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The annihilation width of the fermion—antifermion system into one photon is divergent to order m~2. It is shown that
this divergence can be removed by properly constraining the strengths of the spin-dependent potentials.

There are many fermion—antifermion (f—a) sys-
tems, like ete ™, NN [1], cc [2] and the new heavy
quark—antiquark [3], which are interesting to consid-
er in a non-relativistic approximation. When the non-
relativistic hamiltonian is derived from a relativistic
theory, the potential is purely central and behaves like
71 at the origin, apart from possible logarithms [4].
In this fully non-relativistic approximation the theory
of the f—a system is just the same as the theory of the
fermion—fermicn (f—f) system.

Spin-dependent potentials appear in both theories
as relativistic corrections of order m~2, m being the
mass of the fermion and antifermion [4]. These spin-
dependent potentials are not positive-definite and sin-
gular at the origin like m—2r—3 or m=28(7), so that
the hamiltonian is not bounded from below.

The standard attitude in atomic physics is to con-
sider these spin-dependent potentials as small pertur-
bations, to be treated only in first order perturbation
theory. This attitude is not tenable when spin-depen-
dent potentials have large strengths, as is the case for
the N—N and ¢t interactions. In nuclear physics the
problem is handled by an ad hoc modification of the
potential at short distance, done in such a way as 1o
fit the experimental data, with the assumption that
nothing should critically depend on the detailed be-
haviour of the potential at the origin. In this respect
the situation is very different for the f—a system, OW-
ing to the fact that its annihilation widths are deter-
mined by the behaviour at the origin of the wave func-
tion which critically depends on the detailed behaviour

of the potential. The situation for the f—a system is
made more delicate by the recent observation [5]

that relativistic corrections of order m~2 to the anni-
hilation width are divergent, even with potentials be-
having like 7—1 due to the anomalous behaviour of the
coupled partial waves in the presence of a tensor po-
tential. If one wants to include spin effects in the non-
relativistic theory, one must include relativistic terms
in the hamiltonian, and ask that the hamiltonian be
bounded from below and the annihilation widths be
non-divergent and non-vanishing.

In the following we will show that a hamiltonian
satisfying the above requirements can be constructed
by properly constraining the strengths of the different
parts of the potential. We will then argue how such
constraints can arise in the reduction from a relativis-
tic theory.

Let us start with the most general local hamiltonian

H=p22m+Ux(r) + Uy(r)ey°0;
Q)

where St is the standard tensor operator, L the orbital
angular momentum operator, and § = %(01 +6,) the
total spin. If some of the potentials are more singular
than r—2, either the wave functions vanish at the ori-
gin faster than any power, giving rise to vanishing an-
nihilation widths, or the hamiltonian is unbounded
from below. We are therefore left with potentials sin-
gular like r—2 or less, and will discuss for simplicity
only the case r—1, which is the one physically relevant:
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U, (n= Varo/r + W, + .., @)

where a stands for C, o, LS, T. Other non-pathological
behaviour can be analyzed in a similar way.

One can check that to order m~2 only the width
of the state L. = 0,2, S =J =1 is divergent. The annihi-
lation current for such a state is

3
2
Ik==vV2 (1 +‘1‘£—) Xk e LE (P:0x —58)%
3 m2 V2m2i=1
©)
where X, are the annihilation operators for a spin trip-
let. The annihilation matrix elements are [6]

Ol Iy =6 {_ﬁ [RS(O) ~#R§(O)]
] ' )
5
4+/7 m2

where Rg and Ry, are the S, D radial functions and

Rﬂm+AL

1 . —1p! "
6\/77m2r1£r(1) {242 r Rg(1) = 24/2RY(r) -

=3 Rp() +3RH0) — SR + SR ().

We are now going to evaluate the quantities appear-
ing in egs. (4) and (5). Rg and Ry satisfy the equa-
tions:

1 d d
[ﬁa’z 3 Uy +mE:,RS ~BmU(ARy, =0,

(6

1{1d ,d 6 ;
Lz o dT_;E —mUz(r)+2mUT(r)+mE‘] Rp

—V8mUH(HRg =0,
where E is the energy and
Uo(r) = Uc(r) + Ua(r), U2(r) = Uo(r) — 3ULS(r)' (7)
Egs. (6) have two linearly independent solutions:,

pg)(r, Ey=1+ agl)r + bél)r2 +..,
pg)(r, E)= ag)r + bg)r2 + cl()l)r lnr+ .., 8)

p§2)(r, E)= déz)ra +o, p]()z)(r, E)=rt+ ...

Let us explicitly note that there is not a term »21n r
in pg ), and that pg) and p§2) have an anomalous be-
haviour with respect to pure D and S waves.
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The physical solutions to eqs. (6) are those super-
positions of the above solutions which vanish at infin-
ity:

2
RY() = kZ_)l ol o®r, E),
, i=1,2. ©)
. ~ . ‘
RO = L 6o ),

We see that the contributions to A coming from
,o(Sz) and pg) are finite, but the contributions coming

from pgl) and p%) are divergent unless
a{) = 2v2aD), (M=o,

If the above conditions are satisfied, A = 0.

Following ref. [7] we can now express ag), agl)
and ¢y in terms of the parameters of the potentials.
Putting

(10)

T=1/mrl, (11)
we have

1.1 ’ . 1
ag)_gVO/T’ a]())—_“:i\/g_VT/Ta (12)

e =(BISTHL Vv -1 Vi(Vy—2Vp)+ TWy].
Egs. (10) and (12) give

VTz:_%VOJ

(13)

Vis=—%Vo+5TWy/v,,. (14)

It should be noted that if Vo # 0, Up(r) ~ Up(r)
~ =1, while if ¥, = 0, Up(#) ~ const. but Up(H) ~r.
Moreover, if Wy = 0, as is usually assumed, and Vo
# 0, both V' and V; ¢ are determined in terms of V.

It is perhaps worthwhile emphasizing that egs. (13)
and (14) hold true for any f—a system, provided the
potentials behave like 71 at the origin. Logarithmic
modifications of the potentials, however, can be im-
portant and can drastically change eq. (14), so making
a distinction between the NN and e*e~ on one side,
and the ¢ on the other.

It could be interesting to generalize the above pro-
cedure to the (f—a)(f—a) system, and to the case of a
system which is a superposition of (f—a) +(f—a)(f—a).

Egs. (13) and (14) show the non-perturbative char-
acter of spin-dependent potentials. Indeed according
to the standard expansion in inverse powers of the
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mass, Vo ~m0 and Vip ~m~2, so that the diver-
gence due to the D wave is of order m—4 and should
be omitted in the present calculation. In such a case,
the divergence of the S wave, which is of order m—2,
could not be removed.

The above result implies that the standard expan-
gion in inverse mass is not permissible. A possible rea-
som is that calculating the annihilation width in the
non-relativistic approximation we need both limits m
-» 0 and 7 - 0, and ambiguities can arise in the prod-
uct mr. According to the uncertainty principle *! mr
~ 1 in the annihilation process so that terms like
m~25(7) should disappear while terms like m—2r—3
should actually behave as 71 renormalizing in a non-
perturbative way the strength of the potentials.

We would like to mention that the interaction de-
rived by Schnitzer [4], for mr = 1, satisfies eq. (13)
for all the values of its parameters, but does not satis-
fy eq. (14) for the values of the parameters used in
the calculations, where W = 0.

I'am grateful to the CERN Theoretical Physics
Division for their kind hospitality.

*1 This point was suggested by V.I. Zakharov.
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