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ABSTRACT,

A model is developed for deformed nuclei in which their consti-
tuents protons and neutrons are described as axially symmetric rigid
bodies. These two rotors, being free to rotate separately and interact-
ing through a harmonic potential, perform intrinsic rotational oscilla-
tions with opposite phases about a common axis, The dynamical system
so composed does not possess axial symmetry, Its lowest lying excited
states which can be excited by electromagnetic radiation are two in num
ber and have both an excitation energy of ~ 10 MeV in heavy deformed
nuclei. One of them is strongly excited by isovector magnetic dipole ra
diafion, the other is weakly excited by electric quadrupole radiation.

(x) ~ Istituto di Fisica Teorica dell'Universita di Napoli, and INFN, Se
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1. - INTRODUCTION,

The "giant resonance" is an electric dipole mode of excitation
occurring in all nuclei. Its first and simplest explaination was given by
Goldhaber and Teller'(l) who developed a macroscopic model in which
the excitation is generated by a collective translational oscillation of
neutrons against protons,

This two fluid picture of the nucleus suggests the possible exi-
stence of new collective modes of excitation in deformed nuclei, Protons
and neutrons can be assumed to form two separate rigid bodies of sphe-
roidal shape. The two bodies are then allowed to rotate a’rdund a com - |
mon axis with opposite angular véloc:i‘tiesm The restoring force genérated
by the displacement of protons against neutrons might give rise either
to relative rotational oscillations(2) or to a configuration in whic¢h the
nucleus rotates while the proton-neutron symimetry axes stay at a fixed
angle,

The purpose of this paper is to study such modes. We assume the
nucleus to be composed of an equal number of protons and neutrons, The-
se are described as axially symmetric rigid rotors interacting through a
harmonic potenti‘al depending on the angle between their symmetry axes,
Starting from these assumptions in Sect. 2 we develop a dynamical model"
for the nucleus so composéd; -which results to be no longer axially sym-
metrie, In Section 3 we ‘solve the eigenvalue equation for the simplest .lbyg_
est lying states which com‘e" out to-be also the most interesting on'es.’ In
Section 4 the physical nature of these states is studied by evaluating the
electromagnetic (e, m, ) transition probabilities.

In the concluding Section the effect of our simplifying'assumpt-ions7

is briefly discussed.



2, - THE MODEL.

The nucleuﬁ; is described as a system composed of two 1dentlca1
axially symmetric rigid bodies, one consisting of protons the other of
neutrons,
| We denote the versors of the principal axes of the two rotors by
~

~ A~ =~ ; Ling Lo
s §. . for protons and b , M., . for neutrons and the Euler
§p» Mp* Sp Y sn» ns bn

angles specifying their orlematlon by a and a Be-

p’ Bp: "p ns Bns Vn-
cause of the axial symmetry of protons and neutrons the motion of the
whole system is fully described by only four variables, namely the Euler
angles ap, Bp and @y, B, specifying the orientation of the symmetry
axes Ep and En of the two rotors.

If relative traslational motion is excluded; the kinetic energy of

the nticleus about its center of mass is

1 (@7, 7 @ L
T = '2—7.“{([2 + I ) +(I +T )} s (1)
(6] Sp Wp- an nn
where I(gp) I(p) and Ié ) I(,n) are the c'omponentsof the angular mo-
n n

menta of protons and neutrons along the axes: §p, np and §n, "7n and
:7'0 their common moment of inertia. Rotations about their own symme
try axes are excluded consistently with a cOrréct iquant‘um~mechanica1
description of the motion of symmetric rigid rotors: We further assume
that protons and neutrons interact through a poténtial which depends on
the angle between the symmetry axes Ep and’ Cn

Since the two rotors can move separately, the nucleus as a who-

le, unlike its two components, does not possess axial symmetry, Its

principal axes are indeed defined by the relations:

N ~ A ~ + A
E = .Q.__z.{.g_. N = _C.P.___._._EL E= é‘P n (2)
sin(29) °’ 2 sin @ 2 cos-Q °



The above definitions provide us with a new set of angular coor-
dinates, the Euler angles a 87 specifying the orientation of the whole
nucleus and the angle 6 which describes the relative orientation of the
two rotors. The correspondence be‘cWeen the new and the old coordina-
tes ay Bp a, B, is one to one if By are aiLlovved to vary over their
full range and @ is constrained in the interval 0 £ 0 £ s/2, In order to :
make the new angular coordinates of practical use we mus"c find their

conjugate variables, To this purpose we define the quantities:

=10 3 § . pn) (3)
These are the well known generators of the group O(4). Their intrinsic
and laboratory components satisfy the commutation relations listed in
Appendix A, These relations define the intrinsic components IE s 177, Ig
and S§ as the conjugate momenta of 0 7 and 0 respectively while show
that ‘577 and SC are not independent variables. All commutation relations
are indeed satisfy if we put
Se = 1—(—1- , Sy = ~ctg@ls Sr = -tg01y. (4)
3 do U 5 m |
We have now two set of coordinates at our disposal. It is a matter of
convenience to use one set or the other, Given the dependence of the in
teraction potential on 0, the new set afy 6 appears to be more suitable
for describing the motion of our system. The kinetic energy (1) must
therefore be expressed in these new coordinates. This can be achieved

by rewriting T as:

) ; 2 2
__ 12T w1 =2 w2
T 57, (I +I07 ) = i7 (1" +8%), (5)
with the condition
I(p) = I(n) =0,
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This constraint is automatically fulfilled by expressions (4) of the S=
-components as one can easily aheck. We can therefore project I and

S on the intrinsic axes and usfing eqs. (4) obtain for the whole Hamilto-

nian
; 2
..y o2 1 o202 1 2,02 1 d
H = i7, I,§+ ¥, (1+tg @)Iﬂ,+ Iv; (1+ctg Q)Ig‘ 7, 15 + V(09)
(6)
where
V{e) = V{w/2 - @), 0<£0sm/2, (7)

as imposed by the geometry of the systermn. The Hamiltonian (8) is Her
mitian in the domain of wavefunctions % satisfying the equation:

4

SV = 0. (8)

lim (Qp_(.i_- wt A
: de
g»o,’—z‘-

Its lack of axial symmetry is clearly exhibited by its expression (6), H
is invariant however against rotations through the angle s about each
principal axis. Its eigenfunctions can then be made to be algo gimulta-
neous eigenfunctions of the f:otatiOn. operators R’g(n), R,,'r(n) and R‘C(JI)
with eigenvalues rg, Ty and PC (r = flt) respectively, Further re-
strictions on the eigenfunctions must be imposed because of the symme
try properties of the system itself. A rotation of protons and (or) neu-
trons about E through the angle @ leaves the configuration of the system

unchanged, namely :

(p) y =
Rg () Yo IMr re YoIMr, rp
g e (9)
(n) e = |
R g ( JU) onNI r’l] r--g wo’ I M’I‘n rC 3

where I and M are the total angular momentum and its z-component and
0 denotes all the additional quantum numbers.

One of eqgs. (9) can be replaced by:

Ry () ”’aernr © Yorur, r (10)

4 e



This latter condition fixes Iy = rg so that the eigenfunctions-agsume the

following form :

| _fai4171/2 o
onlVIr,,7 -[mﬂz] 2— N $ __(9)
16T Re0,2,. . (gy=+1)

K=1,3,..(r, = -1)
N (11)

- I I -

Dl @) + (DY ] e

It remains to impose one of conditions (9) for instance the first on-é. This

la
affects the intrinsic wave function too. A rotation of the protons about §&

of the angle & can be indeed obtained as the result of the following ope-~

rations:
(p) o -
Rg )wGIMr,n = Re(@/2) R, (R Votnr,, (12)
where
Ry by1ic(®) = Syl 5-9) - | (13)

The effects of eq. (12) will be geen in the specific cases we are going to

study.

3. - THE EIGENVALUE PROBLEM,

The eigenvalue equation for a wave function of the form given by
eq. (11) leads to the following set of coupled eguatioms for the intrinsic

wavefunctions

) 1

_ , |
, BT . L A { 1 9
o | T+ + K% g"0 - == [+ V(0) ~E . }(D bt 1570
L 47, L | dgzj T ol § TelK T 47y g

QDIK :

N 1
1 271 1.1 : : )

)T e - “ =

2 (fDMK!In'DMK' (-) Dy xr? If‘1+6:Ko)(1+6K'o£[ Py~ 0

(14)

Ktz



While posponing a more general discussion at the end of this Section, we

solve the above equations for the following set of states: i) I=0, r,n =1,
i) I=1, ry = - 1, {ii)I=2, r,,7 = -1, In all these cases the system of egs.

(14) reduces to a single equation in GDGIK" The symmetry constraints (9)
relate @GIK(Q) to @DGIK(W/Z -0) as follows: i) @GOO(O) = SDGOO(n/Z -0),
ii) gzi»all(g) = -@Gll(ﬂ/Z - 0) and iii) @021(‘6) = @621(31'/2 - 8). The in

trinsic wavefunctions can then be written :

case i) qbaoo((-)) = -;!:..2—- @000(9) + 99000(7(/2 -0
y a1 [ y |
case ii) @Gll(O) = ———-ﬁ q’oll(g) - qaoll(ar/z -0 , (15)
1 [ | ]
case iii) @021(9) = --{’-—5— , 99021(6) + %21(::/2 -9 ,

where the P 1k 'S are normalizedin 0 $ 0 €w/4,

We must specify at this stage the form of the potential. Our mo-
del is physically meaningful for small relative oscillations of protons
against neutrons. Their mutual interaction is therefore described appro

priately by a harmonic potential satisfying eq. (7), namely:

1,2

5Co o—scs%,

V(o) = k (16)
_l_ U 2 g <
5 C(5-9) 7 93 -

The eigenvalue equation (14) can then be consistently approximated in
S 0 < ZE .
0=0s% ) by:

2 2
1 d K” 1, 21 w2
{ - I + - 5 (2 70) o~ (I,K)0" +



where:

w(I,K) = YCO,K)/2T) ,
V [y, -

1; T I D>
C(1,K) = 23. l_ + (140, MK'IWMDMK (-)'D MK]

and where we write EUIK instead of E()’II‘ . The relative motion of pro-

tons and neutrons is confined within a r"arige of 0 of the order:
01K = [20ca x4, (19)

Numerical estimates made in Appendix B give:

w(,K) ~ o = | 2; ~ g0 AL/ 6 ’
O
(20)
02(IL,K) ~ 0% = — L~ A"3/2 41 ,
© o J27sC

where 6 is the deformation p:arameter(g).
For heavy deformed nu‘cl‘e‘i (A =180, 6= 0.25) w6 MeV and
02 ¥ 1.5x10~3 while for light deformed nuclei (A=24, 0=0.5) ©¥ 18
MeV and 02 ¥ 2x 10’2. In both cases the value of 02 is small enough
to justify the extension of the range of 8 from zero to infinity in the

eigenvalue equation (17) which can be written simply

2 2
1 d K ? 2’ «
- - + e -(2’.7') g.}q)A =0, (21)
‘{ 43’0 dgz 43.0_92 2 oK K
0<L0=% wm
where
g * EUIK = [I (I+1 -——K ] (22)

represents the intrinsic eigenvalues. Both the intrinsic functions and

eigenvalues do not depend on I which therefore has been suppressed.
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The 1=0, ry = 1 (K=0) eigenfunctions satisfying the Hermiticity

condition (8) are the even solutions of the one dimensional harmonic oscil

lator:
6o “no L. e o xXpPi- s ' Mon'e,
20, ©
with eigenvalues
| 1.
€ = = T e :
'eao €n;o (2n 2)(0 : (24)
For Iy = - 1 and I = 1,2, K must be equal to unity. The corresponding
- eigenfunctions are:
[ on ! ]'1/'2 0 370 0> o ¢
9= 9 " e (P ex(-—=)Ly(=), (25)
1. "(n+o+1 n* 2
ol ni 0, I' (n+e+1) 9 20% Q‘%
where
’ 1/2
0= 301 +4K%) /2 (26)
with eigenvalues
Fcr.l =g, = @n+o+ 1o . (27

L‘Qn are generalized l.aguerre Polynomia].(s). It is important to observe
that because of the independence of @i on 1 the intrinsic eigenfunctions
® 11 and @54 given by eq. (15) are odd and even combinations of the
same functions and are degenerate in (the intrinsic) energy. The pre-

~ sent model is reliable for the lowest intrinsic excitations only. Among
the states explicitely determined the lowest in energy are -fgpol and

@'10.. Their corresponding excitation energies are :

i) €91 ~€00 ° —21—\/5 @ , which is ~ 10 MeV in heavy nuclei (A =180 and
0=0.25) and ~27 MeV in the light ones (A =24 and 4= 0.5);

ii) €1p = £gp." 2@, which is ~ 12 MeV and ~36 MeV for heavy and

light nuclei respectively,
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nsider the states satisfying coupled differential

equdti erpoys:tlons of intringic functions with different

K's. The terms responsible for the admixture are corrections of the
order 1/27, to the restoring force constan‘r,! On the ground of the nu-
merical estimates of Appendix B we expect tilerefor'e»'that the exact ei-
genvalues do not differ substantially from thé ones obtained by neglect-
ing the coupling terms. These would form rotational bands based on
intrinsic states of given K., Obviously only the bands constructed on the
lowest excited intrinsic states, which are just the ones already determi

ned, are likely to be physically relevant,

4, - TRANSITION PROBABILITIES.

In order to establish the mechanism of excitation of the statesg
determined in the previous Section we need to evaluate their electroma-

gnetic transition probabilities.

4.1, - Electric quadrupole transitions,

The electric quadrupole moment referred to the intrinsic axes

is:
ML (E2,x) = 3 [m (E2,v) + W\T:] (E2,») [ s (28)
where R
. E o ,
T(Ezl,v) = JQT(I‘) r Y,z__v(l) dr : (29).
07 = oP)@ + (- 1)@ (30)
Q(p) and Q(n) are the proton énd neutron densities which for 0 = 0 are

assumed to'be
(31)

Q(?) ‘being the total nuclear density. This for a spheroidal shape with a
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sharp surface is:

]

o(r) = Qos{r - Ry [:1 +q20Y§0 (?)]} s (32)

where 0, is the constant density of a sp]here of radius R, and s(x) de-

notes the step function,

As the proton (neutron) rotor yotates through 6 (-0) about the
- z

§ axis the proton (neutron) dengity becomes :

: r .
24 (r) = 3 QLR§ (@)r],
' (33)
(n),= 1 -
e ) =3 (0)r _T

Inserting these expressions in eq. (29) we get :

m_(E2,v) = 5sz,‘{‘(&v'l[%xp(.—i@l;s.)+- (_1)"exp(i01§ﬂ'|2-v> . (34)

where
Q, , =1 j @iy, Hat (35)
29! 2 ¢ gpr T/ Ar

To first order in oz20
2vt~ %020 T 2% o %309 -

Consistently with our model we approximate m r(EZ,v) with the ex-
pression obtained by expanding exp( i QIZ ) up.to first order in 0 and
(/2 - ‘

MT(E)2‘,1;)=Q20‘1L (0. -7/4) [‘d’ (1( -l ~-10<20'I§|2v> - (=) ]

s(et/4 - 0)[§ 20| (‘exp(‘-i-z-'lg() +( -‘)' exp(i ' 2>+ (37)

<2()I [§ exp( 1~-IéE - exp(l— )|2’V>]}
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The above expression specializes in the specific cases we need as :

W, 4(E2,0) = Qupf2s0 -5 - s(] -0 . (3!
M, (B2,1) = -i{s on_[{_;s(o-f DG -0sd- e)] , (39)
Wy (E2,1) = m, (®2,0) = 0. (40)

The states we determined have the form:

I+K ]

Tar+ 1712, <1/2
YatMry, T Harvk ‘[1 > J (1+05¢) [ Dyig®axt () Py ®iR |
(41)

having put for convenience @ = = (~) ¢ i

The E2-transition probabilities from the ground to the excited

states are-then:

ik || (m2) | ooo>|

-
B(E2) = 3 ‘
5 ) (42)
e PR ETY o 12
L& 2 | earlMEe, var)]ooD]? .
T oy < |
For K=1 and n=0:
<012§|WL ®2)llo00> -12V~Q Ojd@ %1(0 ) 8 9,,(0) =
0
o r3xf )
= "12 V"g. o 4 ‘Qc‘ 0 s

71 o
= e

while €012 " mO(EZ,)“ 000> = (. Therefore we have:

BE2) ~0.05 AN 0s o2 pm? (44)
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‘ having used eqs. (36) and (B. 16). For A =180, ¢=0.25 B(E2) turns out
to be three times the Weisskopf estimate, for A =24, §=0,5 B{E2) ~

~ 2.5 W, u. The vanishing of thfa reduced matrix element of W\/O(EZ') cha
racterizes the wOZMl states as describing isovector quadrupole oscil-
lations. The E2-transition propabilities to the other two states obviously

vanish.

4.2. - Magnetic transitions.

The intrinsic magnetic dipole moments are:

W vt,v) = 1[ (M1, ) \Wl (M1, v] , (45).
where
! 1 2> e e 3
;’Vtr(Ml,v) =-3 fdr;] ) (F XV)rYlw @ (46)

. (47)
> 2o + (")
Inserting this expression in eq. (46) we get:
, N . e |3
4 1wl = 2 _;{ :
!..wl(Ml,v) © m b i S, (49)
~ where
oUm > 0> a(p)s ‘s 0= a(ny->
L, =le, Jdrﬂm-?jrxv e, + drm—z-rxv. ey =
(50)
.gy - e
i} (I(p) +I(n)) 2,
22> . pp) 3n) = 1
Sy = Sre, = (177 -1 ) e, (51)
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g,, ‘being thé spherical components of the unit vector in the intrinsic fra
me, Since all terms containing components of I annihilate the ground

state the only nonvanishing reduced amplitudes are:

ey

&nall t ol ooo> - —f/‘l—ﬁ = &nil sgloo> . (52)
For n=0:
T
- [ X
' | / 47 2m J 702V do *oo
(53)
545
e 1 T30 1
S Vdm 2m 1/4 o 9
i1 T 5 "’_) o}
The transition probability to Vo1l is then:
1 e Mo 42 2 , ‘
B(M2) = ll(ou" I, vy floooy | “ v 0.025 a3/ %5(=2)2 | (54)
4 ‘1 ‘ 2m, -
or in Weisskopf units :
BML) -, 7325 i
5, (1) A 0014 A . (55)

For A=180 and 6=0.25 this ratio is :BV/BW/N 9, ‘while for A= 24 and
6=0.5 B/BW ~ 1, It should be noted that ‘only the orbital motion is ta-
ken into account in our model, Again the isoscalar contribution vanishes

as well as the transition _'pr‘obability to I=K=0 states.

5. - CONCLUSIONS.
The lowest lying excited states predicted by our model are:
i) a state with quantum numbers n=1, 1=20, ry = 1 (K= O’), which is not

coupled to the ground state by e, m., radiation;
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ii) a-n=0 I=1 Ty = -2 (K=1) state which is strongly excited by isovector
M1l-radiation ;

iii) a n=0 I=2 Iy = -1 (K=1) state weakly excited by isovector E2-radia-
tion, ‘

The semiclassical interpretation of these states is obscured to
some extent by the dynamical variabj :s we used to describe the motion
of the system. A complete intrinsic oscillation for instance cannot be
described by the variable 6 alone because of its limited range of varia-
tion (0 € 8 £ w/2). Such a desci?iption should require the extension of
the range of 6 to -mw/2 € 0< /2, Had we done this since the one to
one correspondence with the old variables apﬂp anﬂn must be preser-
ved, we should have either restricted the range of the Euler angle ¥ to
0 2 7= o thereby blurring the description of the rotational motion or
kept the full range for y but imposed an appropriate constraint on the
wavefunction,

A microscopic calculation based(6) on a schematic model predicts
an isovector K=1. The authors of this calculation however assume that
the deformed nuclei are axially symmetric while our states, although cha
racterized by a single value of K, do not have axially symmetric intrin-
sic deformation. This because the relative motion of protons and neutrons
is simultaneously localized around the { and 7 axes. Were the motion
localized only around a single axis the system would have resulted to be
approximately axially symmetric due to the small value of 05, An effect
of this symmetry breaking consists in the reduction of the intrinsic qua-
drupole moment in the ground state by a factor 1/2.

We conclude with some remarks on the assumptions of our mo-
del. The results of the present work hold strictly forrlight deformed nu
clei only. For heavier nuclei it should be necessary to take into account
the neutron excess., We do not expect, however, that our results should
substantially change,

In describing the proton-neutron fluids as rigid rotors we neglec
ted the superconducting properties of the nucleus. The relevant effect of

neutron-neutron and proton-proton pairing correlations is to halve appro
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ximately the moment of inertia, which in turn would increase the exci-
tation energies by a factor 2, would enhance the E2 transition proba-
bilities by a factor 2 and would reduce the M1 transition probabilities
by a factor 1/2. It is more difficult to predict the effect of neutron-
=proton péiring correlations, If such correlations are impor'ftaﬁt in de
formed nuclei, as it has been suggested(7), the collective modes de~

scribed by the present model might even be inhibited.
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APPENDIX A

We present a list of commutation relations satisfied by the com-
ponerts of ? and g’“ " Some of them are well known and are reported for
sake of clarity., Some others are not known but easy to-evaluate, so only
a few of them are explicitly evaluated ag illustrative examples, Let us re
call the commutation relations satisfied by the components of the proton

“by e SN =3
and neutron angular momenta I1'P) ang 1(7) along the fixed axes X, ¥, 2 :

&i@,xgpi = isijkl(lf) ; Iin)l,:n)? = e 1.(;1) ; Iip),:[;“)“j =0 ;
il(p)‘,gg.ﬂp: = isijkﬁ,(;p) ; [Iip):"?gp)] } ieijki"(lf) ’ ilip):ggp)j ) isijkCIE:p) :
Ei(n)=§ ;(,HT BT ’31(;1) ; 3j1§n),n:(jn)“; - ieijk'nl(;l) ; MIEH)CJW] - isljkcl(;) ;
:ii(p), &gn)_j - [Iip), ngn)“ txip)» an)w_ =0,

gl T §p>~ SFON b b

8:~ij being the completely antisymmetric tensor of third rank.

All commutation relations satisfied by the fixed components of

i d pe bl

I, S, &, ﬁ and { follow from definitions (2), (3) and relations (A. 1),

They are:

1,1 =de 15 T1LS =de. S, ;[ S.,S. =ie, L.
B s U ik k * P T Mk
™ H “i = jg.. o - ’; = 1 . ?. { 3 = 3 o .
8y Pl s Tyt s My =t Cj;_; AT

E = 0i(8 -F E 9¢ o .
Si,f,j] 4‘1(613. é‘igj)c’cg(zg) +1ninjtg0 1§i§j ctg@ ;

I; k: 1 - .
Si”"jw 1(8‘1;;1{51( §i’l)])ctg0,

o

e - ‘

ol
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We have further :

(A, 3)
“S., stw = if.cos0 ; ”S., cos 91 = -i& sin®
i - i L1 | i
Therefore for any £(9):
- -
x - .
L HO) =0
- (A. 4)
5, £(0) [= g, do £(9)
" .g E i
It:is to be noted that: __Si’ g,ii# 0, LS], 777 £0, ? S g T 74
However :
S A A )
S+& -§-S = 2ictgd ; ,
(A 5)
- A N > <> A A &y
S . /'7 = 1’) . S ; S ;: = 'Z S
& A )
The component of S along § must be defined as:
1 é A A : '
Sg 2 §:+8) (A.6)

in order to be Hermitian,
“3e S .
The commutation relations of the components of I ahd 'S -along

KN A "
§, M, £ follow from the previous ones, We have:

"I&,I = ~ilx and cyclic permutations ;
¢ ]

=

H

i
~

e -y o iy S B
’ E = M ' 1 . I = =i 1o ' L .
— —— e e oy

g '.
=0 3 IpSp = ilgctgs Iy Sp =0

Jcsgj o s[rpsy]ros [rosg ] g0 s i)
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[Sg, 5, = (I - S petg0) ; [S?SC-] = -i(Ig-Sptg0) ;

53

!" 1=
v (A7)
Moreover all I- and S-components commute with £(0) except for S‘E

which satisfies the relation:

[:sg, f(())j =4 E% £(9) . (A, 8)

We now evaluate a few of the commutation relations presented for sa-

ke of illustration. Let us oomputp for instance the last of relations (A.3).

From the definition (2) of §, 'l], g’; we get :
A ~ A -
Ls 2coscﬂ=§ms., (£ +F) g] (£, h + ( C +§ A
o p °n’j I
T’] A A -7 oo T . (A, 9)
=1 4 ) 1 > C r - N .
sy (€ gn)i 6+ &[S 2008, -5, 2 cos 0184t

where repeated indices denote summation, We get evenfually:

e T leTg
Sipcos0 =5 608,

oy
{

o~

~ 1 . A =
+§ "3 leijkgj(cp—gn)k -

r
U‘p)

-

=i e'i_jk §j My Sin@ = - 1§i sin@

Let us now evaluate the last of eqs. (A, 2), We start with:

(& + E k ‘PS 2 C cos: Q?‘ =¢.ls., 2cos0 + 2ls Tcos 0
£y (; 1’1]__, o > *».‘: sji_'i" =T E__‘i’ i ’
It follows then:
lo 5 ¢ leos0 =g (7~ 45y 1. & o ol =
:_2 Si’ Qj“: cos 0 5 (Cp Cn)j_j Qj;msl, cos .
21 8ijik M sin@ + 2 1§i Q‘vam 0

The final results is:

[_Si’ Cj:{: e e * 5, §)teo .
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APPENDIX B

In order to determine the restoring force constant C of the har-
mo(ni)c potential (20) we follow a procedure adopted by Goldhaber and Tel
1 ; -
ler. To this purpose it is sufficient to consider the range 0 = 0= /4,

In this range the potential is:

1 2 ‘
V(9) = ‘Z'CO‘ . (B. 1)

‘On the other hand as the angle 0 gets larger than a critical value P
—;— 0 Av(@) neutron-proton pairs do not interact anymore causing an in-
crease of the nuclear potential energy Vi

Vi (0) = 2 04v(O), . | (B.2)

Here ¢ denotes the nuclear density, v o the neutron-prdton interaction
potential and Av(B) the volume variation of the nucleus due to proton-
-neutron relative displacement.
At the critical value 6, the two potentials must coincide:
2

1 .2 1
3 C% = 3

o ed4v(8 ) v _ . | (B. 3)

This equation allows us to determine the restoring force constant C once
2} C and A4v(e C) aredetermined. The volume variation is evaluated asfollows.

Thenuclear surface at the equilibrium (0=0) is describedby the equation:

2 2 2
+ ; . :
S, R S (B.4)
R1 R;3
or in spherical coordinates: ‘
(6,0, 0-0) = r(6,0-0) = (R-2sin20 + R cos’0) /2 (B.5)

1 3

A
As protons (neutrons) rotate through 6 (-0) about & the surface of each

rotor is described by eq. (B.4) with & ' replaced by:
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§'=& 5 "= {sin®+ 9 cosO; §'=C cos® - 9sing . (B.6)

In spherical coordinates to first order in 0 it becomes
(8,0,0) ¥r(6,0=0) (L -0£0,p) , (B.7)

where :

-2

26, 0) = & sin 29)<;m¢<%12-133)r2(@,0). (B.8)

The volume variation is then given by :

, )l
/d¢/d0 @!/@pg |

KL /2

(B.9)
3 | 2
= SQ / d’b / d9 Sin@ r '(@:0)]f(9:¢) | s

having used egs. (B.7) and retained the terms linear in . Inserting the
explicit expressions (B. 5) and (B. 8) of £( 6, #) and r(0, 0) in the pre-

vious eq. (B. 9) we get:
n/z

Av(e) ¥ 169'R -R,3 l] d@ram o] cos@(R s1n @+R 2c:os ) —5/2

_ | =2 ._..2-,: L z[ -2 -2,.2 _-27-5/2 .
- 169’1%1 -R; ] at t°| (R7“-R %)t +R3_J A

(B, 10)
] |R2 - R*z] )
~ 16 3 01 3
= = 0 ———— R/
3 R“Z 3
1

It remainsg now to determine OC. To this purpose we observe that for
8 > 0. the average distance between proton and neutron surfaces exceeds
the range r. of the proton-neutron interaction. We must therefore im-

pose:
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gw JT
ro I / dp /d@ sm@;r(@,sﬁ,gc) - (0,0, ..'OC) ad

0 0
o 4 [ .9 -2 ‘ ] L2 =2 2 =2 2‘--3/2~
- OCQR1 -R3 / d@ cos@ sin" @ (Rl sin” @ +R3 cos B ) ~

0
'R - R?| | ’ (B.11)
v 4 - 1f3TY
- — g EL F}
37w ¢ 2 3
Rl

where we again used egs. (B.7), (B.8) and (B. 5) aLn'd retained linear terms

in 0 only. 0, is therefore given by :

0, = S8 e 2 (B.12)

The expression for ¢ comes from (B, 3) using egs. (B, 10) and (B. 12):

Av(0 )

‘ 2 R
oy V8 64 -_c>_».2.«2~|r_§]4 .
¢c=ev,— 5= °% |B3-By| ®m,l - (B.13)
Qc o}
Putting:
A
0= @ = =, R = 1.2A1/3 ,
o é'ﬂ)"R‘; ‘
3 .
and
rR% . R? 'r2 . R?|
3 1! 3 1
5T N T 5 T 30
+
SR1 21:{,1 R3
we obtain for C :
; V. ,.
o128 Yoo 4 2
cflz-g-—oA/B.d ., (B. 14)
a7 Yo

Assuming the nuclear moment of inertia to beld)
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27 = 2aMR% (1+14)
o 5 (1+3

L]

~we get for the frequency:

T ~ 20
GD = - = JR—
/2 7o 37 !

-—

r
(8]

¥

and for the oscillator parameter 9, :

o 2:’.7(’)(0 1.2x16 LVoM |

having put -Vo =40 MeV, r_ = 2 fm,

o

\' .
——"-Jl/z 6 ATY/8 wgo a1/

T 1 -3 -
o® -1 o _ 57 [ Toli/2,-3/2 -1

]

= 1,2A°

3/2

0

(B. 15)

-1

(B, 16)
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