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ABSTRACT.,

A different method exists for quantising classical systems. It
consists in considering the field q(t) as a stochastic process. This
approdach is equivalent to the traditional one, but it is less revolu-
tionary. It is remarkable, nontheless, in its own way: it commun_i_
cates between two worlds, the Euclidean and Minkowski space-ti-
mes. This connection is investigated here in the non-relativistic
framework, It turns out that the Euclidean Schr8dinger equation
and the Fokker-Planck equation in Minkowski space are associat-

ed with the same Markoff field,



1. - INTRODUCTION.

The non-causal behaviour of quantum systems can to some extent
be explained by classical probability theory. The main idea is that
their motion is modelled by a Markoff process. The kinematics is si
milar to that of the Einstein- Smoluchowski model of Brownian motion,
Under these assumptions Nelson [1] gave, some time ago, a comple-
tely classical derivation of the Schr8dinger equation. His approach
is really an alternative method of quantising classical systems andis
appropriately referred to as stochastic quantisation, Its implications
for quantum field theory have been clarified, following Symanzik's in-
troduction of random fields in Buclidean QFT 1[2] , by recent investi
gations of Nelson [3-5] and Guerra [8] One important result in
this connection is that a Euclidean Markoff field can, a juste titre, be
considered as existing in Minkowski space-time, This result prompts
a new interpretation of the relationship between the Langevin and Fok-
ker-Planck (FP) equations which brings the latter into contact with
quantum theory in a way which is more than formal. I hope to showin-
fact that if, for dissipative systems, one gives up current conserva-
tion in a prescribed manner and expresses Newton's law throughthe
action of a combination of forward and backward derivatives different
from but related to, that of Nelson [1 ], then one can derive a sli-
ghtly modified, constant diffusion Fokker-Planck equation in much
the same way as is done for the Schr8dinger equation. The Hamilto~
nian in the one equation is the measure, and therefore non-unitary,
transform of the Hamiltonian in the other. The measure is that of the
space of solutions of the Fokker-Planck equation in Minkowski space-
time. The same combination of forward and backward derivatives, in

other words, the same stochastic process, is associated with the Eu-
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clidean Schr8dinger equation. Given the Fokker-Planck Hamiltonian
the relationship of this theory to the Langevin equations can be expres
sed in another way:the forwardand backward derivatives are the ope-
rators in the Ehrenfest theorem with this Hamiltonian. The F P equa

tions are therefore an essential part of stochastic quantisation.

The paper is organised as follows: in section 2 we review Nelson's
stochastic quantisation; in section 3 we consider motion in a time-in
dependent external field and then generalise in section 4 to . time-de

pendent fields. Section 5 concludes the paper.

2. STOCHASTIC QUANTISATION,
Let

2
H(p,q) = 2= + V(q) (1)

2m

be the Hamiltonian of a particle of mass m in an external field of po-
tential V(q) in a space of n dimensions: q= (g 1 qz, S qn). The co-
ordinates are Cartesian. The essential idea in Nelson's method of
quantisation consists in the assumption that each coordinate variable
qj(t) is a stochastic process of Markoff type. Since the corresponding
sample functions q_i(t; - ) are often non-differentiable functions of ti-
me t, it is necessziry to distinguish between forward (dt > 0) and back
ward (dt € 0) increments of qj(t). This is done with the help of the Lan

gevin equations



where, by assumption the random increments dr; (t) and drj~ (t) have
no memory of the history of qj(t), respectively, prior to and after the
time t. For this reason they do not depend on ¢ (t). Eq. (2) models Bro
whnian motion in configuration space if the dr? (%) are Wiener processes

that is, if they are Gaussian distributed, with
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The parameter o has the dimension of an action if q(t) has the dimen
sion of length. However q(t) can also be the fluctuation of a thermody

namic variable in which case it must be supposed to be correctly nor-
malised as to units if a is identified with Planck's constant divided by
2m . The functions v;i—l-(t, q) are the forward (+) and backward (-) veloci

ties and are defined by the conditional averages

T

1 ‘ ‘
D, g (t)=v, (t,q) =lim —=— aq.(tT 4t)-q.(t)d (4)
I ] Atd 0 At J ]

for a given state of the particle at time t. The dynamics is expressed

through the action of the operators D+, called forward and backward
+

derivatives, on v; (t, q) in the following combinations

1 + -

et} -D =

2(D+ V;i I_vj) 0 (5.1)
1 - 1 oV(q)

pa— > + - J——— —— i e

2(D+ V;, D v ) - aq (5. 2)



Egs. (5. 1) and (5. 2) express, respectively, current conservation and
Newton's law. We need the explicit expressions of the operators D+ in
order to make this evident. To this end let A(t, q) be a stochastic pro-

cess. Given qj(t), the average of the increments

At +dt, gt #dt) - Al q))= + 220EA) gy 4 i@—‘%ﬂmju +dt) -
' j
1 %A, q)
- qj(t)) t g _5;5“‘4_3'_ (g, (t +dt) - qi(t))(qj(wt +dt) - qj(t))+ *(6)

may be computed using egs. (2) and (3). Repeated indices in eq. (6)
and elsewhere are to be summed over., On going to the limit dt - 0+

and recalling eq. (4) the D+ are identified as

2
0 + 0 o 0
D, =+ —2— +vy- + (7)
+ - 0t i . 2m 2
M J an aqj

With the help.of the new variables

u.lt, q) = —é-(v;- +v,)

J J
(8)
1+ -
v.(t,q) = = (v, -v,)
j a 27 ]
eqgs. (4) can be rewritten as
auj a 62vk 3
- = : - - (u, v, ) (9. 1)
ot 2 09.0q. 0q. k k
ov ov, ou. 0 u
T N A/ U Q- J (9. 2)
ot k 6qk m 0q k 0q 2m aqz



Eq. (9. 2) is in a recognisable form as a generalisation of Newton's

law; motion is along a non-differentiable path, whence the non-vani-
shing of the stochastic velocity uj(t, q). Eq. (9.1) becomes so if we

introduce a density function e(t, q) 2 0by

o 0

uj(t, q) = S “*gc‘]‘j' Inp (t, q) (10)
and rewrite (9. 2) as
00 0
+ ¢ B3
Y qu (o vj) 0 (11)

It is customany to rewrite eqs. (10) and (11) as two Fokker-Plan

ck equations [__7]

o 4
+ 00 , _0 T } _
5t ———a"—qj [Q (v, u)] 0 (12)

These however are not a substitute for egs. (5).

For completely random motion vj(t, q) = 0 and by eq. (9. 1)

uj(’c, q) is independent of t. Eq. (9. 2) then becomes

k 0 qy mood,

2m 5
RN

Since uj(t, q) itself derives from a potential eq. (13) admits the first

integral



where E is a constant. Eq. (14) reduces to the time-independent Schrﬁ

dinger equation

if one substitutes

u.(q) =

; —g—- g I ¢ (16)

i

in it. Hence when uj(q) evolves according to eq. (13) the wave function
¢ (q) does so following the Schr8dinger equation, Conversely from
the wave function ¥ (t, q) one can define velocity functions uj(t, q) and

vi(t, q) which obey eqgs. (9). To this extent the familiar quantisation

scheme and the stochastic one are equivalent.

This method is not limited only to the quantisation of systems with
conserved or time-dependent Hamiltonians whose states propagate in
time. It is also applicable to systems relaxing in time with which itis

intimately related.

3. DISSIPATIVE MOTION IN A TIME-INDEPENDENT EXTERNAL
FIELD.

- The conditions of motion of the Brownian particle in the last sec-
tion were conveniently ideal. Probability was conserved, Brownian mo
tion also models the dynamics of relaxing systems for which a simila
rly defined probability is not conserved. For these systems the proba

A - A . o
bility current density ju, (t, @)= (e (t, q), E} vj(t, q)) satisfies



6 6(@\73) o
+ . i
ot aqj o (t, g) (17)

We distinguish between this casée-and motion characterised only by uni
form diffusion using slightly different symbols for the current densi-
ties. Besides ?M(t, q) the source term o (t, q) in eq. (7) has also to be
specified for the theory to be completely defined. Given this option we
refer the determination of ¢(t, q) to a comparison with the theory in the
last section, We do so in two steps. Fi1‘t°st1y we assume that o (t, q) de-
rives from a time-independent driving force obtained by equating eq. (17)

to (11). ‘Subtracting the lattér from the formieér the assumption amounts to

.2 2 |

- A .. .0lng . , o

o(t, q) = Jk(t, q) -—6-——-“6(”:31—*——(01) = Jk(t, q) -Qgi—(—q*) (18)
, ' k qk

where jM(‘t, q) = (e(t, q), @vj'(t, q)) and

92 (@) =2 (t, Q)/e (t, @) (19)

We use @ (q) to define a drift velocity

.o _0
T la) =15 oq,

- Inglq) (20)
The problem is now reduced to determining ¢ (g). Next we inquire as
to the response of the particle to an external pertubation. This cannot
be represented by eq. (5. 2) if o (t, q) is not zero. Guided however by

eq. (5) we postulate



1 + -

L - = 21,1
5(D, v D_v, ) =0 ( )
Lip vt -y . L 0Vl (o
2(D+Vj F D_vj) meatihar vy (21.2)

J

for the complete dynamics. Egs. (21) describe two kinds of theories.
: +
In the first, the time coordinate t and the functions v‘j (t, q) in egs. (5)

and (21) are not the same but are related by the substitutiong

oy - it

which transform the one set of equations into the other. og(t, q)is
consequently zero. Egs. (21) are in this case equivalent to the Fucli=
dean Schr8dinger equation. This is also easily seen by writing (21, 2)

out explicitly

2
oV, oV, du, 0 u,
- (—-—-J- + v _.._J_) = . ._1_ @.V___(SL) + 1 - + a J (23)
at k dq. m aq, k dq. 2m 2
k j i Oqy

Eqs. (21) are consequently the Euclidean version of egs. (5), The se-
cond theory is in Minkowski space-time, the functions v;‘r (t, q) are the
same as in the Langevin equations but the dynamics is different: ¢ (t, q)f 0.
The two theories are therefore described by the same stochastic pro-
cess. Indeed if we use eqgs. (19) and (20) and introduce new real wave

functions by

- In W, ) (24.1)
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' —_ =% %
Tj(q) + Vj (t, q) = — 7 In W(t, gq) (24. 2)

J

0
0

then eqgs. (21) become the Fokker-Planck equations

“ oW (t, q) . H W(t, q)
ot
X
: A
ag_yv}_i_t_g_) =H W™ (t, q)

A
where H is the transform by ¢ (q) of the Schr8dinger Hamiltonian,

that is

/N -
H(-ip, q) = - e A(q)H(p, q) e Ala), EO - a—a%- Tj(q> + —2—?;1— ~-6—§ (26)
j boRe
i
with
m A
Alg) = 2 j ax, T, (x) (27)
and
0T .(q)
1 o2y g 0 )T . 1
5 T7(q) + 2 aqj -Vig) = - EQ (28)

We now let eq. (28) determine @(q) as an eigenvalue equation since

substitution of (20) in it yields

Using (26) we can also write (29) as
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ﬁwz (g )=- Eosvz(q) (30)

This is a remarkable relationship between the Schr8dinger and
the Fokker-Planck equations. Each stationary state gnl(q) of the for-

. . A
mer determines an F P Hamiltonian H and a complete set of eigen

functions W]E{l) (q) = ¢l(q) QJlk(q)_. k=10, 1, 2, *<++ which are golutions
of the equation
A (1) IR ¢ ) N
lek (Q) - Ekwk (CI): k= 0: 15 2: (31)
Their normalisation ig
2
-2 1 -
a"q 9 (q) I:WE{)(Q):I = 1 (32)

Under normal conditions the Schr8dinger ground state %(q)?: ®(q) de
termines the equilibrium configuration into which the system relaxes,
for, of all the states W}S)(q), k,1=0,1, 2, -+, only Wéo) (q) = 9’2(01)
has minimum energy and positive probability measure. We thus arri-
ve at the conclusion: the Markoff field qj(t) associated with the Eucli-
dian Schr8dinger equation by stochaSt@c quantisation is the same as
that associated with the Fokker-Planck equation in Minkowski space.

A
It is easy to check that H is self-adjoint in the scalar product

{ |
4 Wll'W2 > = Jdnq 'W’g(q) W); (t, Q) W,lt,q)  (33)

We can consequently formulate an Ehrenfest theorem

lim =AM EAD - A =+ €« 3=

1 A
>+ —<L[AH D) (34)
Atdo 4t . [ ]
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A
and substituting for H from edq. (26) deduce

1 |
lim  —— CAt*AD-A({R)) = {DEAD (35)
Ado At %

¢ A(t)) is defined by

<A =5d“q 0”2 (@) Wi, @ Alt, @) W(t, q) (36)

Ag far as the construction of the operators Dt is concerned the
FF P equations are therefore a valid substitute for the Langevin equa
tions. Probability~wise these two equations have long been known to

be equivalent.

The transformation in eq. (26) is a projection operation; it pro-
A
jects out the purely diffusion part of . This latter infact can be wrif

ten as

it

A - -

i

- ()

where H(p, q) is the Schr#dinger Hamiltonian while

- 3 2 1 2 B T A4
H,D(p, q)=-E_+ Viq) +p:T(q) = = mT + ~l~(p=T + ToP) (38)
e} 2 2
is responsible for drift, Note that
g =5
H (- Ty = A(q)HD(T) e A1) (39)

so that the character of H‘D does not change under the transformation
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(26). The classical Hamiltonian equations obtained from HD i. e,

oH dqg,

__..__.—1:2- = —-—CR]—‘ = T(Cl)

6Pj J (40)
“ do 0T
B 5 Y v
94, at P Toq. 3q.

J J J

have indeed the form of equations of motion with friction [8] .

4, MOTION IN A TIME-DEPENDENT EXTERNAL FIELD,

In a time-dependent field we again postulate eqs., (21). For a
change we shall give the argument in reverse, i,e, we start from the

Fokker-Planck equations

o 2L LB g wit, g (41. 1
6VVX(t ) b4 X
-o U= ¥, B, ) W, g) (41. 2)
where
A - “} 152 p ,
= _ J + M + P el .

H{t,p, q) Eo(t, q) + pT(t, q) ol (42. 1)

AX . X 4 9@y E‘,z ‘
H(t, p, q) = - Eo(ts q) + T (t, q) + - (42. 2)

are adjoints of each other in the scalar product (33), and deduce egs.
(21). That a time-indeperident measure, @‘_z(q) in eq. (33), exists in
this case, cannot be related to the properties of equilibrium unless the
fields become asymptotically time-independent. Its existence is a con

straint on the dependénce of the drift velocity Tj(t, q) on the external
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fields. We consider motion in an electromagnetic field. The equations

Bt 5. @)’ (@) = - Bt a) 92(q) (43.1)
e, . 09’(@) = - E_(t, @)’ (@) (43. 2)

4

which detemine @(q) are generalisations of eq. (30). Substituting for

the operators from eqs. (42), (43) reduce to the single equation

0A . (t, q)

0 me ,..X
+2A q) = — -
qu 2 i aqj In ¢(q) e (Eo EO) (44)

The vector Aj(t, q) is defined by

LA =Tt ) - % 2L Ing(q) =- T}‘(t, q) +

mec ] ] m (Jl‘qj
_,a_ _0O
™ 9q, In ¢ (q) (45)
J
whence
1 X o 6
_— + al T i emia——— . ]
2(Tj ']J) = T3q In ¢ (q) (486)

The parameters e and ¢ have been introduced for later convenience.

Using (46) the transformation (26) now gives

H(-iA, ¢)=-¢e ﬁi(?, E )e 4(q) =L (- iaV+ te K)z + ed(t, q)
o 2m c

(47)



1 2 a oT,
-— A —— ____J__ - = _
5 mT > 5 ed Eo(t, q) (48.1)
J
L X2 T N
smT - “”Laq. -ed = - Eo(t, q) (48. 2)
J
+
If we define the velocity functions vj‘ (t, q) by
X -+ a 0 b’
T.(t, q) + v (t, q) === —— In W (t, (49.1)
i jita y aqj (t, q)
- o 0
+ T mt——— e v
Tj(t, q) v (t, q) — aqj In W(t, q) (49. 2)

and recall, from eq. (45), that 'vj(t, q) is now not a gradient, then the

F P equations can be reduced, after a little algebra, to the differelg_

tial equations

1
Z(D,v. -D_v)) =0 (50, 1)

F. (t, q) (50. 2)

where Fj(t:, q) is the Lorentz force

i

Fj(t, q) =eE, + = (VAB),

o
S
|
!
F_«

E(t,q) = - 2= . =
J

B.(t, q) = (FaR).
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Eqgs. (50) are also equivalent to the Euclidean Schr8dinger equation.
Hence we conclude as before, that the Buclidean Schrbdinger and the
Fokker-Planck equations are a’ssbciat@d with the same Markoff pro-
cess q(t). The functions Tj(t, q) and Eo(t, q) are gauge dependent, From

egs. (45), (47) and (51) their gauge transformations are

) e of(t, q)
T (t = T (t, + = \
j( , Q) j( q) e aqj (5 .1)
‘ e e of , of e, o Q 2
f t = E s 1} - — b s o Pudesig [
E o( > ) o(t ) c ( j 2mec aqj) 04, c (at om ¥ )£ (5.2)

J

Using (51) the gauge invariance of egs. (49) can be established in the
same way as for the Schridinger equation, If together with (47) we

also perform the transformations

T ey it

-+ Y
R, &) ——3 (1A, &)

(53)
W(it, q) = @ (@) (t, q)
X ) *
wX(it, @) = @ (@¥(t, q)
then eqs. (49) become Schrddinger equations in Minkowski space.
From eqs. (42) and (47) the time-dependent drift Hamiltonian is
- 1 2 1'[":."”;6"”"’3 < 3 e
= = + =} (p+ — A + + =
HD(t’ pa) 2 mTo 2 L (P c ) To To(p I A)]
3 (54)
. o ‘
Toj(q) o oq In @ (q)
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andthe classical equations of motion obtained from it are

dq,

—-——J— = -

= Toj, (q) (55. 1)
dp., 0T -

_J..z ok e 2

dt kK a9 © Ej e (To" B‘);j (55. 2)

5. DISCUSSION;

The considerations of the previociis sections can be generalised
in several directions. Only one such extension is considered here, na
mely non-uniform diffusion processes. For these we have the theorergg" ld[
Theorem: let the tensor gij(q) be Riemannian and let the n-
beins e?(q) ‘of its local Euclidean structure be such that the;inve;_

se matrix e& (q) satisfies
j .
[{ d . = .0
§? 9 Sy (q) (56)
then the stochastic process
2, () =5 dx. e’ (x) (57)

represents the Euclidean Schr8dinger equation as well as the F P

equation with Hamiltonian

A - - 1 - =

T {4 E R, ) At

H(t, p, q) ¥ O(t, q) + 1oj Tj(t, q) 5 Py pj gjij (q)
- (58)
p, = -a———

] 0q
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Proof: since gij(q) is Riemannian we can write

M [z ‘
gij(q) = ei(qv ej (q) (59)
with
w i N
ej(q) e’ (q) 61,
(60)
W i 1
%(q)ﬁﬁq)—éj
By eq. (56)
= J y
dzu(q) eM(q)dqj (61)

is an exact differential. Hence making use of (61) to change variables

in (57) we have the constant-diffusion Hamiltonian

2
’ g = . F! 1 ! ‘ B',___
H(t, p, z) E O(t, z) + p‘u pr (t, z) + Py
pr = -a =L (62)
# w
acting on functions
1/2 .
W' (t.z)=e ' “(q (2) W, qlz)) (63)
where
1/2 1/2
gl = .. A +
T (t, z) TM(t, q(z)) + 5= (e g il
u w
J J
g€ de
b 2e‘.L ) (64.1)
i 0z, j azw,
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aejb
v
E' (t, z) = E (t, q(z)) - a(TIJ' (t, z) + P (ej = +
j | X,
p 0¢ -1/2 0e1/2 o j 0e;
te -_——“—‘zm—) 0z 2m ((e.“ O Z o
boo0% w %
/2 . 1/2 de’
N (e-],/2 _de 52+ -1/2 Je ' ” e.U’ 4
OZM Gz‘u’ J «5ZM
. ood J 4
1/2 5e de de
+ ) (-1/2 ___ae______._*_e "v_ ) - \FL - ] ) (64. 2)
qu OZM j 0%, 0%, Zy
and
- ., \j T |
T (t, q(z)) = e’ (q) T, (t, g(z))
”*\ q(z)) M(q i q

(65)

®
N
IH

det ” e?(q(z))”

It was shown in sects. 2 and 3 that eq. (62) is associated with the sa-
me Markoff process as the Euclidean Schr8dinger equation. The theo

rem is thus proven by transforming (58) into (€2).

A further generalisation of eq. (58) is possible, namely to define
the momentum f)j as the covariant derivative with respect to the me-
tric g].j(q). Then gijy(Q) is not required in the last term of (58). The
stochastic process associated with the resultant equation also repre-

sents the Euclidean Schr8dinger equation in the corresponding Rie-

mannian manifold.
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The method of quantisation considered in this paper is conceptual-
ly very simple. It does not require any drastic revision of classical no
tions. As far as observable consequences are concerned it is equiva-
lent to traditional quantum mechanics and adds nothing new to the latter.
Its main postulate, the assumption of universal Brownian motion un
derlying quantum phenomena, does however present some problem
of physical interpretation. This postulate should perhaps be conside-
red only as a model interpretation of the consequence of attributing
quantum fields with stochastic properties. The most salient feature
of these fields, to be abstracted from the results of this paper, is that
one and the same Markoff field is associated with propagation in Eucli
dean space-time and relaxation in Minkowski space. Brownian motion
has long been used to model the dynamicsof certaintypes-of these lat-
ter processes. That stochastic fields in the Euclidean and Minchowski
space-time can be related in this way was first pointed out by Guerra and
Ruggiero. We have exhibited this connection in a different, but very di
rect, way in the framework of non-relativistic quantum mecha nics. In
the process it became clear that the relationship between the Schrddin
ger and Fokker-Planck equations is more than formal. The forward
and backward derivatives of a stochastic process can be defined dire-
ctlyin terms of the Ehrenfest theorem using the Fokker-Planck opera
tor. The F P equation plays therefore acentralroleinstochastic quan

tisation. The scheme derives its peculiarity from this fact.
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