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ABSTRACT.

Two different topics in supersymmetry are discussed. First we
present an analysis of invariants quadratic in the Riemann tensor for
SO(N) -extended supergravity. On pure group theoretical grounds we
discuss posgible implications for quantum corrections, structure of
auxiliary fields and superconformal theories,

Secondly we derive a (quadratic) mass formula relating boson
and fermion masgses in a wide clags of spontaneously broken super-
symmetric Lagrangian field theories, This formula states that the
graded trace of the square mass operator of the theory vanishes,
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In the present talk I would like to discuss some recent work
on two rather different areas of supersymmetric field theories.

The first subject ig an investigation on higher-order invariants
in extended supergravity, the second topic is a general mass formu-
la in spontaneously broken supersymmetry,

In quantum gravity there are two possible one-loop countertermsl
which are quadratic in the Rieman tensor. They are C, ,,4, the squa
re of the Weyl tensgor Cuv@a and Rz, the square of the scalar curva
ture | -

The first term is not only Einstein invariant but also Weyl inva-
riant, it is nothing but the Lagrangian of conformal gravity and coin
cides, up to a form-divergence with RY ,, - 1/3 R2, In simple super
gravity these two invariants admit a supersymmetric extension and
vanish, as in pure gravity, on the supergravity masg-shell, The linea
rized fart of these two invariants containing the spin 2 and 3/2 fields
readg?s 3
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The completion of "7(1 is the conformal supergravity ac’ci‘onB’

On the other hand it is known that the gsupersymmetric extension
of the Einstein theory, whose (linearized) spin 2, 3/2 sector is

.4 1 uvoow . .
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exists up to N=8 spin 3/2 fields (SO(N)-extended supergravity), The

standard lore is that SO(N)-extended supergravity exists up to N=38
N _
Z(N even) or
(N add)4. For instance in N =9 (SO(9) supergravity) one would ob-
tain 1 spin-5/2 state, 10 spin-2 states, 120 spin-1 states, 210 spin-1/2
states and 250 spin-0 states,

because the higher helicity state cannot be lower than
N+1

It is amazing to observe that recently a consistent Lagrangian for
free massless spin 5/2 fields has been constr‘ucted5. This Liagrangian
hag the only peculiar property that it is not the magssless limit of a
massive spin-5/2 Lagrangian,
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The extension to SO(N) supergravity (N = 2) of the two invariants
1 and «(2 ig not known and the implication of their possible existen
ce is reported here,

Thig discussion W111 cover completely some work done in colla-
boration with B, de Wit6

Our observation is the following: when terms quadratic in the
curvature are addedtothe original Einstein action, then the theory
describeg three types of graviton states,a massless and a massive
(ghost) spin 2-state as well as a massive spinless stater?u Of course
thig analysis is independent of the presence of supersymmetry.

However in the cage of supergravity, these states must be exten
ded to fit in massless and massive supermultiplets, This has been
analyzed explicitely for N=1 supergravi’cyS and in this case one has
a masslegg spin (2, 3/2) multiplet, a massive spin (2, 3/2, 3/2,1)
multiplet (ghost) and two massive spin (1/2, 07) multiplets, The spin
2 and 3/2 modes and two spin 1/2 modes come from the graviton and
gravitino fields but the spin 1 mode and the remaining spinless mo
des come from the six auxiliary fields of supergravity”, B

We learn from this analysisg that higher order derivative equati
ong give us information on the auxiliary field structure of super mul
tiplets,

This fact wag pointed out already in ref, 2 in the case of confor-
mal gupergravity and of a model of global supersymmetry,

It is clear that in SO(N) supergravity the massive graviton states
must be agsigned to massive multiplets which must contain particles
of at least spin N/2. This observation immediately implies that for
N > 4 the invariantg in eq. (1) must describe propagating states with
spin higher than 2, From this fact one is tempted to concliude, in
analogy with the argument given in SO(N) supergravity for N > 8, that
the invariants in eq, (1) do not have a gsupersymmetric completion for
N >4, We will discuss this observation later on,

We consider the coupling of the invariants o( uf eq. (1)) to the

supergravity Lagrangian cf (ed. (2)) so that we obtam massive pro-
pagating states.

It is important to mention that in order to carry out this analysis
we need a tensor calculus and therefore we assume the existence of a
complete set of auxiliary fields for SO(N) - supergravity up to N = 8
(closure of the off-shell gauge algebra), This is because we make new
invariants by taking linear combinations of separate invariants,

For convenience of the reader we report the list of the relevant
maggive representations of N-extended supersymmetry in Table 1,

When we couple the invariant 61?1 to 'XE we must extend the mas
sive (2, 3/2, 3/2, 1) multiplet of simple to extended supergravity. It
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is clear from the Table that for N £4 the spin 2 massive and mass-
less represgentations contain precisely the right number of spin 2 and
3/2 states that are described by a singlet graviton and a N-plet of
Majorana Rarita=Schwinger fields subject to their higher-derivative
field equations, We can algo eventually obtain a lower bound of pro-
pagating modes of a given spin present in uf.[ + "{E' Thisg will give
some ihgight into the auxiliary field structure of extended supergra-
vity.

TABLE I
Some massive repregentations of extended supersymmetry

N =1 N=2 N =3 N=4 N=5

5/2 1

2 1 1 1 1 10
3/2 12 14 1 6 8 44

1 121 146 6 15 21 110
1/2 121 464 14 20 48 165

0 21 541 14 14 42 132

For N >4 the previous analysis completely breaks down (see
Table I for N=5),

Two alternative situations can be envisaged: either higher spin
fields are propagating or there is no SO(N)-gupersymmetric exten-
sion of éZ”l (and ufz) for N >4,

It seems that the second alternative is excluded by explicit cal-
culations which show that the contribution of all particles of any spin
to £ (and £4) has always the same sign in quantum gravity and so
one cannot make them to vanish, However it should be enphagized that
these results are gauge-dependetit and the chosen gauge is rot super-
symmetric, As a congequence these regults cannot be used as they
stand, Certainly there is something funny going on with supersym-
metric gauge conditions., This is suggested by the puzzle on the axial
anornaly in supersymmetric Yang-Mills theories in which, using toge
ther a symmetry ar(%ument and known results, contradictory conclu-
sions are obtained’

The first alternative does not look natural either, This is becau
ge for N % 4 auxiliary fields with spin 8 >1 geen not to be needed
while for N >4 they should have spin S 2 5/2, giving a jump of at
least three half-units of spin.



Moreover ofl is the superconformal action and it would require
conformal fields with higher gpin. For dimensional reasonsg it seems
difficult to assign these fields to the same multiplet as the conventio-
nal ones. Finally conformal supergravity is the gauge theory of the
superconformal group and it seems unlikely that it requires propaga-
ting fields with spin S > 2. Analogous consgiderations apply to the se-
cond invariant o q.

If the gecond alternative (abgence of 0{1, fz) turns oul to be true
this would be extremely interesting because it would mean that there
ig a softening of quantum divergences by increasing N. This is preci
gely what happens in global supersymimetry for Yang-Millg theories
with N> 2 in which the Callan-Symanzik function f(g) vanishes at the
first two-loop orders!!, Furthermore, as a corollary, this would
also imply that superconformal theories can exist with a U(N) gauge
symmetry up to N =4, in contrast with supergravity theories which
exist with an SO(N) symmetry up to N =8 ¥/

Therefore superconformal theories, apart from ghost problems,
are worse then Einstein-supergravity theories as far as a grand-uni-
fication scheme of fundamental interactions is concerned.

The second topic I would like to discuss is a general (quadratic)
mass formula which holds in a wide class of global and local super-
symmetric theories,

This regult has been obtained in collaboration with L, Girardello
and F, Palumbolz.

The mass formula reads as follows

5927 25+1)m> = 0 (3)

J J ,
where the sum is performed over each (real) particle state of spin J.

This formula has been derived in all global supersymmetric mo
dels with and without gauge invariance with an arbitrar% self-interac
tion of the chiral matter multiplet of particle content (0=, 1/2).

In local supersymmetry (supergravity) the formula was already
obtained in ref, 13 for the coupling of a chiral multiplet to the super
gravity Lagrangian,

It is remarkable that this formula is also true with an explicit

breaking provided it fullfills some conditions.

It is possible that ed. (3) can be derived on pure group theoreti
cal grounds with a certain additional requirements on the breaking,
This is suggested by the fact that (3) is nothing but the vanishing of

(x) This result has been obtained independently by M. Gell-Mann using
group~theoretical methods,



the graded trace of the square mass operator of the theory.

Ag a matter of fact eq. (3) is trivially satisfied in absence of break
ing stating the equal number of bosonic and fermionic degrees of fre-
edom in each multiplet.

Let us first consider the self-interaction of a chiral multiplet
23 = (27, Xi, H?) with flavor index a = 1,...,N. A flavor singlet
function is

(z)= 2 C 2% 3% (4)
n=0 21-+-%y
Cal' ..a, are real symmetric functions.

The Lagrangian is given by the kinetic part added to the F com-

ponent of f(2)

ZSS - - % 9, 2% aMz’kaL - 3("; ;Sxf; + %HaHXa +f, (z) HY +
: L2, b a_b
oy (ZVHY 1 (2] -ty (B 2 2p (5)

By elimination of the auxiliary fields one gets the bosonic potential
Vo= 21, (2) £, (2%) (6)
The extremum condition is
Vy = 2fgp (2) fq(2%) =0 (7)

and the trace of the bosonic square mass is

On the other hand the fermionic mass matrix is given by

1 .. =a,b 1 :) b
-5 Mg 2727 + 5 Nap 127 ¥ % (9)

Map = faplz) +fap (%), Ny = ilfap(2) - f ab (z*)) are real sym
metric matrices,
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The trace of the square mass matrix is

ey = T+ NP = 4t g (2) fap (2 (10)

From (8) and (10) we get

2 |
m.. = 2 2 m 111)
J=0 B J=1/2 B

which is nothing but eq. (3).

Note that for N =1 spontaneous symmetry breaking is impossible
because the extremum condition implies m%& + m‘zB = 0, Then one of
the scalar particles is a tachyon and the (non supersymmetric) solu-

tion is always unstable (unless f,,, = 0 also so that mp = mp = 0),

We observe at this point that the mass formula (3) is still valid
if we add to the Lagrangian (5) an explicit breaking, provided it sa-
tisfy

¢ _9 - 0. (12)

52 azxa “BREAK

Any function of the form Re g(z) where g(z) is analytic in z®

be a solution of (12),

would

which the masgs relation (3) was established, fullfills eq. (12) with
glz) = z.

Note that the Wess-Zumino modell 4 with a soft breaking15 for

We can extend these results to a gauge interaction with arbitrary
self-interaction of chiral multiplet with, eventually, flavor quantum
numbers,

Let us consider first the case in which the gauge group is U(1)
and a chiral doublet 3¥?® transforms as follows under the gauge group

054 = At 3, (13)

The vector potential V is a pseudoscalar superfield transfor-
ming as

8V = L(4 - 4% (14)

[¢e]

and superfield notations have been used,

In this case the trace of the scalar mass matrix is



2 ) * \
TrM_, =4Tr a5 V7 g ey + 8Tap (2) Ty (2) (15)

The square massg of the vector boson is M%, = gzzazi so that the
trace of the bogonic square mass is

£

2 2 _, 2
Tr/b, +3M =4g"2 b fap - (16)

+
VvV ElZSL + 38 fa

The fermionic masgs term has the form

X f?k‘

‘aLX

s *
T / - , - y -+ . .
“ab bl " T apar bR T 28 ALAar®p T ARY an%) (1)
and A is the spin -1/2 particle belonging to the vector multiplet,
The trace of the fermionic square-mass matrix can be easily
computed and gives
L om e ; 2 2 L * L2 % ,
Tr /‘bF = Tr(M”+N%) +2g%z,2 = 4 4p £ap +28 242, (18)

Comparing with (16) we finally get

s 2 L, 2 2
Azk o+ ' = 2 . )
PR T & Vs I (1%)

In the non-abelian can the previous analysis goes unchanged provi-
ded the following substitutions are made

; 2 - * a #a
rr/bscalar =8f,p fap + CRIzZ zg
2 a %a
r = Y 3 2
TrM vector CR)zgzy (20)

M2 * o a _%*a
TrML = 4f £y +2CR) zgzg

a is the color index, C(R) is the quadratic Casimir operator of the

representation R to which the 52 belong and an extra index a=1,2
is needed if R is not a real representation, One can check that mo
delslG, constriucted as an attermpt to unify fundamental interactions,
without axial gauge fields, have mass patterns that indeed fullfill



eq. (3). Exception to the mass formula (3) are models with axial gau
ge invariance %), the simplest of them being the so called supersym
metric Higgs modell”?. We observe however that these models are
faced with the "axial anomaly" problem,

In the case of local supersymmetry (supergravity) eq. (3) has
been established for a general class of interactions (with canonical
kinetic terms) under the assumption of absence of cosmological
ter‘m13,

Remarkably it also holds in a model of SO(8) spontaneusly bro-
ken supergravity recently obtained by Scherk and Schwarz 8,

In local supersymmetry (supergravity) the absence of a cosmo
logical term (12) is crucial for the validity of (3)., This is clearly
related to the structure of the global symmetry algebra,

For the class of models discussed in ref. 13 eq. (3) becomes

2 2 2
-+ =
my +my 4 m'y) (21)
where A, B are the scalar (pseudoscalar) particles of the chiral
multiplet, The spin 3/2 gravitino field 4, has became massive
through the super Higgs effect, by absorption of the spin 1/2 Gold
stone fermion X, and has therefore four helicity states,

In the SO(8) spontaneously broken supergravity theory of ref,
18 the eight gravitinos acquire a mass through the super Higgs me-
chanism. Also the usual Higgs mechanism for most of the twenty-
eight vector bosons takes place. There is no induced cosmological
constant in the resulting theory, All masses are calculated in terms
of three arbitrary (real) parameters my, My, Mg,

In this model eq. {3) becomes

2 (2J+1) mi(bosons) = > (2J+1) mi(fermions) (22)
J=0,1 T=1/2, 3/2

and again it ig satisfied,

(%) We thank P.Fayet for a discussion on this point,
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