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ABSTRACT,

We derive the generalised Hermite polynomial expansion of the
mornenturn distribution of infrared radiation in gauge theories and
compare it with another expansion derived from a stochastic model
in momentum space, The two agree in leading order,

The semi-clasgical method of administering radiative correc-
tions in gauge theories is based on a stochastic model in Fock spa-
1)

cel . The act of emigsion of photons or gluong is a Poisson pro-

cess, The average number of emitted radiation
D . 2
<)y = faPxo0) |, 0,0 (1)

is given in terms of a clasgical current

o ig(k) P
iy, k) = = s & ——t (2)
«i: @072 2 TR

where P, “ is the momentum of the 1-th charged particle, k, that
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of the emitted radiation and &y is a signature factor equal to +1 for
incoming particles and outgoing antiparticles and -1 otherwise. The
coupling constant g(k) is independent of momentum in QED but not
in QCD, Space-time hag dimension D,

The characteristic function of the Poigson process is

G(p, x) = exp(-h(p, x)) (3)

where

hip, ) = [aPo0)| 3,0, 0] 2 (1 - 7H ()

Only the energy spectrum of the emitted radiation is easy to compute

in this approach(z). Quite generally the Fourier transform of

the characteristic function which yields the momentum distribution

‘ 1 igx
W(p, @) = —5 de xe ™ Gip, ) (5)
[
(24m)
is extremely difficult to perform. This seems the end of the road
unless one conjures up some approximation for G{p, x)(g). Unfortu
nately since G(p, x) is not experimentally accessible an approxima
tion for it is not easy to motivate,
We have recently(4) argued this problem differently, namely

that from the Poisson description the total momentum loss
Qp= 2 Jrliglku ' (6)

ig itself a random variable, and, like the nj?, has independent in-
crements., The same is true infact of each momentum k‘u . Hence
since the most general stochastic process with independent incre-
ments and continuous in probability is known(5) it follows that the
emissgion of infrared radiation can also be modeled by a continuous
Markov process (relativistic Orstein-Uhlenbeck process)(m directly

in momentum space, The golution foundfor W(p, q) is a series
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Wip,q) = 3 — 6D(q~- 2 k) 11 W(p,k.) o(k7)d k. (7)
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where
A H[’ "él
Wip, k) = T W(p,, o) (8)
and
Wo(p1: k) = Al (bl k) exp(-bl- k)
) (9)
blu i plu/M

is the relativistic Maxwell-Boltzmann distribution{?), M is a fixed
mass scale. The relationship between this description and that in
Fock space is through the drift and diffusion coefficients, T,L (b, k)
and A respectively, of the Fokker-Planck equation (8) gatisfied by
\7\/\(}), k)., We have

D4
5,
Q ° lga@l
A= ; (10)
(2n)"D"1)/2
5 A b1u

Q is the magnitude of the maximum of the momentum loss Y,
For simplicity we have fixed g(k) at this maximum, Ty, (ps k) ig just
the difference between the total current flowing in the reaction and
the j,(p,k) in eq.(2).

While the difficulty in carrying out the summation in eq, (7) is
of the same order as that of evaluating the Fourier transform in eq,
(5) the approximations one may try for W(p, q) are now not far-fete
hed. For instance one may cut-off the series in (7) after the first few
terms or, even simpler replace W (p,k) by the exponential exp(-b- k).
In view of these applications it is important to compare the seriesg in

ed. (7) with the generalised Hermite polynomial expansion obtainable

from the characteristic function(g). We find that up to second order,
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i.e. with the neglect of third and higher order - quasi moments in the
Hermite polynomial expansion, W(p,q) is well approximated, not just

by a Gaussian, but by
Vip, @) = A exp (-Fy (b)qy) (11)

gince terms quadratic in k have also been neglected in eqgs. (2) and
(10", FM (b) is a linear combination of the vectors bm. This is in
agreement with ed. (7). These exponentials are the leading terms in
both expansions. A more detailed comparison is difficult.
To begin with consider the cumulant expansion of h(p, x)
o n

'h(p:X) = 21 '1:1];7 C#‘l’”2’“"Mn(p)x‘c""’lx'!«bz"' X[u‘/n (12)
n= '

. _ n/l D 2. b, . 9 _
C‘ul‘uz.o‘un(p)—(—) /d k(ﬁ(k)lju(p, k)l k‘ulkMZ"’an

Repeated indices will always be understood to be summed over un-
less stated otherwise,

The relationship between the Ci"l' .. Mn(p) and the moments

N
. D

as well as much of what follows jis standard(?)

.

Cu= Ty

Cpy = Tyw = TuTy

Cuve = Tywp = (TuTyg = TyTou+ Ty Tyy) + 2T, Ty Ty

Cuwos = Tuwos = TuvToo * TupTys T TuoTwe) - (14)

~(TuTpoe * TyToopu * TQTGM+ ToT/u,v@) +
+ zz(fl‘yff,,']ﬁg(7 + THQTO‘V + Ty Ty Ty + Ty Ty ?MG +

Ty TgTyug + TaToTyy) - 6T, T, T T,



Now substitute eq, {12) into (3) and define quasi-moments BMl' .

Mn(p) by means of the expansion

o irl
G(p, x) = exp ( r‘ﬁl P Cf“bl' .. “n(p) X X_Mn) =
@® 0
= (1 + HEIS'—';{T"’ B‘U/l--my,n(p) X-Ml... X‘u/n) . (14:)

e (5 , 1
exp (i CM(p) Xy~ 3 C‘w(p) X,LL,X'v)
It is easy to see from the first three terms of the expansion of

the right hand side of (14) that

. _ 1 .
Bul,.,‘un“(-') C'q“l""”n—’

VES‘ubstituting for G(p, x) from eq, (14) in. (5) we have

0 no :
W(p,a) =1+ 3 fl%—Evhf.mM (p)- =2 e 0 )Wq(p,q) (186)
=3 nt n aqpbl 6q:uh

where Wz(p, q) is the Gaussian

C (P, %) (1)

N[)——*

Wyl = =L [t expticy (b x, -
2m

For the convergence of the integral in eq. (17) the quadratic form
S(p, x) = C P X X o (18)
must be p051t1ve semi-definite for all vec‘rors Xy Thls may not be

obvious in Minkowski space. Here then are a few properties of C’“,( p).

From eqs. (12)-(14)

4

Cuv(p) = /dD aW(p, q) ((%M_ T‘u,) (q:v -T,) =

fdka gt 19]% i,k



hence Cp«v(p) has vanishing trace

Tr(C‘uv(p)) = 0 (20)

and for @ = v we have (no sum over u)

Lastly the matrix CW,(P‘) is non-singular
det(C‘M,(p)) £ 0 (22)

Now let R be the orthogonal matrix which reduces C,, to diagonal

form

RCR™),, = K6y, (23)

where (5,“, is the Kronecker delta and let Y be the transform of x

under R-!. Thenmakinguse of eqs. (23) and (21) in (18) one finds

U

2 2 , ;
S 37 = [( :r + - e

The result of integrating eq. (17) is

W, (0. = [(2m)° det (00 ] P exp (-5 €, (0) )

u”’(q, p) = qp,—"c“(p) = q‘u,+ FPH (p)

A~
where C;,l.v(p) is the inverse of Cm,(p).,

Before substituting (25) into (16) consider the following generali

(9)

sation of the Hermite polynomials
: n 1.
Hygooop (W= () exp(5C) ugu,)
(26)
. 1
exp (- 5 Cg(yu@ua)

In terms of the variable



H‘u(?’ = 7y
A
H‘uv(z) = 2z, - Cl“’
A A ] A
HMQ(Z) 24229 ‘(C;w CMQ 2, + CWQZM) (28)

0
, "~ A -~ ]
H#'V@U(Z) = "‘UZ’I)ZQZG -(CuvZQZU+CMQZvZU+CMUZvZQ+

+6 +C

voZuZ?e vUZuZQ'FCQOZ‘qu) -

A A A: 4\‘ A ~

Substitutiqg (25) now inte (16) and making use of (27) we have finally

the expansion

" ©oy . ;
W(p, q) = ]3 + n€3 a1 B u, P Hy o (ip, q))]Vifz(p, q)
(29)
to be compared with eq. (7). Note that if qz # 0 the series in (7) also
starts from n =2, Neglecting the higher order terms (n= 3) eqgs., (7)

and (29) give

Wath,a) = exp (- 3 ¢ by % [aPis0P) 8 (g -2

&
. R
M| (b)) (b2 @) = (by- k) ]

Both gides of this equation agree in the dominant exponential factors

apart from quadratic terms in q e Moreover, exactly as in eq. (29),

this exponential factor is common to all the terms of the series in eq.
(7). Consequently the leading terms in eqgs. (7) and (29) agree,

If to this order one approximates W(p, q) itself by

Wi(p,q) = A(b-q) exp(-b.q)
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then there are closed form expressions. For instance the qz-disztri-
bution is given by
dw (p, 9°) v 1 ‘ 5
aWVP:9 ) - A(2wgb) K. (gb), wv= 2(D-2) (32)
d 2 v+1 g 2
q
whetre on the right hand side ¢ and b stand for the magnitudes of the
vectors q and b respectively.
This is perhaps as far as one can go in the comparison., The di-

storted phase gpace integrals

o (o)== [P~ 3 k) I Oy kjfla(k;”) @k (39)
=1 =1 1 '

are difficult to evaluate in the one case and the coefficients Bu,, . _um(p)
are unknown in the other., It is neverthelesg interesting that some
progress can be made towards calculating with some rigour the mo-
mentum spectrum of infrared radiation. Having now understood the
structure of this distribution some effort should be expended in cal-
’cﬁzlaf’ting the correldtion matrix Cﬂ"(p)’ at least for electron-positron
arnihilation, Finally the relationship between a digcrete and a conti-
nuous Markov process with such physically relevant application is

interesgting in its own right.

I am grateful to Y. Srivagtava for sharing his knowledge of in-

frared radiative corrections with me,
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