXW (x+y) ¢
+[ D(4) t{fdf«tx) Ljf'w(xw) bhc, ” ¢
* S—dej&s[i (3 Vy) g o (1) G Pocsg) ) +
[U (4.9) q)-df(x)klf‘x{%“j) qfrfw‘) L%‘”Ptxi»gi) ¢ Vb.cd] b (40)
[\Xf‘j\jb%w g wg qf‘,,tx Pt x'ry') + I C ]
- 2y %&(‘" LPg% ') ¢ (xy) tlfﬁ(xﬁj')} ,



where ‘\V‘*(:s(')ﬁﬁ E“P %IIP (X) and
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| e | " R
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(i) (1)

It follows from the above equations that we must take t ~ { ~

-QL and a~b~1, The form of H in eq. (10) is such that we can apply

Haag theorem , stating that the ground state is either a BCS state
(5)

or the vacuum . Now the terms violating eqgs. (4) and (5) can be

shown to be neagligeable (of the order -é* in the sense of eqs. (9))
only for states containing a number of fermions proportional te Q.
Therefore eds. (4)-(5) are satisfied provided the constants and
functions appearing in eqs, (8) are chosen in such a way that the

ground state of H is a BCS state.



We will now give a specific example in which the Hamiltonian
has the U(1) symmetry related to mass conservation. Let us take the

minus sign in ed, (10) and put
(M (4, L
)= £1 ) =0
L, . g R
E ==t Fw)

£ 0= - ¢ ) (12)
witn oo, 9 omd £ sl | A0 thot

b= g0 a th) Do
\/m(%‘j') = 2 f?_l ﬁ(n(‘j) {D m(‘j‘) : U:O (13)

24y )= 8..‘32:2 tm(jj) tm(lj‘)  W=o,

Let us further assume that inh momentum space

) st p 9(R-p), (44)
16 a m D

m being the fermion mass, P a cut-off parameter and @ (x) the step-
function. The resulting Hamiltonian would be exactely the BCS Hamil-
tonian, if it were not for the last term in eq. (10). This term, however,
can be made arbitrarily small by taking a large enough.

It remaing to consider the cage ii), Thig is much more complica-
ted because there are all the additional terms of order 1/8 to be taken

into account, We have not attempted to find the most general golution
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but we have further restricted the class of functions imposing Jc(k)(y) =0,
We have found that necessary and sufficient conditions for eqs. (4) and
(5) to be satisfied can, after a proper redefinition of the fields, be but

in the form

a=h=o

g(.q.')( ) E (1)(8)

Py)= £ 5)
j)dg {3(”(3) = 0.

The Hamiltonian is obtained up to a constant from eq. (10) intro-

[ .
~—
il

ducing eqs. (15) in eqs. (11), with the exception of the function t (y)

which is now
~ 2 1 .
bogy= 45 DR @ v 12T 1], (1¢)

This term was absent in eqs, (11) because it is of order 1/ , and
in fact we are in a strong coupling limit, with the additional severe con

straint on "kinetic" and "potential" terms
V)= &0 k). (L)

The Hamiltonian is not U(1) invariant, What is interesting for
the present purpose, however, is that it can be diagonalized exactely

by a Bogoliubov-Valatin transformation,
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