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STATES IN GAUGE THEORIES

The problem of mass singularities is studied using the formalism of coherent states. The introduction of new states
which account for both soft and hard radiation effects provides one with matrix elements which are free from infra-red and
mass singularities at the leading logarithmic approximation. In QED our results coincide with those obtained from the renor-
malization group equations. The generalization to QCD agrees with perturbative calculations and provides a simple frame-

work for evaluating the finite corrections to hard processes.

The problem of infra-red singularities in QED has
been extensively studied in the literature, using mainly
two different approaches. In the first and more conven-
tional one [1] the infra-red structure of the on-shell
form factors is inspected in perturbation theory,
where various proofs have been given of the well-
known exponentiation of the infra-red singularities.

As is well known, in the calculation of inclusive cross
sections for physical processes these divergences are ex-
actly cancelled at all orders by those arising from real
emission, in agreement with the Bloch—Nordsieck
theorem [2], generalized by Kinoshita and Lee and
Nauenberg [3].

In the second approach [4] the finiteness of observ-
able cross sections has been the motivation for defining
a finite S matrix, using the formalism of the coherent
states. This is much closer to the physical reality be-
cause of the introduction in the theory of new states
which are degenerate in the number of soft photons.
The Kinoshita—Lee—Nauenberg theorem is then auto-
matically satisfied and the new matrix elements are
therefore finite.

The infra-red structure of non-abelian gauge theo-
ries has been investigated much the same as in QED.
Using the first type of approach [5] and at the ap-
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proximation where only leading powers of infra-red
logarithms are kept, the on-shell form factors have been
shown to satisfy the same infra-red differential equa-
tion found in QED, the only modification being the ap-
pearance of the effective coupling constant Z2(r) for
the pure Yang—Mills theory instead of g2 [6] . Further-
more explicit calculations [5] of observable quantities
as inclusive cross sections, have also been found.to be
finite, in agreement with the Kinoshita—Lee—Nauen-
berg theorem.

These results have motivated the extension to non-
abelian gauge theories of the coherent state formalism
[7] which indeed provides one with matrix elements
free from infra-red divergence for definite colour
states, at the same leading logarithm approximations.
This has been achieved by extending the concept of
classical currents associated to the external particles to
incorporate both the new properties of colour and the
appearance of the effective coupling constant Z2(7).

In the present letter we further extend the formal-
ism of coherent states to the problem of mass singular-
ities in QED. The obvious motivation for this analysis
is the very close connection between hard processes
and mass singularities in quantum chromodynamics
(QCD), as recently emphasized by various authors [8].
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To this aim we enlarge the concept of soft photons by
considering in addition to the usual low-energy pho-
tons (k < Aw < £), also the hard photons (Aw < k

< £) which are emitted with an angle less than or
equal to an arbitrarily small but fixed value §. In other
words we include in the formalism all photons which
have either small energies or high energies but small
transverse momenta (kf <E% 2).

Such an extension provides one with new matrix
elements free of mass singularities at all orders of per-
turbation theory, in the leading logarithm approxima-
tion, in agreement with the Kinoshita—Lee—Nauenberg
theorem. As a nice feature of the formalism the contri-
bution of hard and collinear photons from any exter-
nal leg of a djagram is easily obtained in exponentiated
form. Our results are then simply generalized to QCD
by virtue of the formalism developed in ref. [7] and
provide a very simple tool for evaluating to all orders
the finite corrections to hard processes.

To be more specific, let us consider electron scatter-
ing in an external field. After cancellation of the infra-
red divergences from real and virtual soft photons
(k < Aw) the inclusive cross section, at the lowest ra-
diative correction, is given by (—g¢2 > m?)

2
- (=2 _q) nae
Oinel = 90 {1 +2 - [(ln ) 1) In I

(1)
3 —q2
+3ln —+0(1} |,
me

where o = e2/4r is the usual on-shell charge. The con-
tribution of vacuum polarization is not included in eq.
(1) and will be discussed later with the renormaliza-
tion problem. As m — 0 the mass singularities of eq,
(1) are exactly cancelled by adding the contributions
of the states which are degenerate with the initial and
final electron. More explicitly, the total hard cross sec-
tion

Ohard = O[e(p - k) + '7(k) = e(p’)]

+ole(p) > e(p' — k) + 1K),

is given by

O e

having limited the hard phioton phase space as Aw <Kk,
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K <FEand0o< 0,0, <&.There, as is well known,
the superinclusive cross section contains no mass singu-
larities:

Tsuper = Pincl T Ohard = 90 { 1

3)
#2812 A9 sy, 2 g
ml "2 E T ’

1 max ifmax

with &2, = E282.

To improve eqgs. (1) and (2) to all orders, to maxi-
mally logarithmic terms, we use the technique of the
renormalization group [9] for the inclusive cross sec-
tion [10] and then obtain the hard component by the
Kinoshita—Lee—Nauenberg theorem. We find

(/m)incl
d
Gincl = 0 €XP (—2%lnég)exp|:f _x'_y_gx_)j],
afm

E x Bex)
4)
and
(¢/mhard
dx vy
el 20
afn
)

where v(x) = x(4 In(Aw/E) + 3) and (x) = xB; (B4
=2). In the above equations (e/m);e; and (@/T)parg
are the running coupling constants for the inclusive
and hard problem, namely the solution of the equa-

tions

B oa\a 0 (a) _

2 (e 2 (%) =, 6
atincl ﬁ(ﬂ)'ﬂaa/ﬂ) T incl ( )
" hard hard
where f;, 4 = 3 In(—q2/m?) and f1,.4 = 2In(E282/m?).

We therefore obtain, for the superinclusive cross sec-
tion

P a9 ™
x Bx) |

‘Usuper = 0peXp {“
{@/mYinicl

To avoid mass singularities associated with on-shell
charge renormalization we use as an expansion param-
eter (/7)1 Which physically corresponds to renor-
malize the charge at the value g2. Consistently we
have omitted the vacuum polarization contributions.
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Finally, expressing (/7). in terms of (/)
= &/m, we obtain

Aw 3

4 PEAY
e o o+ )]

©)

We are now going to discuss the same problem from
the approach of the coherent states. As is well known
[4], for given initial and final states |i) and |f), defin-
ing the corresponding coherent states 11y and | D) in
terms of the classical currents associated to the exter-
nal particles as

|5, )= eI, £, ©)

with

A= d4k/(1f)kA Sk 10)
W )4 / ®)A, (), (10)

the new S-matrix elements (f|S| 1) are finite, factoriz-
able in the infra-red factors and directly comparable
with the observable inclusive cross sections. More ex-
plicitly, one gets

0,0 = KEISITH2
(11)
a3k . .
=exp{ i ]u(k)]:(k)} [KFISTi), 12,
A
where
@
. i NoP .
=@+ = 25 @t (12)

G} QU2 @k’

for k < Aw, and zero otherwise. In eq. (11) the param-
eter A has been introduced consistently as the lower
limit of the permitted energies of real and virtual pho-
tons and has to be finally set to zero. From eq. (11),
one finds *!

Oinel (13-‘)
g2 2
=00exp{2%[(ln~—%— )1 29,3 1 2”
m m

So far the conservation of total energy (Xk, < Aw) has
not been taken into account. It can be shown (see the sec-
ond reference of ref. [4]) that this only introduces a cor-
recting factor of order 2.
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Let us observe that the factor %1n(—q2/m2) in the
right-hand side of eq. (13) has been extracted from the
asymptotic elastic form factor given in ref. [11] in the
form

Flnqa)
(7

o[- (25) - () ]+ o@|.

Let us introduce now in the formalism the collec-
tive effect of hard and collinear photons which form,
in the limit m ~ 0, the set of states degenerate to the
initial and final particles. Define the new states

~ . hard ~

11, 0=eif |1, : (14)
where Ahard is obtained from eq. (10) with the substi-
tution ]ﬁl f) ~ jhardG.0) The new currents jhard(k) dif-
fer from the old onesj,, (k), given by eq. (12), for the
different domain of 1ntegrat10n ie., Aw<k<Eand
0, <8, where 6, is the angle between k and p,. In ad-
dition a factor {1+ [1 — (k/£)]2}/2 is introduced to
correct the simple 1/ k spectrum which appears in any
product ]( M)]éﬁ) to account for the hard character of
the photons #2. Then we obtain

RINEK

exp{f Tx hard(k’ hdrd(k) ]‘ I<T"ISIT>|2
:exp {fd;]f [ hard(k) hard(k) ] (15)

+f (B, (k)]} IKFISTdy 12

For electron scattering in an external potential we
have

jd k hard(k)]hard(k)

2k (16)

aff, E28? ) E 3) _433)}
—_(ln 5 _1(\]11&\@ ) ()(E

" m

+2 A more formal derivation of this correction factor for hard
photon and gluon emission can be easily found in the litera-
ture. See, for example, ref. [12].
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Then we obtain for 0., & '[(?IS | ?)l 2 the following
result:

2 2°
a ~q Aw —q~
= 0 exp —[(ln—ﬁ—— )l — =+ 1 —= ]}
Oguper ™ 00 { T m? E 2

X exp {2%‘ (mEz‘sz - 1) (mi _i)"’ (7

m2 Aw 4 )
or
a —q Aw
Osuper = 90 XP { p l:]n S In - + %1 —2——] }
ki max klmax

(18)
This result explicitly shows that the matrix elements

of the new states are free of mass singularities, as
stated in the beginning. Furthermore, comparing egs.

(13) and (18) it follows that the final result can be sim-

ply obtained from oy, by the substitution (1/v)
=(m/E)~>§.

So far our results have been expressed in terms of
a, the physical electron charge which enters in the def-
inftion of the classical currents associated to the coher-
ent state. However, the usual measuring procedure of
the charge fails in the limit s — 0, and one has to per-
form an off-shell renormalization. Furthermore, the
emission and reabsorption of electron—positron pairs
also become singular in the limit 72 - 0, and have to
be considered explicitly. Therefore one is naturally led
to introduce an effective coupling constant in the def-
inition of the classical currents which appears in the

coherent states. This simple modification in the formal-

ism automatically reproduces the results previously ob-
tained from the renormalization group equations, as
shown below.

The hard component is then given by

jd k hard(k)]hard(k)

2k Tu

kLmax 2 ( 2 k)

A d )
<~ B Phaaay i‘ff—

m2 kl AwlE (19)

2

4 ( Aw 3) [ oz(M) ( J_max)]
~—{In In|1-- ,

B E 4] L Byln )

where the effective coupling constant has been de-
fined as
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a(M?)
1 — (a(M2)/2m)8, In(k2/M>)

(M % k)= (20)

and a(M2) is the off-shell coupling constant A similar
treatment of the soft corrections, with —g2 < k2 <m?
then easily leads to eq. (8)instead of eq. (18).

The above analysis shows that the coherent state
method gives the same results of the renormalization
group equations, providing in addition a very simple
physical description of the massless problem.

The generalization of the above results to QCD is
straightforward, given the formalism developed in ref.
[7] for the soft problem. In fact, for a quark in a
singlet potential, the inclusive cross section was found,
o [(F1SI )12

Ojncl

= exp {

where (k) is the coloured generalization of eq. (12),
Zym (k) is the effective coupling constant for pure
Yang—Mills theory and the right-hand side of eq. (21)
is free from infra-red singularities. At the leading loga-
rithm approximation the finite corrections in eq. (21)
coming aftér the cancellation of infra-red singularities
can be written as

exp{ f f = YMU<>} @)

where we have explicitly introduced a dependence on
k| of the effective coupling constant. This dependence
is not evident in the results of ref. [7], when only a
leading In & behaviour of Zy (k) was found from the
comparison with perturbative calculations. On the
other hand a k; dependence of £ is strongly suggested
from the previous results in QED (eq. (20)) and forced
by the requirement of cancelling the m? singularities
between the soft corrections (22)-and the hard contri-
butions, analogous to eq. (19), which have been
shown [13] to depend explicitly on (k).

Furthermore, in the limit m > 0, quark loops have
to be taken also into account, in addition to pure
gluon loops and the effective coupling constant for a
pure Yang—Mills theory which appears in eq. (22) has
to be replaced by the full (k).

The hard gluon corrections are obtained from the

(21
3k .c CrpnEy <2 )
57 U5 ®i5 ) 185, (R} <AISID
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obvious generalization of egs. (15) and (19) where §;
is replaced by the complete § function (quarks +
gluons). Then the m? singularities exactly cancel be-
tween soft and hard contributions and the superinclu-
sive cross section for the scattering of a quark-jet

E g+ lq+gdt.. +]q+qd +..)in an external po-
tential becomes, as in eq. (8),

Osuper = 90€XP —2cp

Loaxli+1—n?] 79 dk?ack)
o Sl S e

E252
o Rl Aw 3 a(g?) —q?
=0eXp {4F(ln = +Z)ln [1 +—2}—Bln ———= 1,

Aw/E

E282

where f= — 2N, +3N/2 and cp = (V2 — 1)/2N,.
In the case of e*e— annihilation into two jets, the re-
sult of Sterman and Weinberg [14] is simply given by
the first-order expansion of eq. (23) (—q2 ~ 4E?2).
The generalization to other hard processes will be dis-
cussed elsewhere.

To sumimarize, we have studied the problem of
mass singularities within the formalism of coherent
-states. The introduction of the new states, which ac-
count both for soft and hard radiation effects, pro-
vides one with matrix elements which are free from
infra-red and mass singularities. In QED our results co-
incide with those obtained using the renormalization
group equations. The generalization to QCD agrees
with low-order calculations and provides a very simple
tool to evaluate the finite corrections to hard processes.

We are grateful to R. Meuldermans, Y. Srivastava

and G. Veneziano for useful discussions. We wish also
to thank G. Veneziano for a critical reading of the
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