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1. INTRODUCTION

There is currently a new trend in particle physics
as is evidenced by the rapidlv growing interest in the
dynamics of extended structures and the mass snectrum
thev sustain,

It is assumed that these structures can be des-
cribed bv quantum field theory in which an infinite
summation over some sujtable collective modes takes in-
to account the essential non-perturbative features of
the manv-body problem. The new anproach therefore goes
hevond canonical perturbation theory,

The Statistical Bootstrap Model was devised to
describe preciselv the kind of extended objects (fire-
balls = hadrons) for which the above field theorv des-
cription is assumed to apnly. From this point of view
it is natural to encuire if a consistent field theory

+ . . . ;
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underlies the bootstrap idea. This is indeed the case. The
bootstrap constraint can infact be respected by a non-
-local field theory. We therefore propose to generalize
the statistical bootstrap model to a bootstrap field
theorv of which we shall construct here the simplest non-
-trivial element - the two-point function,

2., HAGEDORN-FRAUTSCHI AND YELLIN REPRESENTATIONS

It was first hinted by Yellin that there is a for-
mal analogy between the statistical bootstrap model and
a non-polynomial Lagrangian field theory. Unfortunately
for the simplest and most studied non~polynomial Lagran-
gian

A (x)
ﬁ.w(x) —neh (1)

where /\ is the major and A the minor coupling
constant and  (PylX)a free scalar field, the spectral
function of the “"superpropagator"

22 - 2
Ay = o OrFY )

grows less than exponentially for large nn::'V,D2

lm[A(Pl)],z 3w eXPlam™?)

g P> (3)

There is no doubt that one can find a non-polynomial La-
grangian with a spectral function which grows exponen-
tially as required or at worst one that over-shoots it.
However quite apart from the inherent complexity of
working with non-polynomial Lagrangians, the main diffi-
culty is in the approach itself - the specification of
an interaction Lagrangian and consequently an equation
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of motion, In the bootstrap approach, the bootstrap con-
straint is the "equation of motion".

Its most familiar formulation is in the feed-back
A HADRON

—> is a composite of an undetermined
number of all kinds of HADRONS, each

of which in turn ———

from which it is clear that our business is with the
way hadrons are assumed to be constituted. An infinite
hierarchy belies this structure., In order to appreciate
this point of view it is instructive to examine briefly
how one would construct a hadron otherwise,

It is enough for our purposes to compare the phase
space density of the composite system with the density
of mass states of the constituents,

The density of states of N independent particles in
a box of volume \Q+ and total energy E is given by

i N N @y da N 3o
- = Vo E-SE)S (ER)TAP @
ON (E,Vo) ‘-'[(5&)3] Sg( - ) (_: )ﬂ Pb

Ui B -V |

If the N particles are identical a factor of 1/N! is
also required in the RHS,

For simplicity we ignore quantum numbers, charge,
spin, isospin, etc.

is necessary for "confinement"



852 E.ETIM

(a) For a meson considered as a quark-antiquark pair,
qq, N=2 and

T,(E V) —> E©

while the mass spectrum is just a delta function.

(5b)
Q(m) :6(ml“-Tquy)
(b)Y For a baryon as a quark triplet N = 3 and
5
G(E,V,) ==L (6a)
The mass spectrum on the other hand is a sum of delta
functions 3
p(m) = > b(m-my)
=, (6b)

(c) For the slightly more interesting case of a meson
formed of a gas of an elementary input boson b,
N = oo , ie meson = bb, bbb, bbbb,.. Nb,
(N> oo ) one finds

o _
O(E, V,) = Z N—-‘ Og:\](E;\/o)
N=2 °° =
= OPaET) (72)
pem) = S(m-my) o

From these simple examples it is evident that infinite
compositeness is necessary if the density of all states
of motion O‘(E,\/O ) must grow fast enough to approach
an exponential., This condition is however far from suffi-
cient to ensure the bootstrap equality



STATISTICAL BOOTSTRAP 853

O(E,V,) = p(E=m) (8)

as the last example clearly shows. The special strong
interaction dynamics responsible for (8) does not there-
fore rely only on the wealth of elementary constituents
available. Secondly eq. (8) cannot be valid for arbitra-
ry volume \AD . In fact if the volume \/o is very small
the contribution of the N-particle cluster to the LHS of
(8) is suppressed by the factor-\QN as against the
linear \, dependence of the states contributing to
P (m) (cf. eq.(4)). If on the other hand V% is very
large the N-particle clusters dominate overwhelmingly
in O (E,V,) and the equality in (8) becomes impossible,
There is thus a critical volume \A,at which the density
of all states of motion of all possible non-interacting
N-clusters O (E, Vo ) becomes equal to the dynamical
density of mass states jb(m).'\é is a crucial parame-
ter which sets the mass scale, At such a volume eq. (8)
is an extremely revealing and interesting equality bet-
ween the many intrinsic degrees of freedom of a massive
resonance as counted by the mass spectrum and the equally
large number of dynamical states of motion which can be
generated just by clustering.

Such equality presupposes that no hadron is elemen-
tary, Consequently if the input boson in example (c)
above is composite one can write symolically

b == bb, bbb, bbbb .... Nby.... (N300 )

Hence if for fixed N ( N = 2, 3, 4 .,..) one iterates eq.
(7a) for each factor b the density of states of motion

o2 (E;Vo )} becomes
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00 N N @) N _
oEN) = S A J&E—g £)0 (3F)x

N! |_@m)3 ey

9)

=
il
»o

=z

X ]]1<3'(Y71£,\4>) dm; d F?

which on making use of eq.(8) can also be rewritten as

N >
S(m-2 ;)8 (2F:)»

il

N
Pim) = z N! (:nt) ]

Xﬂ fp(m )dm d P
4

Eq.(lo) is the mathematical formulation of the constitu-
tional assumption of the feed-back, It was first trans-
lated into this form by Frautschi. It has been observed
that eq.(lo) is a reformulation of Hagedorn's hadronic
thermodynamics in the language of the microcanical en-
semble, This is essentially correct if one is satisfied
with taking Laplace transforms. But from the point of

view of Hagedorn's original arguments for the equilibrium
of hadronic matter it goes very much beyond thermodynamics,
According to Hagedorn equilibrium of hadronic matter,
taking place in the short time of about 10—23 sec., is not
brought about by a large number of collisions between par-
ticles, and therefore requires no relaxation time. It is
an equilibrium between the enormous number of competing
decay channels of an excited hadron. The probability
weights of these decay channels are given directly by

the S-matrix. There is thus no implication for the appli-
cation of classical statistical thermodynamics nor the
assumption that S-matrix elements should have no symmetry
properties and no momentum dependence, Consequently in the
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approximation in which it is valid eq.(1lo) represénts not

so much the Laplace transform of a partition function but
an important information on the constitution of a hadron

which the S-matrix must contain, We shall call it the
cluster or Hagedorn-Frautschi representation,

Eq.(lo) can be solved exactly forj)(nn). It was
first done by Yellin. To exhibit the solution explicitly
in covariant form let us make use of the fact that the
critical volume\vg in eqs, (8) and (lo) sets a mass
scale in the theory to introduce a lowest mass discrete
state in the mass spectrum at m =M where for later con-
venience we write

Vo = % (4¢JCES)
B = 1/4_nm (11)

&P m2) = b(b,) 3(\:3_ m; )

Eq. (1lo) can now be rewritten in exp]icitly covariant
form as

Bp(b)-%(p m )+‘7 JSMOD Z‘l (10)
XWE*?M )d"cl

The presence of the term 23 (‘) —Myg ) in the RHS of
eq,(lo) is not strictly faithful to the idea that no
hadron is elementary. However from the way it was intro-
duced the "elementaritv" of the particle with mass m,
reflects the length scale to which one probes. It is not
overtly inconsistent with the bootstrap philosophy, for
what is “elementary" at one length scale may be "composite"
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when one nrobes to smaller distances.

Yellin's solution of eq. (lo') is

B o(p”) :NE.‘H In CupVrg=1

N N s 4
QNI ‘:X gﬁ"(P_z PIOTLE S (Pi-Ma) d4}>1; (12)

is the N-body nhase snace and the gy are numerical coeffi-
cients which can be computed iteratively by substituting
(11) into (loc') or more straightforwardly by using their
Laplace transforms, We shall refer to eq. (11) as the
granular or Yellin representation,

3. BNOTSTRAP FIELD THEORY

In the statistical bootstrap model (SBM) eq.(ll) is
nothing more than an interesting analytic solution of eq.
(10'), The point of view of bootstrap field theory (BFT)
is radically different, According to it eas.(lo') and (11)
provide two different but nhvsically equivalent ways of
interpreting the complex structure of a hadron. For this
reason it is argued that the two renresentations should
be unitarily equivalent, In other words, if in the granu-
lar picture a hadron is described by .the field ((x) and
in the cluster picture by (I)(x) then there should exist
a unitary transformationL} such that

dx) = Ulq)(X)MJr (13)
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Actuallv much less will be renuired; as U will be imple-
mented, the fact that it is an isometry (U+U = 1, (UU+)2
= UU*) will suffice. Armed with U the SBM follows as a
very snecial version of bootstrap field theorv, obtained
bv making use of an interesting decomposition of phase
space (totally ordered manifold)

N
£ (pY= ‘ 22 1 Y
2 (P =60 Boo (b mo)+d~_1g; Z x

NN+ ingN

\PWPEqTTQ (ad*q, av

l,..-

where dN is the number of partitions of N,

Eo.{14) is a bootstrap equation, indeed the bootstrap
eaquation, The Frautschi bootstrap expresses the form in-
variance of (14) under the (order-preserving) defornations

wa%-—»CNw>
Qo (97) —> Q0 (97) (15)

’

Le,

7

P)" 4NBS (P—m )+Z Z ¥t nﬁx@

_gnfnlnrﬂkl
S8-3a, Wﬂ (apdtq, 0o

in the snecial case of d11atat1ons
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Qb = G (P

A (15')

.Qﬂ{)(qf) = Gn, Q) n;(ci;)

The problem renresented by eqs.(14)-(16) belongs to Alge-
braic Tonology. The dynamics in BFT is not in eqs.(lo0')
and (16). These equations are nothing more than an inte-
resting way of expressing a particular normalization con-
dition (quantization). The dvnamics of the mass spectrum
is completely snecified by an abstract operation, called
the cluster product, which is defined so as to simulate
strong interactions.

3.1 CLUSTER PRODUCT

The three main features of strong interactions we
wish to simulate are: =~

(1) the state of two free nions is different from that of

a @ -meson and that of three free pions from that of
W, Symbolically

T = [
TTTILTC £ W =+ P;rc:‘;A4 (17a)
etc,

Introducing formally a bracket symbol e.g.

P = (L)
w = (TrrT)
A, = (pTT) (175)

etc.
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to indicate that j) is formed from two pions, (J
from three, A1 from P »7C and so on, we can rewrite
ea,(17a) as )

TCTC =+ (IT7T)
TNTTTT =% (W-Tc'rC):Q:-.@mt)’it :t:((“rtrc)“n‘:)

etc, (17¢)

The bracket operation is thus non-associative, Mathe-
matically bracketing is a combinatorial problem, and
as such has been known for a long time, Given a sample
of size N e,g, the product

N\N = TC, T, Ty (17d)

the number of different ways of putting brackets bet-
ween various factors in the product is called the
bracketing coefficient bN. The difference between one
bracketing problem and another arises from the type of
addtional constraints imposed on the formation of
brackets e.g, bracketing only two numbers at a time,
and that difference is reflected in bN.

Bracketing is our mechanism for resonance forma-
tion starting with a given input, It consists in asso-
ciating with each monomial MN a Hilbert space HN of
degenerate states of dimension bN. Each of the N fac-
tors in (17d) carries a basic unit of an additive
“*ouantum number",

(2) The square of hadron masses are quantized i.e,

#

m = mZ(N) (18)
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(3) The mass snectrum of hadrons grows exponentially; in
other words the degeneracy at the mass level m2=m2(N)
grows exnonentially with m(‘N)o An important property
of the bracketing coefficient is that it too grows ex-
ponentially with some algebraic function of N. Hence
if the mass spectrum is arranged to be equal to bN
the function (18) is known, at least asymptotically.

Consider then a set(+)

+
TCi(ﬂ)’ 9i(F2)/CU_Q%)’“"""0

(19)

of creation (+) and annihilation (-) operators in momentum
space, Their (generalized) Wick product is

W |
Wiktp et s p)=f (b3 POTGop sty
xIL(ﬂ+Fi

(20)

Introduce an abstract operation Q: , which transforms
Wick nroducts into the creation and annihilation operators
of particles,

+
+) Tt*i » P do not stand for the corresponding

particles in the Rosenfeld tables.
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CNE gt wl P ——— (T ot wt i p)

&2
(7%, p*% wionib) = (7, pT @i P)

and satisfies the following conditions:-

. +
(; 1 . For all single-narticle onerators e.g.Tt”(P),
+

fr__(P)’(‘M.".‘(ﬁ))etc.ml‘
(ct; pP) = TL°(P) (22)
(PF5P) = pE (P, ete

Hence on the vacuum of the operators in (19)

Cloy =10

+ ot Wt .
Because (7C~, P~ “),“"? F’ ) is bv definition a single-
-particle operator

(23)

-+ € ; i + + .
((‘,‘Ct‘ Piv w‘: 266 9 F’)) o (7—C y ‘P-—’ w'-’ w:e’- F)
(22%)

implving

2

0:: — (E (24)

C has therefore no inverse (,'1. The decay of a resonance
is therefore not the inverse of (C . It is much more com-
nlicated and will not be considered here,
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1

+
q: 2, For all local onerators.Ttt , s U7 seeenean
+

+ )
irresnective of their number, (T[*;P;aui ees P )
{
is local and the commutator

[(TC'}f} w3...;Pp), (TC+,f'+, w7...; Gl)]‘: C ~ Twurber (25)
+ o
2

is finite for all p~,

The combination TN = W* will be called a bracket

or cluster or Wick star product in the set (19). The
i e ; * p A .

particles of which (Tfi,j7 /AL OPPR #) ) are

the creation and annihilation operators will be

called clusters or simply resonances,

A few properties of wﬂk are that
(i) it is, as expected, non-associative
(m(pw) % ((TMP)w) + (r)p) F(Tpw)
(ii) it is commutative
(TLe) =(pr0)
(iii) it is distributive over addition
(T Le+w]) =(Tp)+irow)

3.2 SBM OR PHASE SPACE BOOTSTRAP AS SPECIAL CASE OF BFT

Let s g upx _ipx
po0 = d*pSPEmO(aPe T +aipe )
0 (26)

with

~ 3) » - -3
[ao, & (0)]= 2E8 (p-3) (21)

(27)
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be a free scalar field of mass mye Define the new opera-
tors

Colp)= "\/—T' & ;3 fmo)CL(F)
1/—1:

(28)
allp)=

do(prmo ) O (P)

with commutation relation

l:o‘o“))v Q,;(C])] = Bgo(tg‘im'f) 84-)(P~Ci) (29)

For the w’* product of the ao's we use the more convenient
notation

N N
alp,N) = QS‘SW(P‘Z 9:) ﬂ ao(ﬂ')dﬂi;

a(pinin, -y )= (]::SS(AL)P § 9 )]TCL(‘%‘ ~)d+c":(30)

According to conditijons q:1 and (:2 the operators in
(30) are local and have commutators

[l @¥q,N] = Dpas %"‘“"(P—q)N[QN(Pz)

[atpn, s, ne), (d,ng ny, ) ] =

= e S@(F- 6%*([[48”2.”/63({)%" ) x
X Q—qf\ ; (PL)

(T2t A ML
where 0353 permutation of (1,2,...1)., Note that eq.(30)

(31)
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is a rewriting of the physics contained in eq.(17b). Eq
(31) is then the most naive generalisation of eq.(29) and
gives rise to the fo]]ow1ng mapping

Hy= {Q(P’n-, 2 Mg); Nz 2m ) }__%Qp)(3

Jap,N)J =5, (p)+____, [Z ___,Z x

N=nta “Hy
)4‘84—( 'Z“] )TT \/—-‘—a(‘l({/ﬂ{)ﬁt ’ﬂi (32b)

between the Hilbert snace HN of dimension bN and phase
space,by = (dy = 1)¥ is the number of different bracke-
tings of first (.......) and second ((ceene) (aene) (+0s))
order for a sample of size N and J is an isometry (J*J=l.
(0H2 = 3%y,

A
VN

The local space-time fields corresponding to the operators
in (30) are defined by

1

X . -—lP\(w
B 0= jd“lof apmre’ aipme )
X = %X

(33)
. - @ (X)
with a(p,1) = ao(p), and similarly for ¥nm, My

in terms of a(n.n.nz...n]). Consider next the operators
defined by

+
It is dN-l and not dN because a(p,N) = a(p,1,1...1)

by definition, N
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& o
M
Alp) = ol 24 7= OUPN)

(34)

L 4
G yd*a,
A= C J87(-ZapT Aapd*a,

oy X of
:: : ﬂl ma':ﬂ" T‘L Q(P):n‘ Y\L:H'Y]/Q)
Y‘ﬂ"“l‘,”' ,"nz‘t

NNy Ny= A (35)

, - e
Cipr= o +2 S Atk

(36)

with space-time fields

SO @ (xy ., Oy =1
(X) = .____.qﬂ (x) A
? Nz:’i o N (34')

Cw ‘0(-’ a’ “’.l'q X
= { | N, My
o= > it B

+L Mg Mg=A
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@(x) @, (0 +Z Y’L (f[) (x)

Mith no restrictions on the coefficients O(;—.-.{O(N}

(36°)

and ‘b"-—_' {)’1’} these fields are not local., From
eas,.(31), (34) - (36) the vacuum expectation value of
their commutators are

<ol @x), ecp Jio> =4E'L5~'[dsy(s;ot)/)(x-y;s) 70

<ol[qr3(><),~q)(>})]lo> =471 LBJ'C{SCT(S;O(,K)A(X‘—H;S) (37b)

where A ( x-y,s) is the free field commutator for a par-
ticle of mass ’VS and

Rp(pAa)= BS(PLmd)s ‘_2: o1 * L (P Ly

Ra(pin )= 55 (p* T"o)*"z IM Jb@’) Z RLES
xTr 89(‘?“0() d dh.

Eq.(13) is thus sufficient to obtain the bootstrap equa-
tion

BP(PM) B (P -, )+Z 74| ng(("}‘ ) X (39)
£
xE’B_P(‘?ayotf)d q.
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and implies

oA = o)

(40)

Ea.(39) determines (40) only in modulus, In fact from

C(P) = MA(P)M+ (41)
and

col[c(p), CHg)llor = <o Ap,A*())ie>

one gets N
1 S, | 0 lqnl
“O(Nl = g’)N +>—4 l ﬁl AZ_Q "‘ l )\1
Q,:L ﬂl-rn At 4'“2:]\]
2 .
which, with %N = IO(NI ) (g‘/nc = lo(n,:,

2
[% 21 = mk,(‘n\,Y‘&o' te YLI,), is exactly

what one would obtain by substituting (15') in (16). From
ea,(41) and the commutation relations (31) it is easy to
see that (42) follows from the operator equation

N .
¥e
_Q(;Jua(mu%%wao“’)‘*(EZ .
Nﬂ

NN, £ 1N=

<] zq m s alamad’y,

Comparing (32b) and (43) we see that if phase space boots-
trap (the Frautschi equation) is all one needs U can very
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well be just an isometry, Eq,.{43) is then consistent with
(32b) if

64N+Z XJL Z A, %n, o Xy (48)

Ny g+ =N

In turn (44) is consistent with (42) if

Ree (XS Xpion ) = 0] PP/ (N (as)

where ﬂ:)(N) is a partition of N
PN IN = nyamger s Mg 852

and

ot
= Ol Gy oy, O(N=3im
“Bw b e

O(N g (M (46)

From eas.(15), (16), (32b), (39), (42), (43) and (44) we
see that many algebraic systems, e.g. functions, real and
complex numbers, operators, the subspaces of a totally
ordered topological space, obey bootstrap equations of the
same general form, Thus one has only to verify the exis-
tence of a bootstrap relationshin in a simple system (in
our case the category of N-body (N=1,2,,,) phase space)
and then renroduce it in other algebraic systems by sui-
table homomorphisms, Given this fact the Frautschi boots-
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trap equation is clearlv nothing more than an interesting
way of exnressing a particular normalization condition (eq.
(31)) for the states in Hye Actually one need not go beyond
eq.(34) to derwve the Frautsch1 eouation: for fixed N sub-

stitute Ot(ﬂb,’n ) = &y, Cqi, M)
into eq.(32b) and change /(dN-l) to ¥y then

Phase space

S consists of phase spaces
each of which in turn

i

l

yields the bootstrap equation upon taking commutators and
summing over N,

3,3 CORRELATION BETWEEN MASS AND SIZE OF CLUSTER

By definition, the cluster operators a(p,n,nz...n])
( TLL,K'}%) are local and have finite commutators for all
pz. This definition actually stipulates a definite corre-
lation between the mass my = -qﬁ;? and the size
N= M, + M+ + N of a cluster. Consider,
for simplicitv, the case 1=1 and take the Timit N— oo
in eq.(31). Condition G: 2 then implies the inequality

0 < ’,\ngw;a [N1£2 (ma)) & oe (47)

and hence the said correlation, If for small L and

mN5> Mg s Q:LN(mN) is approximated by

2 B> Z 2\N"% (48)
@] o~ 2 Ttﬁfm
- N(m ) QiN-DiN-DF N "



870 E.ETIM

then (47) is satisfied only if

2
mo > (-2 )Nr:(13 Mo )N
N N—>oo TTRe e
(49)
where @ o~ 2.78,... If the mass-size correlation is the
same for all clusters then the square of cluster masses are
guantized

rmNQ = fm02+ b(N-1); b zgm;f/e (50)

4, BFT IN GENERAL

BFT is concerned not with the structure of phase space
but how to formulate dynamics in the Hilbert space

0o
H & H,
N={

Il

H

(51)

4
\ = 4 AT Mo, N=>", L7y
y =4

The definition of the cluster products in eq,(30) with
onlv nhase space correlation was done for the sake of
simplicity and to get directly to the results of SBM, In
general we have 2

“ L 7 y
b 1 “8 (P29 (Pt -e) \a(”‘;n‘)d 7.
“a“z"‘nﬂ): rq’u P"»“ Agngng 2 (52)

G,
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in terms of wave functmns;ky,) A, ﬂé(f’,‘l,...u)whmh
may depend on additional quantum numbers represented
collectively bv )\ . With (52) the normalization of the
states in HN is no longer given by (31)., At this point
we can fncorporate the information that mass and size of

clusters are correlated directlv in the normalization of
states and quantfze as follows

[O'P\ﬂmz- (P, % - ,(qﬂ Oy Dy

x5, ( Pﬁz?mg( Ning-y) 34“0“9)
(53)

Eq,(53) is true for 1=n1=1.nﬁ=o iZ 2 (eq.(29)) and is
satisfied by (52) if

(4) * (P99 9 (Piqiq. X
Jé (P };_,q >qjﬂﬂn'zno’ﬂaz )\.}J'\ﬂ‘n\i .1:\ 1&)
L=

L ,, |
X -”-- S)"ﬂ, kal { ) O& C“‘ = %)\)\’ E;So (Pl—mz(n,nz...ﬂl»
ey i

(54)

; it Way F Wi1401 n *Q
Note that if YAN A‘jvf.J then Qg At

and Hy in eq.(51) has dimension dy N

The onerators

oo N

A(F“Q(F""ZZZ Qo m P2 (55)

AN M= N
are not local. Their mass spectrum is given by the vacuum
expectation value of the commutator
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| + =%, 8 (b-q) Bo(p?
2olLAL(p), Ay (q)]lo>=2,4:0 (p-q) Bp(p?) (56)

with

oo
(PY =8 (b2m2)+S. dy &, (p=m) (57)
PP = 8 (mE)+3, e So(ptm

2

Making use of my = M2

o * b (N-1) and the recursion relation

U L d
_ 4 o(N-4)
OLN ps N Z L (58)
L=o
one gets
> 2
bg(hz) = Z dN CUN(IO) (59)
N=o
where

2 2 \ /r pEm}
Wb = o (e ) /(BT 1) oo

and 0 (N) is the divisor function, that is the sum of
all divisors of v1L. . Eq.(59) is the "Yellin expansion” in
this case and (58) the “bootstrap" equation analogous to



STATISTICAL BOOTSTRAP 873

(42), Eq.(58) is a group theory (linear) decomposition
with respect to the quantum number(N-1), that is the mass
sayared operator,

We are unfortunately not vet fully equipped to go be-
vond the mass spectrum and define the S-matrix. We still
have to define an operation corresponding to decay and
consider in some more detail the field theory properties
of this non-local model. However what has been done is
clear and can be concisely stated: Given the C*f-a1gebra
generated by the creation and annihilation operators of a
"narticle" carrying a basic unit of an additive "auantum
number* a multi-nary non-associative bracket product can
be defined which maps the monomials

= a a MIPEPI
N A1 L (17d)

———— 5
N-times

into N-degenerate vector spaces. The degeneracy of the sub-
spaces HN consisting of products with at most two overall
bracketings is exponential in 4/FI— as N— ©o . The
“quantum number" N can be anything provided it is additive.
In the statistical bootstrap model it is the number of
particles in phase space. In the dual resonance model it
is spin,

As far as the mass spectrum is concerned the diffe-
rence between these two models is in the different normali-
zation of the states.

In fact eq.(46)
S(N-3117); 0

S— s b b DL v -7

o(ﬁjgw = Oy, Xn, Xy (N%n‘), 74 (as)
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can also be used to generate HN“ In the dual model the
fobz are commuting operators and the stateS

O(fe(,\,)(o), O(ﬁ-)/(N)'O} are orthogonal for
P(y)#P/(n) . The need for bracketing does not
arise because the states Cixmlobl,ﬂlzwf are assumed given
from the beginning. If these states are normalized with
respect to phase space and eq.(44) is imposed the statis-
tical bootstrap model is obtained, The relationship bet-
ween the two models ends here,
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DPISCUSSION

CHATRMAN: Prof. E. Etim

Scientific Secretary: M.A. Ichola

DISCUSSION

~ LITTENBERG:

How do you verify the form of p(m) at high energies when you
cannot identify individual resonances?

- ETIM:

It is not necessary to resolve individual resonances at very
high energies in order to test the form of p(m) there. In fact,
the theoretical mass spectrum is a continuous function in the energy
region where the resonances merge into a continuum.

- WILKIE:

The model is similar to the generalized Veneziano model and gives
a spectrum of bosons of higher and higher spins. Is it possible to
put in internal quantum numbers?

- ETIM:

It is not possible to give a proper treatment of angular momentum
in this model, and this should be done before any attempt is made to
include isospin.

— FERBFL:

I have often heard the statement you have just made —~ namely
that the mass spectrum grows exponmentially. Could you explain what
that means?
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- ETIM:

That the spectrum grows exponentially! It means that if the mass
is allowed to go to infinity the mass spectrum p(m) behaves as an expo-—
nential exp (bm) where b is a constant.

— FERBEL:

I know that, but what does it mean and what does it imply?

- ETIM:

It is based on the bootstrap assumptions I drew attention to
in the lecture., It implies that at very high energies, the number
of open channels in a given hadronic reaction increases with energy
and does so exponentially. Implications for cosmology have been
discussed in various papers by Hagedorn, Frautschi, Huang, and

Weinberg.
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