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ABSTRACT.

The essential concepts of supersymmetry are illustrated by
means of relativistic examples, Nonrelativistic supersymmetry
is introduced and some representations are discussed, showing

the possible relevance to the physics of many-body systems.



1. - INTRODUCTION,

(1, 2)

\
Relativistic supersymmetry is an extension of the relativistic
space-time groups obtained by associating to the ordinary generators
spinorial generators which obey anticommutation relations. The re-

sulting algebraic structure is called a graded lL.ie algebra.

This construction is quite remarkable because it is a truly re-
lativistic spin-containing symmetry whose irreducible representations
combine a finite number of fermions and bosons. If the spinorial ge
nerators belong to some representation of an internal symmetry gro
up, the resulting algebra provides a fusion between space-time and

. . 3
internal symmetry overcoming stated no-go theorems( ),

Local field theories which are supersymmetric can be constru
cted, and gauge invariance is consistent with supersymmetry. Mo-
reover the higher degree of symmetry makeg softer the divergen-

ces of relativistic quantum field theory.

In view of the appealing features of relativistic supersymmetry
briefly mentioned above, it appears interesting to explore the possi
bility of consgtructing nonrelativistic supersymmetry, Such a con-
struction is indeed possible and preliminary results show that it

can be relevant to many-body systems.

In order to introduce the main concepts we will firgt see a re-

lativistic example.



2. -RELATIVISTIC SUPERSYMMETRY.

The spinorial generators associated to the generators of the
Poincare group are Majorana spinors, namely selfconjugate spinors
(they are real in the basis where the y-matrices are real). These
spinors, describing sefconjugate particles (no antiparticles), have
only four real indendependent components, equivalent to two complex
independent components, The simplest graded Lie algebra is obtai-
ned by associating to the Poincareée algebra the following commuta-

tion and anticommutation relations

Qg m*” |- 1 "7 @), (1)
2 P”} 0 (2)
Q, . QB£=-2(Y~P)%,. (3)

Eq. (1) tells that the generators Q, are spinors. They do not
commute with spin and therefore change bosons into fermiong and

vice-versa,

Eqg. (2) tells that Qq commutes with energy and momentum.

This allows us to write eq. (3) in the rest frame

Qq Qﬁf = 20,5 1. (4)

which shows that the Hamiltonian is the square of the spinorial gene-

rator,

Since Qg commutes with H, eigenstates occur in the following

multiplets

9> Q 10>, QQ, 9. Q,Q,Q, 9. Q,Q,Q,Q,¢. (5



There are no other states in each multiplet because the product

of two identical components of Q only multiplyies ' ¢ by its energy

eigenvalue,

Let us now discuss the representations. The minimum set of
fields which constitutes a linear represgentation is the so called sca-
lar or chiral multiplet introduced by Wesgs and Zumino(l). Itincludes
two scalars A(x) and F(x), two pseudoscalars B(x) and G(x) and a

Majorana spinor ¥ (x) transforming into each other according to the

following eqguations

5 C 0 Tager Tk = Y

n¥(x) Py (Alx) - vy Bl 7+ Flx) + g G(XLU (6)
- )

OqF(x)= 177" = v (x)

oyGx=i7 7 7" =Tp y ()

In the above equations (‘577 represents the supertransformation
by the infinitesimal (spinor) parameter 5. For quantized fields

oy A= Q. A . (7)

It can be shown that only A(x), B(x) and @ (x) are physical fields,
while F(x) and G(x) are auxiliary fields, This is according to the ge-
neral requirement that the number of fermion and boson degrees of
freedom must be the same in each multiplet, in order that bosons

can be changed into fermions and vice versa by supertransformations.

A possible lagrangian density invariant under the supertransforma
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where the auxiliary fields have been eliminated. It should be noted
that the ratio of the Yukawa coupling to the scalar couplings is fix-
ed by the requirement of invariance under eq. (6) This supersym-
metric value of the ratio is a critical one For greater valuesthe va

(4)

cuury is unstable, whilé it is otherwise stable

It is very interesting that representations of the graded Poinca
ré group can also be given in terms of a fermion field only. This fer
mion field must therefore transform in itself under supertransforma
tions. A nonlinear representation of this kind has been given by Vol-

kov and Akulo v(5)

- 1 Koy 0 (9)
0p A= 3 S tia @) - —F

a being a universal constant. A Lagrangian which is invariant under

ox W ) (100

Egs. (9) and (10) are valid in any number of dimensions. Letus
note for futher reference that in four dimensions the above Lagrangian
containg two-, three- andfour-body interactions, with strengths :a4

3

{ 8
a6 and a respectively.



The Lagrangian (10) is not renormalizable. Nonlinear represen
tations, however, are interesting in the discussion of spontaneous su
persymmetry breaking, which must play a major role in supersym-
metry. This is becguse all the particles combined in the same mul-
tiplet must have the same mass. Since no fermions and bosons hav-
ing the same mass are known, with the possible exception of massl-
ess particles, supersymmetry must be broken. When this occurs
spontaneously, a massless Goldstone spinor must appear, which is
expected to belong to a nonlinear representation of supersymmetry.
In order to understand how this can happen, we show how linear and
nonlinear representations can be related to each other. We will do
this for the Wess-Zumino and Volkov- Akulov model in two dimensions.
In two dimensions the Wess-Zumino model contanis the fields A,y

and T only, transforming according to

67’A =iny

A= Ak
Py w
:7}_}' ~ Loy --a-gwx (12)
2 Y
I Y 2 o i, -9 _ g
F= +id A+ 5 A2 ey A Ve Tx? g

a

tran:stPIII(G)according to eqgs. (11) if A transforms according to eq. (9).
Therefore F has the necessary form for spontaneous symmetry break-

7
ing accordingto standard definitions( ), and A isthe Goldstone spinor.



Formulag analogous to (12) can be given for the four-dimensio-

nal case

Let us note for later reference that if the number of Y~ fermi-
ons is conserved, the number of A- fermions must not necessarily

be conserved.

3. - NONRELATIVISTIC FIELD THEORY.

Now we introduce the notations and definitions necessary to di-

gcuss nonrelativistic supersymmetry.

A system will be gsaid Galilean if its state vectors (more proper
ly rays) form a representation of the Galilei group. The algebra of

the generators of this group is

- =
P | =i P
I P Yok Tk
I, 7] =ie . J ,
it Yk Tk m (13)
J., H = [P., H} = lP., P.] =0
i i it g
L. —d o

i ‘ i
Jj’ Kj =i eijk K
. =
rK P =d,. m (14)
L it 7 ij




In the above equations Pi and J:‘l are the i-th components of the to
tal momentum and angular momentum resp. , Ki is the generator of

Galilean boosts in the i-th direction and H is the Hamiltonian.

Egs. (13) define the gubalgebra of rotations and space-time tran
slations. The representations of the group of rotations and space-ti-
me translations, rather than the representations of the full Galilei
group, are often used to describe infirite many-body systems. Well
known examples are the electron gas coupled to fonons in crystals,
or nucleons coupled to pions in nuclear matter, The justification for
this is that in infinite systems Galilean invariance is always sponta-
neausly broken, because a Galilei transformation produces an infini-
te change of energy and therefore is not unitarily implementable. If,
however, one wants to study the spontaneaus breaking of Galilean in-
variancew), or if one wants to study finite systems like nuclei, Ga-

lilean invariance is necessary.

In order to proceed further we must distinguish the case i) in
which we have a theory of selfinteracting fermions from the case ii)

in which we have a theory of fermions and bosons.

In case i) the general form of a translation invariant Hamiltonian

H = [dxfdyl ,1; (X)taﬁ (¥) g (x - [Daﬁ(y) /f; (x) ,1; (x +y) + h. {H

+fdxjdyfdx~f '

| gy

+
3?6(y’ y'hox - x4, (x) A, (x + y)lé (x!' +y')ly(X')

v
“

+ + +
(y,y', x' - x‘);ta (x) lB (x +y)A

5 (X'+y')l; (x') + h. c.] + (15)

+

. . . |
+ L“&Bm (y, ' x' - x")2, (x) 1‘8 (x +y)ﬂ,}, (X‘Mé (x' + y') + h, c.:l Foee $



where }'a (x) is the fermion field satigfying canonical anticommutation
relations, and we introduce the convenction of sum over repeated in-
dices. The dots stand for many-body interactions which can be pre-

sent, like in the nucleon-nucleon interaction.

We will gsay that the above Hamiltonian is local if all the functions
appearing in it factorise into §-functions of their arguments, for instan

ce
Vaﬁ?é (y, y', x - x') = Vaﬁyéd(y) 0 (y") o (x - x'). (186)

We use this terminology to be close to the language of relativistic
field theory, though in the usual many-body language the potential
Vaﬁya(y’ y', x - x') is said to be local if

VaB)’é(y’ y', x - x') = \{lﬁyé(y) Oy -y (x - x'),

Let us now determine under which conditiong H is Galilei inva-
riant. Under a Galilei transformation the fermion field transforms

according to

m, v

iﬂjm‘avx—l- 12 — ﬂ; (17)

where m, is the fermion mass,v is the relative velocity of the Gali-

1/2

lean frames and DBa ie the two-dimensional ray representation of

1
}Va (x, t)=—d Dﬂéz ,16 (x - vt, t) exp

the rotation group. As is well known, invariance under the transfor-
mation (17) requires mass conserving interactions; (in the present ca

se D=U =W = 0), and determines the dependence of V from x - x' tobe
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VGB)'(S(y’ y', x - x') = Vaﬁ‘m (y, y") o [2 (x -x")+y - Y'] . (18)

In case ii) let us assume for the sake of definiteness to have a sin-
gle fermion field ¢ (x) and twoscalar fields A(x) and B(x). The general

form of a translation - invariant Hamiltonian involving thesge field is

H

P + , +
/ dx/dy Ewaﬁ(y)wa (X)wB (x +y) + tA(y) A (x)Ax +y)

+ tB(y) B+(x) B(x + y;‘J -+/;jxv/dy/a:z

,_Gég) (y, z) A(x +1z)+ G'rijg) (y, z) B{x+2z) +h. c.

+ /dx /dy /dx' /dy'
+ +

e+ y) ey ) + G (g, 3, x - x) AT ATk 4 3) A (0 4y A )

w; (x) ¥g (x +y)

-+

(3) + +
G Lx - x'
aBys (v, 5" x - x")¥, (XWB (x +y).

+ G(S) (v, y',x -x") .A‘+(X) B.|L (x' +y") A (x'+y') B(x')

6
+ G(a; (Y, y', X - X')’([)Z (x) A (x +y)1pa(xl +yr) A (y,) +

+ [Gg?; ’ll’; (x)w; (x +y)B{x'+y") Ay') +h, C.:] +oee (19)

The theory is said to be local if formulas analogous to eq. (16)
hold. Again Galilean invariance requires mass conservation, This

implyies that trilinear couplings must be absent unless m, = mB= 0,

, (7 _ . ] | .

and that Ga = 0 unless quw = mA + mB, rnw s mA and mB being

the masses of the fermion and of the bosons. Moreover the dependen
(1)

ce on x - x' in the functions G'~' must factor out into a §(2x- 2x' +y - ')

in analogy with eq. (18).

We are finally in the position to discuss the graduation of the
group of rotations and space-time translations and of the full Galilei

group.
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4, - NONRELATIVISTIC SUPERSYMMETRY.

We will congider 4 graded algebras,

ALGEBRA 1.

Is the simplest algebra containing only the Hamiltonian and the

spinorial generator Q,

% . 9 {0
%Qa : Q3+§=H (20)

R ]

It generates the graded time-translations group.

ALGEBRA II.

Contains Ji’ Pi,H and the spinorial generator Q, obeying

eqs. (13) and

(@ By] =0

@ » 7, ] =50, U

LQa LH ] =0 (21)
|2 » @ | - 0

Q, Q;} - Gy H

where Gk are the Pauli matrices.

It generates the graded rotationg and space-time translations

group.
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ALGEBRA 1II

Contains the algebra of the Galilei group and the spinorial gene-

rator R, obeying eqs. (13), (14) and

. G l

o Nl»—-ﬂ

R, ,Pl

=y
-

et
=

=Y
Wa

a i

0

1 ]|

1° |

J=0 (22)
]7°

el

Q!IJ
Y

9,

e
5’:’

+}
(9)

It generates the simplest graded Galilei group'”’, and is obtained
by contraction (velocity of ligth —» ) of the graded Poincaré group
discussed in sect 2. It should be noted that unlike the relativistic
case the spinorial generator is not related to the Hamiltonian, but
to the mass, which plays the role of a central charge. Central char
ges can appear algo in relativistic algebras, where it is not pogsi-
ble however,to have only central charges anticommuting spinorial

generators,
ALGEBRA IV,

Contains the generators of the Galilei group and two spinorial<9)

10
generators Q, and Ra( )sat:isfying egs. (13), (14), (22) and

(23)

R e e
1t
1

DO |
S
1
Qe
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where c is an arbitrary constant. It is to be noted that in order to re-
late the spinorial generator Q, to the Hamiltonian as in the relativi-
stic case, a second spinorial genérator is needed. In fact Qa cannot
be assumed to commute with Ki , otherwise the last equation above
would be in contrast with the first of eqs. (14). Therefore Ki must
not commute with Qa , and their commutator must generate the se-

cond spinorial generator R, .
Let us now review the representations of the above algebras,

Algebra I has been considered by N:'Lcolai(ll)who gaveanonlinearre
presentation of it in terms of a fermion field describing a spin sy-
stem on a lattice. The peculiarity of this theory is the vanighing of
¢ertain correlation functions. Since this subject is rather far from
the subject of the present congress, we will not discuss it any futher.

Algebra II has been considered by the author to test his conjec-
ture of a relation between supersymmetry and superconductivity (12),

This conjecture is based on the following remark.

As we have seen supersyminetry has been realized both in terms
of boson and fermion fields. Moreover we have gseen that the boson
and fermion fields of the linear representation can be expressed as
compogite fields in termsg of the fermion field of the nonlinear one,
The Hamiltonian commutes with the spinorial generator which chan-
ges bosons into fermions and vice-versa. Now also the theory of su
perconductivity has been formulated both as a theory of fermions
(electrong) and bosons (fonons), and as a theory of gelf interacting
fermions, The superconducting state results from a dynamical equi-
librium where composite bosons (formed by two electrons) are con-

verted into electrons and vice-versa,
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In order to check the above conjecture a nonlocal nonlinear re-
presentation of algebra II has been constructed. In order to get a
Hamiltonian quadratic and quartic in ‘Ehe fermion field, the spinorial
generator has been taken linear and cubic. The most general expres

sion for it taking into account translational invariance is

Qa =J dx {aaﬁl; (%) baﬂ )vﬁ(y)] +[ dx1 (dx2 J‘dxg o
- o

' B?/a + (2)870
I:Za(x3) X, - Xj) + 16 (XS) Fa (xi - Xj)]

+ {f ) Ty P70 - ) 4 () BT xﬂay (x

0 "3 Ta i 3 3 o

where aagand bg, 8 are congtant matrices and F(k)‘g}’é are arbitrary
functions. Confining to the case that the F K18y o are functions of a
single argument, a Hamiltonian of the general form (15) ig obtain-
ed, where Vaﬂya’ Uaﬂ}’b and Wa(g?;a are independent of x - x', and
are expressed in terms of the Fa ' 5?(5. It turns out that eqs, (13) and
(21) can be satisfyed only if the ground state is a BCS state, in agre=
ement with the mentioned conjecture., Apart from the constraints ari
sing from the above condition ('that the ground state be a BCS state)

k)Bvs

and rotational invariance, the I‘ are arbitrary. In particular

it is possible to choose them in such a way that in eqs. (15)

D=U=W=0

(1)
t v) =80 at

. _ 2
Vaﬁyd(yﬂy',x~x')- +2 0 ,)ap (o, ypo £l
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(1)

where t(l)(y) and f '(y) are square integrable functions otherwise ar-
bitrary, a is an arbitrary constant and { the volume of the quantiza-
tion box of the field ld(x). Assuming in momentum space

Wy = —t o 2P -0p), (26)

where m, is the fermion mass, P a cut-off parameter and ¢ (x)the
step function, the BCS Hamiltonian itself can be approximated to ar-

13)

bitrary accuracy by the Hamiltonian (15) by taking a large enough( .

Let us finally come to the representations of the Galilei group.
They have been derived only for algebra IIT by Puzalowski, who ga-
ve all the local linear representations. We will confine ourselves
here with the smallest multiplet, which contains two scalars A (x)

and B(x), and a Pauli spinor y (x) whose transformation laws are

577A(X) = [R; Ny T 7)}; R, A(X)] = ym Mg, Sa.BwB (x)
0B (x) = Vi W (x) (27)

Sy (%) = - {0 [B ()7, + A ) ey ’73] ,

where 812 = - 821 = 1. As previously noted the Hamiltonian in the

9
present case is not determined by the rappresentation. Puz;alowski( ),
however, has also found a Hamiltonian invariant under egs. (27).

It ig of the general form (19) with

(1) (2
(JaB = Gaﬂ 0
_ - 1 (28)
t’l}UCLB ¥)=-35 6 (y) y ag
1
tA(y) "—'tB (y) = - > m d(y)Ay
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(3) (y y X - X') = }_8 ¢

agyy 7 2 g o7
G(4)(,y',x—x')= 2

5
G( )(y, y', x -x") = Gy,y',x-x")e 2 (29)
(6) , .-
Gy (3 3" x - %) i,

(7) 1 f =
GQ’B (Y:Y:X"X) —-"SaB
where
Gly,y',x -x")=gd(y)d(y") o (x - x") (30)

g being an arbitrary constant and m the common fermion-boson
mass. This Hamiltonian is hardly relevant to phenomenology becau-
se the fermion nurnber is not conserved, like in the Wesgs-Zumino
model of which it is the nonrelativistic counterpart. However it is
interesting to investigate whether it shares the peculiar vacuum pro
perty of the Wess-Zumino model (separating a class of interactions
with respect to which the vacuum is stable from a class of interac-

(4)

tions with respect to which the vacuum is unstable ) and whether
it can be generalized to anonlocal one. Only Hamiltonians nonlocal

in the sense of the previous section can in fact be phenomenological-
ly relevant. To finish with, therefore, we would also like to know

how vacuum properties depend on locality.

(14)

Let us start from extension to nonlocality. It is easy to cheek
that invariance under transformations (27) is mantained if the func-

tion G(y, y', x - x') of eq. (29) has either of the following expressions



L]
Ja
<
Q<--
(&%
)

W
t
oo
e

+
<

1
l<—<
w0
fanry

Gly,y', x~-x")

H

e
3

e
w
0o

Gly,y'. x-x")
with the condition that

ifgly,y)=g(y)dly-y'), then g(y)= gdly) . (33)

In the case of eq. (31) the Hamiltonian remains invariant with re
spect to Galilei transformations, while in the case of eq. (32) it does
not, so that we have only a representation of the group of rotations
and space-time translations. Summarizing we have three classes of

functions G (y, y'. x - x') given by egs. (30), (31) and (32) resp..

Let us now come to vacuum properties. To this purpose let us

consider the Hamiltonian

H= - —— rdx [w;’(m Av (x)+ AT (x) AA(x) + B (x) 4B (x)]
m | a

o1

[I
. . + +
+j de dy dx’J dy' Gy, y', x - x') {4:A (x)A (x+y) A(x'+y")A(x") +

+ +

v aa 0 B oty Al oy Alx) + 8% (x) AT (x + 3 x4y AGx) -

(34)

< DU ()5, g Vg (xH3)B (T4 A () +2B G0 AT (5t y )T+ ey g ¥ ()

- (1-h)Y, (x)e w;<x+y)wy<x'+y'>%w6 (X')Z ,
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where h is a parameter., For h=0 and G given by eq. (30), or(31)or
(32) this Hamiltonian is supersymmetric., Moreover, for any value
of h and any form of G (y, y', x ~ x') it is invariant under the gauge
transformation

Alx) — ® A(x)

B(x) — «:iB B (x) (35)

Pix) — OBy

where a and B are arbitrary phases. This invariance is related to

the conservation of the total number of particles

N = f dx [w;(x)wa(x) + A+(X)A(X) + ]B+(X)B(X):] . (36)

In the case where G(y, y', x-x") is given by eq. (32) the ground
(14)

state can be determined exactely for any value of h. In such a ca

5)

se, in fact, we can apply Haag's theorem(1 stating that

D = —flz_ { dx J dy f(y)’lp'OL(x)!:‘aB1,{)}3 (x +y) (37)

v

is a classical quantity in the limit  — oo, £ being the volume of

the quantization box of the fields and f(y} a square integrable func-
tion., As a consequence the groundstate is determined by the requi-
rement of selfconsisteney cf the motion of fermions in the average

boson field and of bosons in the average "'quasi-boson' field, Let

us assume for simplicity g(y, y') to be separable
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1 v X
gly,y") = o fly) f(y) . (38)

and let us define

o= (dy f(y) . (39)
. (14)
The normalized ground state for the boson sector can be shown
to be
1 2 D2 +
-3 Rle” + ———r T /T{?a
4 4 7]_2 F‘Z &]
‘Q’B > = lim e e
Boson T30
- 2 /T o
TF ~
e | oy (40)
where
2]
ao = Y ldx A(x)
bo = VQ |dx B (x) (41)

and ‘ ‘.I’O> is the vacuum for the fields A (x), B(x) and ¥, (x). The
ground state for the fermion sector is ‘ QPO> or the BCS state accord
ing to whether the gap parameter D is vanishing or not. Now the to-

tal potential energyinthe ground state is - h D 2_ For hx 0, D=0,

3 . . _ _
‘ 4 Bosons 7 qo > ., and the vacuum is stable. For h » 0, on
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the other hand, D3 0 and the vacuum is unstable with respect to crea
tion of a condesate of Cooper pairs of fermions and a Bose-FEinstein
condensate of B - bosons, while A - bosons are absent. For h » 0 the

gauge invariance of eqs. (35) ig spontaneously broken.

When Gy, y', x-x') {s given by eq. (30) the ground state cannot
be determined exactely, but the same vacuum property can be esta-
blished by a variational procedure, This vacuum property is therefo

re independent of locality,

The fact that supersymmetry is not spontaneausly broken (for
h= 0 the vacuum is stablé), could have been guessed starting from a
different point. When supersymmetry is spontaneausly broken, the
Goldstone spinor is expected to transform according to a nonlinear
representation of the graded group. But it can be shown(14) that the

algebra IIT does not admit nonlinear representations, and therefore

there can be no Goldstone spinor,

It is perhaps worth while to note, in connection with the conjec-
tured relation between sypersymmetry and superconductivity, that
the supersymmeitric value h =0 separatestheclass of Hamiltonians
with vacuum stability from the class of Hamiltonians with supercon

ducting ground state.

5. - CONCLUDING REMARKS.

The breef review of the recent progress in nonrelativistic super
symmetry shows that it can be relevant to many-body systems. The

linear representations which have been found do not oppear to be phy
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sically relevant, because of fermion non conservation and of the ab-
sence of spontaneous supersymmetry breaking, implying that the
masses of fermions and bosons remain equal, However we have se-
en that it is possible to generalize to non-local models and that in
the case studied the peculiarity of the relativistic model is shared
by its nonrelativistic counterpart both in the local and non-local

version. This supports the hope that also algebras IT and IV will ha-

ve both local and nonlocal representations, whose properties will

bear some relation to the properties of relativistic models,

It remains to find such representations and to see whether
they give rise to spontaneous supersymmetry breaking. In the af-
firmative case the linear representations can be replaced by the
nonlinear ones describing selfinteracting fermions. The conespon

12)

ding Hamiltonians may well not conseve the number of fermions( ,

and will generally contain many-body interactions.

Discussions with G. De Franceschi and S. Ferrara are grate-

fully acknowledged.
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