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ABSTRACT. -

If the generalised momentum- in the Hamiltonian equations is con-
sidered as arapidly varying stochastic function of time then a solut-
ion of the master equation is most easily obtained by applying the cen
tral limit theorem in much the same way as one does with the Lange-
vin equation.
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Given the Kramers-Moyal series
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one can derive the reversible equation of motion for g(t) from the Ha-
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miltonian

H(q,p) =i
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(po(q) is the lowest eigenfunction of # (q, 8 /6q). Since the determini-
stic equation for q is obtained by eliminating p, the question arises as
to whether the same result cannot be achieved by means of an appropri

ate average in which ¢ p(t) ) vanishes or is at most 0(a).

The Hamiltonian equations could then be regarded as stochastic equa-
tions, and it should be possible to obtain from them a solution of the ma-
ster equation in much the same way as one does for the Fokker-Planck
equation, starting from the Langevin equation. By repeated application

of the Markof property the path integral solution

t
W(a, t) =j@(q> exp (| dv Liaw), d(x) (3)
0

where L(q, ) is the Lagrangian associated with.H(q, p), will thus follow
directly from the statistical properties of the Hamiltonian equations.
This argument suggests an implicit equivalence between the stochastic
differential equation for q(t) and the partial differential equation for its
probability distribution. We consider this problem here not for the full
Hamiltonian but for the following analog of a non-relativistic approxima- |

(2)

tion
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Hy(a,p) = 2. a (q)(ip) (4)
The Hamiltonian for linearised processes is of the from (4), In ge-
neral eq. (4) can be transformed into a harmonic oscillator Hamilto —
nia’n(z). It therefore describes Gaussian processes. We wish to show
that from the point of view of the question posed in the beginning, the
Gaussian approximation to eq. (3) is indeed most easily obtained by at-
tributing stochastic properties to the generalised momentum in the

(3)

equations

GH?(q,p)
————= = - (al(q)+2a

oD ip) (5a)
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0H,(a, p) . 9
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and then applying to the integral of eq. (5a) the central limit theorem.
This fact is not at all surprising from the point of view of quantum me
chanics, for, from the definition -of p in eq. (1), egs. (5a) and (5b) are
operator equations and p and g do not cormnmute, Egs. (5) are classical

- equations only in the sense of the Ehrenfest theorem.

We shall therefore assume that:

1) p(t) is a rapidly varying function of time on a scale 7, small compa-
red to that characteristic of variations of q(t).

2) the mean and variance of the distribution $(u) of the velocity
t+7
o)

w(ry ) =i J“ de p (7) (6)
t

exist.

Eq. (5a) can be expressed in terms of u(r,) as
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alt)-x(t) = 3 2a (keg)u(wo ) (7)
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where
x (t) = - al(x) (8)

describes the average motion of q(t) and we have written az(i:) for az(q(t)),

On taking the average of both sides of eqgs. (5) we have

<p(t) > =0 (92)
< PAL) = ap(x)/al(x) (9b)

(4)

If tis much greater than 'covwe can apply the central limit theorem

to eq. (7) to get

W(q,t) = (2noco(t))_1/2 exp(- Eg%ﬁ%(%))_) (10)
where
¢ 2
O'(t)=4D a., ('U)d’v (11)
J; 2

. . 5
and 60=cho is the varlance( ) of ¢ (u). The distribution ¢(u) need not be
a Gaussian in order for (10) to hold. However if the distribution of p(t) is
aGaussian, (obtainable, say, by Fourier transforming W(q,t) as in quan

tum mechanics) then so too is & (u).

Eq. (11) can be integrated indirectly. First differentiate it to get

¢ (t) = 4D a2 (x) (12)

2
The variance o (t) can also be calculated approximately from

e 2 2
_ A 4
2.0 (t)= i!'oo dg g (q) §°(t) g (a)-x (13)

. 2
where @,(q) is the ground state of H‘Z(q, p)( ) and §(t) is an operator whosge



time derivative is given by eq. (5a). By expanding the coefficients an(q)
about q=x

o

a,(@) = a () +al (x) (q-x) + Za? (q-x) 4. ... (14)

one finds from eq. (13)

o(t) = - 2a'1(X)o(t)+2(a-2‘[X)+xaé(X)') (15)

On comparing this with eq. (12) we get

o(t) = - 5——1&)— (2Da§ (x) - a(x)-xa}(x)) (16)

2

In eq. (92) the average value of p(t) is strictly zero as a consequence

of eq. (8). This estimate can be improved. The change of variables(z)

a
1/2 1/2 . 1
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in eq.(14) transforms the Hamiltonian into

2
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HzaQ,P)—l(mP * Q) (18)

The generator of this transformation is of the form
F(q,P) = £,(q) P +£,(q) (19)

. where from the equations
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(q) are given by

the functions fl(q) and f2
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On making use of eq. (21a) one finds that the equation of motion for

Q(t) can be expressed in terms of q(t) as

q(t) = - al'(1-4610612)1/2 (22)

Comparing this with (ba) gives

iLplt)) =~ a_(x) al(X) (23)

since ao(X) is O(a).

The extension of the above considerations to the full Hamiltonian in
eq. (2) is not straightforward. However the effect of the term in (ip)Sin

eq. (2} is easily incorporated into Hz(q, p). In fact solving for p from the

equation
6H3(q,p') 5
e = & = o s 115+ 1 ! ¥
e q (al 2321p 3a3(1p) ) ) (24)

and either by explanding the square root or by the integral method of ref.

(1) one finds

(q +a,) 3a_(q+a,)
oo 1 T T A
- 1P zat 2F1 (2 : 1’-; 2; - 2 ) (25)
2 a2

If eq. (23) is used to substitute for ¢ +aL1 ingide the hypergeometric func-

tion one sees from eq.(ba) and the equality



(c'1+a1) 1 Ba a_a
-ip =g—— F(=;1,2, - - — ) =
2d2 2 1 2 a2
(g + a.1)~ (26)
) "6a a_a
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that the effect of the term in 33(q) is to renormalise the coefficient

a?(q), and consequently the variance ¢(t) on account of eq. (11).
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