ISTITUTO NAZIONALE DI FISICA NUCLEARE

Laboratori Nazionali di Frascati

LNF-78/65(R)
21 Dicenibre 1978

M. Guidetti, G,Puddu and P.Quarati: NON-SPHERICAL
CORRECTIONS TO THE MULTIPOLE POLARIZARBILITY
OF NUCLEI IN MUONIC ATOMS.

(Contribution to the "Workshop on Few-Body
Systems and Electromagnetic Interactions",
Frascati, March 7-10, 1978)

Servizio Documentazione
dei Laboratori Nazionali di Frascali




INFN - Laboratori Nazionali di Frascati
Servizio Documnentazione

LNF-78/65(R)
21 Dicembre 1978

NON-SPHERICAL CORRECTIONS TO THE MULTIPOLE POLARIZABILITY OF NUCLEL IN
MUONIC ATOMS™®)

M. Guidetti
Istituto di Fisica Sperimentale del Politecnico, lorino, Italy

G. Puddu
Kernfysisch Versneller Institut, University of Groningen, The Netherlands

and

P. Quarati
Istituto di Fisica dell'Universita, Cagliari, Ttaly

SUMMARY.,

We give the expressions of the different contributions to the muonic energy-level shifts
AE(E1) in muonic atoms, due to the E1 multipole part of the muon-nucleus interaction.,
The shifts can be expressed in terms of spherical and non-spherical, one-body and two-
body matrix elements. In the case of closed-shells nuclei, AEL(E1) is proportional to
the double-energy, weighted sun. rule 0_5(E1) (spherical contribution). In the case of a
nucleus composed of closed-shells plus one nucleon, the non-spherical contributions de
pend on the orientation of the muonic orbit respect to the orbit of the odd nucleon. We
have not found cancellation between two-body and one-body non-spherical matrix ele-
ments. The most important correction to the term proportional to the o_g sum rule co
mes from the non-spherical, one-body matrix element.

1. - INTRODUCTION.,
Negative muons can be used as probes for investigating the properties of atomic nuclei(1"4).

Nuclear quadrupole and hexadecupole moments can be determined with great precision, to

less th%ngone percent accuracy, from the hyperfine structure of intermediate orbits in muonic
atomsi’”

Nuclear charge distributions, quadrupole moments, isotope shifts, isomer shifts and polari
zability effects of heavy nuclei have been measured with a high degree of precision and analyzed

very recently 10-13) The 2 51/2 -2 P3/2 splitting of the (#~4He)' muonic ion has been measured
with a precigion of 0,02 %(14)

(%) - Supported in part by INFN.



T.E.O, Ericson and J.Hh‘fner(lf’), J.Bernabéu and C. Jarlskog(16= 1) and E. M. Henley, F.R.
Krejs and L.Wilets(18 have given extensive contributions to the study of the structure of light nu~
clei from muonic atoms using the clogure approximation for muon and nuclear states,

More recently :

a) P.Vogel and V. R. Akylas(lg) have generalized Chen's results by using a rotational model, they
show that, with certain assumptions, the nuclear polarization correction may be expressed as a
shift of all hyperfine components plus a renormalization of the even multipole hyperfine constant ;

b) J. Martorell and F, Scheck(20) have shown that the electric dipole polarizability gives rise to a
cantre-of -gravity of the quadrupole multiplet and a shift of the quadrupole hyperfine constant,

The last term is shown to be zero in almost 511 the cases due to strong cancellation between
some one-body and two-body matrix elemerits. However, looking at the Chen's results, the two-bo
dy terms, with a negative sign from exchange, cancel only some of the contributions of one-body
terms. Therefore it seems to us that thig point has to be clarified.

We wish to analyse if terms of non-gpherical symmetry enter into the muonic energy levels
shifts, in the electric dipole polarizability case and in the other electric multipoles cases. For this
purpose, in this work, we are interested to nuclear polarizability corrections to the muon energy-
1evel shifts. Usually ore subdivides this correction into multipole contributions which are one -body
and two-body matrix elements of the spherical and non-apherical parts of the muon-nucleus interac
tion.

Tirst of all we give analytical expressions of the muon energy level shifts for all the multipo
les. Expressions for the nuclear E1-polarizability with 1 £0 by means of sum rules techniques can
be easily obtained, We limit ourselves to consider light and medium-light muonic atoms, so we de
velop a formalism valid in this case. Secondly, we verify Martorell-Scheck results analyzing, in
detail, for some particular cases, the spherical and the non-gpherical, one and two-body contribu
tions,

We consider nuclei with closed shells and with closed shells plus onhe nucleon, As more exten
sively discussed in Section 2, we use a 1s-coupling scheme for the muonic and the nuclear wave
functions. It is straightforward to generalize our resilts to more-populated unfilled-shell nuclei.
Iri Section 3 the energy-level shift are given. In Section 4 the properties of the angular factors are
studied. In Section 5 we use harmonic oscillator sum rules to give some examples. At the énd, in
Section 6, the conclusions are reported.

9. - SCHEMES FOR THE MUON AND THE NUCLEUS WAVE FUNCTTONS.

In the case of intermediate hydrogen-like muon orbits, penetration effects are very small and
one ig allowed to treat separately muonic matrix elements from nucléar matrix elements. For suf-
ficiehtly large muon orbits the interaction outside the nucleus can predominate and the interaction
ig expressed in terms of the conventional peint-multipoles.

We assume for the mucleus a shell model with spherical symmetric potential and a harmonic
oscillator bagis. Therefore we can use harmonic oscillator stin rules, instead of the Migdal o.9
sum rules, whose validity is not good for light and medium-light muicleil2l), We describe the i-th
nucleon state by means of the guantumn numbers nj, Lj, My, 54, Msi (i.e. we adopt a LS-coupling).

In this scheme, if we sum to the nuclear hamiltonian

_ 1 ‘ 2 2
HO = §7§ﬁw0"vi +1"i) (1)
the one-body deformed hamiltonian
i w2y T3 o 2] "
Hd = Ei‘lﬁcoo(O)_--a3 5 t‘iY20-2bLiSi-cLia (23

(where a, b and c are parameters defined, for example, in ref, (22)), it is straigthforward to study
deformed nuclei, because Hy can be treated as a perturbation.



This case will be studied in a second paper, together with the 1=0 polarizability, making vse
of perturbative sum rules techniques, as introduced by Delsanto and Quarati(23)_. and with extensi-
ve numerical calculations.

In the papers:.on muonic atoms mentioned up to now the j-j coupling is commonly used to de-
scribe the muon, and the h.{,s. is described by means of the quantum numbers F and My (total
muon-nucleus spin and its third component).

Let us, instead, assume for the muon a ls-coupling. Therefore the decoupled muonic states
are described hy ng, 15, m,, Sg, Mg . This assumption-is equivalent to a "strong field approxim_a_
tion" for the muon or to a muonic Paschen-Back effect of h.f.s. where the external magnetic field
ig substituted with the muon-nucleus interaction. In the strong field approximation the spin-orbit in
teraction is weak and can be treated perturbatively. We assume that the spin-orbit interaction for
the muon is weak enough sc that the muonic states differ very little and as much as we like from
the degenerate ’“o’ 10, mg, sg., mso) states. In other words we take the spin-orbit interaction
to be small enough to be negligeable to our order of approximation, but, at same time, large enough
to remove degeneracy of the energy levels.

As it will be seen in the next Section, we have to use second order perturbation theory to cal-
culate energy-level shifts.

It is easy to show that the muonic energy-level shifts AEy 1 m,. are proportional to the dou-
ble energy weighted photonuclear sum rule o_o (spherical contribution (s, )), when we disregard
the total spin orientation of the muon or of the nucleus. Anyway the proportionality is always veri
fied for closed-shells nuclei, Otherwise further terms contribute to AEnolomo expression (non-
spherical contributions (n, s.)). If we limit ourselves, for simplicity, to the case of a nucleus with
complete shells plus one odd nucleon we see that these terms depend on the orientation of the muon
orbit respect to the odd nucleon orbit. More precisely, in this case, the level shifts can be identi-
fied by the quantum numbers ng, lg» my of the muon and L", M" of the odd nucleon.

In fact, if one disregards the orientation and sums and averages, there is no further contribE
tion to the one proportional to ¢_9, except for a small contribution from two-body exchange matrix
elements due to (closed shell) - (closed shell) terms(24), independent on the h.f.s, quantum num-
bers, which does not contribute to the muonic transitions between two levels.

The decoupled scheme assumed in this work for the muon-nucleus system describes a physgi-
cal situation difficult to be obtained, at present, because the magnetic fields actually available ha-
ve a magnitude lower than the one needed to decouple the system. However this scheme can be used
in problems where the nuclei are polarized. In fact if we have, as an example, target nuclei polari
zed in the same direction of the spin of the muon beam, in practical calculations the muon-nucleus

decoupled scheme can be used (Applications to nuclear physics problems will be developed elsewhe
re).

Concluding we have found:

a) in the non cloged-shell nuclei the (n.s.) correction to the 6_g term is quite important and not
negligeable ;

b) the interaction hamiltonian between muon and nucleons gives rise to an effect which depends on
the orientation of the muon orbit respect to the odd nucleon orbit., The sum over mg or M is equ_i
valent to sum and average over h.f.s. ;

c) our results are somehow in disagreement with Martorell-Scheck results in the sense that they
found a complete cancellation ,in a coupled scheme, between the one-body non-spherical contri-
bution and the two-body non-gpherical contribution.

3. - THE ENERGY -LEVEL SHIFTS.
The muon-nucleus interaction can be written as:

A e2 w0
u = z — :_.__.. = “2 ul
z=1 ’rz -y, 1=0
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where 1y (r,) is the greater or lesser of ?‘Z or I

-.U'l , the proton and the muon coordinates respec-
tively.

On calling ug the spherically symmetric part of (8), the interaction hamiltonian is (u -ug).
We asstime that ug, contains all terms with 1=0, so that the interaction hamiltonian is:

Z 1 47‘682 r/l A kA
= - ik R, ) ' 5.
v D R E S R Yy Vi) - (5)
z=1 1=1 m=- ry
The muon-nucleus interaction does not involve the spin of the muon nor of the nucleons composing
the nucleus.

We limit ourselves to the study of muclear 1-pole polarizability due to the terms u) with 10,

Since the unperturbed hamiltonian Hg of the muonic atom does not couple muon and nuclear
coordinates, the unperturbed solutions are direct product of the type [muon S>/1nucleus™ .

Let us limit ourselves to the more common cases having the diagonal first-order matrix ele
ments of U zero. Therefore we are interested in second order correction to the muonic energy le
vel 7

By=- 2 T Lo ®
(0)

where |B>, ]y > and E(O), E), are eigenstates and eéigenvalues of the mudn-~nucleus unperturbed
gystem described by hamiltonian H,. We assume that the atomic energy levels differences are much
less than the nuclear ones.

Let us further assume for the g‘round state of the niucleus a Slater determinant with harmonic
oscillators for single particle wave functions with quantum numbers n, L, M, Mg as explained in
the Section 2. For details of the simple h.o. imodel wave function we use here see ref, (6) and (25).

~
By introducing (4) into (6) and extracting an average nuclear excitation énergy E, asg usually
is done in sim riles calculation, we have for the l-multipole interdction the following expression:

4
AE.. (B1) = - = (

__4_@__)2(‘ 1 )l ~(21+2)
nolomo B 21+1 no o

SRRl PRRE LS CRe) Q)

In eq. (7) the first matrix element conitaing the muon coordinate, 1f we méke a nor-relativigtic re-
duction for the muon, separating spin from orbital angular momentumn, the Coulomb interaction
does not affect the muon spin. For explicit expression of the muon wave function we use here and
its radial part see the paper of Cole of ref, (6), ed. (5.3).

In eq.(7) A is the 21l average value term:

A = P <:RnLlr21anl> (‘LM‘S"Q! LM}(matrix elem. spin part) (8)
complete shells ‘ L
incomplete shells

Ryy, are the h.o. radial functions and |LM > the angular part. The function Sr;](El) is the fol-
lowing sum : . -

- N o . g - . .
S[?‘](El) = 2 Y. {r) Ylm(r ) F(lo, mg; 1rm) (9)

m lm

The function F is defined as follows:



min
21, 2101 (_1)m-\—mo
F(ly, myil, m) = z St (21 + 1) (214+1) (2k +1) -
4.7 O
k=0
even (10)
11 k I, k 1, 1 1 k 10 k 1,o
000 0 00 m -m 0 ‘--mOOmO

More generally the factor F should be F(lo, mg;1, 1", m), defined ag in eq. (12) but with

— - 1 1 kY 11 k 1 1 k) . ,
V(21+1) (21'+1) in place of (21+1), in place of and in place of
1 ] 0 00 m -m 0

00 0
k 3
(; ) ; we consider only the case 1=1' because interference El1-El' effects on nuclear pola-
be -m 0

rizability are neglected here,

It is useful to write F as the sum of the (k - 0) spherically symmetric (s.) term, plus the re
mainder [(k=2term)+(k=4term)+----1 which is non-spherically symmetric:

F(l,mytm < = + 3 g (p@ | (11)
or e 4 k=2 k m 0 -m
even
with
Mg 11 k| (1 k1 1. k1
gek(lo,mo)=(413E (21, +1)(21+1) (2k+1) °© " oy o ° (12)
’ 00 0/{0o o0 o0f\m, 0 m
(o]
We have then:
[min
21, 21 romeremene
. 21, - 1k 1
Sen,ED - 2145 s P Vo Y, (%) . (13)
Ll (457) k=2 e 0 0 of ko

even

The first term (k=0) of (13) multiplied by the radial and spin part of (8) represents a spherically
symmetric part of the shift, the second (k#0) the non-spherically symmetric part. We have then
k=0 matrix elements (s. matrix elements) and k#0 (n.s. matrix elements),

The terms B and C can be evaluated by means of the rules on the two=body operators matrix

elements. Only the contributions coming from nucleons outside the complete shells enter in the term
B (in the case 1f0).

When 1#0, nuclei with closed shells have B = 0.

Let us write B, the direct term as:

L 1 . 1 )
B= 2 2 <RnL‘r an]’.? <Rn'L'|r IRn'L'>
complete shells
incomplete shells (14)

(LM (LM] Sy g0 (BD | (LM) (LMY (spin pary) .

{r

More attention must be paid to the term C as we shall see in what follows. In fact, for a complete-
shells nucleus, the terth C is different from zero and depends on the guantum numbers n and L of



the ghell, However if we subiract one energy level from another this term gives no contribution.

The exchange term C is defined as:

r"1| RnL> .

C = 2z ) {R \rl‘R nle‘

complete shells nL
incomplete shells (15)

w” <R

. £ (LM) (L) |s[?,Ar,]| (L'M') {LM)> (spin part) .

The two-body function SC?‘ 21 (E1) which appears in B and C is:
1) = et o 1 .
Seppn B = 3 Y Y] (TG, moilm) (16)

m
Also the two-body function {16) may be decomposed in a {(s.) part plus a (n.s.) part. It turns out
useful to write A, B and C as the sum of a (s.) part plus a {(n.s.) part.

If we indicate with the index (1) the one-body operators and with (2) the two-body operators
we have:

. o _—

A+(B-C)= ‘_A(l)(s.) + (B g (s.) - c(z)(s.>}J +|_.A(1)(n.s.>+ (B 4. 5.) - c(z)(n.s.))J (17)

The first adderidum of the sum contains oily (s.) terms and is proportional to the 0, term of Mar
torell-Scheck and the second to the d8A, term.

4. - PROPERTIES OF THE GEOMETRICAL ANGULAR FACTORS.
The average value of Sr(El) in the state (LM) is:

¢ ls pmmtaan> = 252w s e p
(4 gv) k=2
even (18)
(4) 0 0 0 M 0 M 0 0 0

Tor instance in the case in which we only have the two terms k=0 and k=2 we have explicitely:

. ko2 N 2 %
2571 (1+1) _«3mo'lo(1oﬂﬂ [31\/1 —L(L%—lﬂk

_21+1 ;
<(LM)‘SL'§'1(ED\(LM)> B (4@2 (1+ (21+1)(21—1)(21+3)(210—1)(210+3)(2L-1)(2L+3) ) (19)
By using the property that
. k¥ L
s (-pM (M ool 7O i kf0 (20)
M -

]

it is easy to show that the geometrical functions T and S have the following properties:

1 ) -
ET;IT > F(lo, m s 1, m) =

1
m,, 47 (21)



1 21 +1
e 3 8 N (Bl) = (22)
‘210 +1 ],TO (;I‘]( ) (4W)2

(i.e. only the term with k=0 gives a non zero contribution to the sum),
Let us now calculate the average values of S['f‘ 8N (E1).
The angular part of the direct term B gives:

—
=y
.

D gy = LEMULMY S5 5 (EDHLMLM)> - (MM 2LEL o 2L+

4
L1 Lt
M' 0 -M!
To have a contribution different from zero this term 1 must be even, and one needs at least two
nucleons outside closed shells. A sum over M and/or M' of & gives zero if 1# 0 :

(23)
L1 L

1 1
L1 L (L 1 L R, my;l, 0)
0

1
0 0 0 0 O

[¢]
M 0 -M

p L noa, =0 (24)
M and/or M' P o1

The angular part of the exchange term C defined in eq. (5) is:

3 ~ TN 7Y 1NAE N - . M+M'+m
f[;,m = LMLV |8 ;4 B LMD > i( 1) §(m_,m_,)

(25)
2 2
L1 L\? /L1 L\ 1 k 1
+
cEM o)L Loz g -n™ (
4m 0 00 M'm M| 4T e m 0 -m

L'+H14L must be even to have a result different from zero. In order to calculate C we have to sum
g

Eip aig over complete and incomplete shells., Therefore we have to consider the following three
contributions to the sum,

i) In case where the levels L and L' are complete we have to sum the angular matrix elements
f[?,'f"] over M and M'. This sum is different from zero, is spherically symmeetric and is
given by :

1 L'1 L\2
A'J(El) = (2L+1H21+1)(2L.'+1) (26)

2 ~
*Sm r (4 ) 0 0 0

M, M!

This result hag to be used in case of closed-shells nuclei with, at least, two shells completed.

ii) If we have one nucleon only, described by the quantum numbers n", L", M", §, in an orbit
outside the closed shell (n, L) we have:

1 N S B ¥ 2 1
2 5[? wp= Lo 2 (D) + 5 I, =
over the complete ’ m=-1 -M" m M"-m k=2 m=-1
shell (nL.) even
1 k1 {1 oL \2 (27)

\-—m 0 m -M" m M"-m



“where

) 1, =
10 = 4.11,' /(I—J: 1; L") 3 Fk = BkY(L’ 1: L") (k—2’4J"')
and L1 L\2
YL, 1, L) = — (2L+1)(21+1)(2L"+1) (28)
4
\ o 0 0
iii) Finally, in order that by Z be different from zero we need at least two

incomplete shells (¥, 7"
particles in the incomplete shell with different orbits, In this case we have to use edq. {25). C
is generally the sum of the three terms considered.

Clearly, in the uncoupled basis we have adopted, to average matrix elernents over nuclear
and muon orientation ig equivalent to average, in the coupled system, over hyperfirne structures,
described by the quantum mumbers F and Mg.

Summarizing we have that:

a) the spherically symretric, k=0 matrix elements are proportional to the 6.5 sum rule which
will be introduced in the next section;

b} the direct term contributes only for 1=0 and 1 even, thus the direct term is zero in the elec-
tric dipole polarizability shift;

c) the direct term gives also zéro in the case of closed-shell nuclei or, in case of closed-shell nu
clei plus one odd nucleon, if we disregard the orientation of the odd nucleon that it means to sum
and average over M"; to average over possible orientdtions of the odd nucleon means to ignore
the posgibility of hyperfine structure;

d) the contribution of the exchange term is non zero if L'+1+1L is even; if it is s0o, in case of clo
sed-shell nuclei, the exchange term contributes with its spherically symmetric, k=0 part; -

e) in nuclei having not complete shells the exchange term is composed of (s.) dnhd (n.s.) parts; to
have a contribution from incomplete shells to B and C matrix elements one needs at least two
nucleong outside complete shélls with different orbitals ;

f) if we digregard the orientation of the muon and sum and average over mg We have non zero con
tribution only from (s.) terms; )

g) the spherically symmetric part of the energy level shifts depends only on the quantum numbers
1, Mg of the muon and it does not depend on the odd niucleon nunibers.

The non-sphericadl part detérmines the hfs, The ¢lagsification of the hfs levels is made here
by means of the quantum nuribers (ly, my; LY, 'M™, so that the effect of the relative orientation
between muonic and odd nucleon orbits easily appears.

5, - THE USE OF SUM RULES AND EXAMPLES.

The spherieal contribution to the shift, expressed in eq.(17) can be written by means of the
harmonic oscillator sum rule ’UE' 0., When the ground state wave function can be separated in an
angular and a radial part we have for a nucleus of a given observed spin (otherwise we have to con
gider the factor 1/(2J+1), where J is the spin of the nucleus) that :

ﬁzl -3 (E1)
h. o. L2 2 T Mev VT (TR 1)

or.2e) "t 1fei+nn]?

(29)

Bla.) (An, £.)

- clsomn. );':1]

MeV

| &
J

A
(e2 =1.44 in f MeV, E{El) in MeV, and (An, f. )B, ¢ are the expressions of the angular factors of
equationsg (28) and (25) respectively).

In case of closed-shell nuclei, direct and exchange contributions are zero, the energy shift



becomes :
2 2 21-1
N e (21-1)11 "1 (197.33) L =(2142) h, o.
Ao ) T E T D ~21-2 T Zng, -2 Y (30)
and for the dipole electric case, for instance, of 4He:
2 2
AE L (ED - -2~ <745 19733 6M % @®my - & Ge7E> L 197,33 /B (31)
nsl, 4n2 u n,l, -2 2 01O
where a(El) is the electric dipole polarizability
a(El) .4 _ Orh. 0. (E1) .
2 -2
27

Let us now examine the case of a nucleus with some complete shells, indicated by (W (z ),
plus one odd nucleon (described by the quantum numbers L", M", .. . ) outside the last closed ghell,

The general expression for the energy-level shifts AEnolomo(El;L", M") is given by the
expression (7) where:

A = A(s.) + An.s.)
Als.) = 252 { 3 2040 <AEEPIE> + ot & > §

(élc:t)2 complete
shells(% %)

(32)
- 1 V&l
A(n" s ) = 21_[_1_ '(n"L"lr'Z in"L"> 2 (_'1)1\/1 4an _2T1+_][_ (2k+1) (2L"+ 1)
(45%) k=2 '
even
1 k 1) L k L L" k L"
0 0 O -M"™ 0 M" 0 0 O

B: we do not report for this case the explicit expression of B because in the case of one nucleon

only, outside the closed shells, the value of B is zero, also when 1 is even and different from
Zero,

. . p " 1 L' 1 %
c- 3 I (%wrlz(n"L")ﬂz{ﬂf—’«gi;l;i—’— PRI '
complete m=-1 -M" m M"-m
shells (j:rpr#) (33)
| min 1
L21, 21 1 1 k1 L 1 & \?
+ 3 B (1, m)y(®, 1, L") X + constant
k=2 m= -] -m 0 m ~-M" m M"-m
even
9 ' 1 2
constant = % , 2 (—2—1—:'-_—21—)- \<(-1Vl¢¥:o) Ir‘l\ (@#)'}l 2(2% +1)(2 % '+1) (34)
(k) # ML) (4n) 0 0 0

all the couples
of the different
closed shells
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where the first addendum reépresents the spherical part of the exchange contribution, the second the
non-spherical part,

The congtant defirted in eq. (34) represents the (closed shell)-(closed shell) exchange contribu
tion: it does not depend on n., lgs D153 therefore, when considering the difference between two muo
nic levels, this term does not contribute afd, in thig case, its value may not be taken into account,

If I, and L' are the two complete shells forming the nieleds we note that: (L+1+ L") and
(L' +1+ L") must be event to have the functions ¥(&, L, L") different from zero. The econtribution
from one or the other shell in eq, (33) is different from zero dependinig on 1 evenor odd, If we chooese,
for example, dipole electric multipole 1= 1 only the (last filled shell) - (odd nucleon) contribution
+o C is different from zero.

From the expression of the terms A, B, C we can see that (n,s.), one=body term does not
eliminate the (n.s.), two-body contribution, as Matrtorell-Scheck found,

iy an ST 1) .
Let us note, now,that the factor — L3 LML) ) - can be written by me

[LreLrsneLr-yeeLn]

ans of the single-particle electric guadrupole moment Q;'p' :

[avn2 _ Loren)] Q™ saferr-neLnes] /2
(L@ (2L -1)(Lr+1)eL+3)] 2 o¢r2> VL3 Lo} 2

Let us now show sorne numerical examples, We whish to evaluate the different contribution to the
shifts in the electric dipole case. As a first exariple we consider a nucleus with two filled shells
and one odd nucleon having the following guantum numbers : L"=2, M"=2; the muon is in a state
with 15=2, mgy=0, The number of protons is Z = 9,

We have (we consider only the second order perturbation shift) :

4
-4 1
AE (1=1, L1=2, M"=2) = - e 1" )
g, 2, 0 ; ; ;
° Bmy M Me.2 9
MeV

3“1 ‘-(64.53--4.32)+(1,08-‘2.16)m0.72 (35)

The terms including the factors 64.53 and (1.08) are the spherical contributions of A and C re-
spectively, while (-4,32) and (- 2.186) the (n.s.) contributions. The term which includes (-0.72) is
the (closed shell)-(closed shell) exchange spherical contribution, which can be considered a con-
stant not depending on the quantum numbers of the muonic levels,

In the eq. (35) B is the harmonic oscillator parameter (B‘l = in fe‘rmiz).

i
M g
The sign of the correction to the "gpherically sum rule term™ depends on fthe valde of mg,.
In fact if we take mg =2 with M" =2 the correction will be positive. Sign and magnitide of the
one-body, (n.s.) correction depend on the orientation of the orbit of the odd nucleon respect to
the muon orbit.

in conclugion in this example there is no cancellation among the (n. s.), one-=body and the two-
body terms. The most important correction to the term containing g_9is given by the one ~body,
(n.s.) term,

This case (Z=9) may describe the energy-level shifts of the muonic atom ]'g

F., Let us com
plete the numerical expression of eq, (35), As it is well known (except for 1,=10):

41,2
_4\ } -4 Z —2'(‘31'10- 10(104‘1)
Lr "2 = a : (38)
S no,lo u 5 3 s 1 1

no(ly +5) (L + D0+ 511600, - 5)

where ay =260 f. With n, =3, 1= 2 we have :
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-1
AE3 0(E1,L"=2, M"=2) = - 10, 4 (Z =9) (37)
:2: E(Ll

A ‘
(in this case B'l and E are h.o. parameters of the nucleus 1SF).

Other examples for very light nuclei are

2
Z = 2 (closed shell nucleus): (using the experimental value o_ (El)" 0. 007 1\/§ 7 )
AE, [(E1) = - 0.79x 1072 meV (38)
Z =3
B"]
AE, | (BLL"1, M"-1) 7.29 ——— meV (39)

E(E1)

We calculate now, just as an example, and without discussing the numerical values obtained, the
shift due to the one-body matrix element A of the closed-shell plus one nucleon nucleus 21Sc (we
neglect contributions from B and C) :

Z =21:

1 -1
AES 1 (El L"=3, M"=3) (26.04 -3.78) “BT = 22.26 B eV (40)
3 E E

where the first and the second addendum are the (s.), one-body and the (n.s.), one-body contribu
tion respectively.

YJ% calcu] ate now the (s.), one-body contribution to the 3rd energy-level shift of the muonic

atom “4jL (case considered by Martorell-Scheck) :
- . -1
z="l: AE ‘g‘(z (B1) = 1351.131@7 eV (41)
B

This last result is close to the §, numerical value of Mertorell-Scheck (30 eV) only if there is
another appropriate contribution, positive and dlfferent from zero, from B(s.) and C(s.) matrix
elements (for the nucleus ];?Lu we have : B- 1xe, fmz)

We note fmally that the two parameters B~ ‘1 and ]* may be reduced to one parameter only,
B, if we assume E - fiw, = 41.54 8 MeV, The average energy £ should be written more exactly
as E = 41, 548 (1+ A), where A represents the correction introduced by the effect of residual in
teractions in the nuclear harniltonian.

6. - CONCLUSIONS.

We have derived in this work the energy-level shifts of muon orbits in muonic atoms, We ha
ve utilized sum rules technigques as in the Martorell -Schieck work.

Our hypothesis are the following:

a) intermediate hydrogen-like orbits, and spin-orbit decoupled scheme for the muonic wave func-
tion ;

b) LS-coupling for the nucleus: i.e, shell model with quantum numbers (n, L, M, S, ms) plus har-
monic oscillators basis.

We have obtained expressions of the shifts for all the multipoles of the muon-nucleus interac
tion,

If we sum and average over the orbital angular momentum of the muon or of the nucleus the
shift is proportional to the sum rule ¢_g. Otherwise other terms contribute to the energy-level
shifts,



We have examinated the case of closed shell nuclei plus one odd nucleon, Our result does not
show, as in Martorell-Scheck, cancellation among different (n.s.), one-body and {n. s.) two-body
terms. The most important correction to the (s.), one-body contribution is the (n, s.) one-body term.

Finally it seems worth to us:

a) to calculate the polarization shifts of deformed nuclei of light and medium-light muonic atoms by
using the perturbative hamiltonian of eq, (2);

b) to verify, by means of the muonic eniergy-level shifts, the cluster structure of medium-~light nu
clei, by comparing cluster structure and shell model previsions on the energy-level shifts with
the experimental data on the X-rays muonic atoms,

One of us (G. P.) very gratefully thanks Prof, F. lachello for the kind hospitality extended
to him at K.V.I. of Groningen and for the financial support.

REFERENCES.

(1) - C.S.Wu, in Physics of One- and Two-Electron Atoms, edited by F.Bopp and H. Kleinpoppen
(North-Holland, 1969), p. 429.

(2) - C.S.Wu and L.Wilets, Ann, Rev. Nuclear Sci. 19, 527 (1969).

(3) - S.Devons and I, Duerdoth, Adv. in Nuclear Phys., edited by M.Baranger and E.Vogt (Ple-
num Press, 1969), p, 295,

(4) - R.Seki and C.Wiegand, Apn. Rev, Nuclear Sci. 25, 241 (1975).

(5) - H,L.Acker, Nuclear Phys. 87, 153 (1966). -

(6) - R.J. Cole Jr., Phys. Rev. 177, 164 (1969).

(7) - Min-hi Chen, Phys. Rev, C1, 1167 (1970).

(8) - Min-hi Chen, Phys. Rev, Cl, 1178 (1970).

(9) - H.F.Skardhamar, Nuclear Phys. A151, 154 (1970).

(10) - A. Zehnder, F,Boehm, W, Dey, R.Engfer, K, H.Walter and J. L. Vuilleumier, Nuclear Phys.
A254, 315 (1975).

(11) - R.J. Powers, F,Boehm, P.Vogel, A, Zehnder, T.King, A.R.Kunselman, P.Roberson, P.
Martin, .G.H, Miller, R.E, Welsh and D. A, Jenking, Nuclear Phys. A262, 493 (1976).

(12) - R.J, Powers, F.Boehm, A, Zehnder, A.R,Kunselman and P. Roberson, Nuclear Phys,
A278, 477 (1977).

(13) - G.Baur, F.Rosel and D. Trautmann, Nuclear Phys. A288, 113 (1977),

(14) - G.Carboni, G, Gorini, G. Torelli, L, Palify, F.Palmonari and E, Zavattini, Nuclear Phys.
A278, 381 (1977).

(15) - T. E. O. Ericson and J, Hifner, Nuclear Phys, B47, 205 (1972).

(18) - J.Bernabeu and C. Jarlskog, Nuclear Phys. B75, 59 (1974).

(17) - J.Bernabeu and C. Jarlskog, Phys, Letters 6__0_-@—3 197 (19786).

(18) - E.M. Henley, F.R.Krejs and L, Wilets, Nuclear Phys., A256, 349 (1976).

{

(

(

19) - P.Vogel and V., R, Akylas, Nuclear Phys. A276, 466 (1977).

90) - J.Martorell and F. Scheck, Nuclear Phys, A274, 413 (1976).

- F.Erdas, B. Mosconi, A,Pompei and P. Quarati, Nuovo Cimento 64A, 406 (1969).

)
(22) - J. M. Irvine, Nuclear Structure Theory (Pergamon Press, 1972), —f)_.—313.
(23) -.P.P.Delsanto and P. Quarati, Nuovo Cimento 43A, 658 (1978).
(24) - See for instance: M., A, Bethe, Intermediate Quantum Mechanics (Benjamiin, 1964), Chapt. 3.
(25) - P.Quarati, Nuclear Phys. A115, 651 (1968).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


