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It is well known1 that for the three dimensional Ising model the value
of the critical exponents @ and v, respectively for the specific heat and for
the correlation 1ength, obtained by means of the high temperature expansion

seem to be not in agreement with the scaling law :
@ =2 -3y, (1)
The disagreement has led!: 2 to suggesting that simple scaling is not valid

and eq. (1) should be modified to:

a+0=2-3vp, (2)

where ¢ ¥ -0,03, However the exponents are extracted from the high tem-
perature expansion assuming a pure scaling law of the kind:

o) ~ (T - T) 1 orT -] (3)
On the other hand the renormalization gr'oup3 theory tells us that instead of

-{3) we must test the scaling law :
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where v is of order 1/2.

_ The aim of this letter is to find a direct test of scaling law (1), We
fmd ’chat 1 ) igvalid but we are not able to extimate wwv. The reason for
that will become clear later.

Let us sketch the argument that leads to scaling laws in Quantum
Fleld Theory (QFT) Our star'ting point is the definition of a and v,
When T~ T (crntlcal temperature) the spe<‘1f1c heat C and, the Lorrelatlon

¢ length § have a T--depenclenc,e3

- 2 2 P -
(5)
E = e ~ (T - T 4
mp ¢’

Wlhere}v‘s/‘e have expressed C and § interms of the corresponding field
quantities that is the two point correlation function (energy density) of P2
for C and the inverse of the renormalized mass mp for &. The index B
stands for bare. Because g ~v —é— it is better, nuar'nery,ellly, to workﬁwit‘}}
0C/0T which is a more singular quantity, Then we express 6C/dT in terms
of the renormalized mass and of the coﬁp‘liﬁg constant g through some rela-

tion knowmin QFTS - « . . e oo e
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(Zﬂz) my F(g) = ( 5T ) mR‘ F(g) ,
“where D is the dimension of the sﬁ;ace, in our case D = 3,

Then we consider the quantlty Q defmed as:

ac/aT

D-6
mp R/BT)

Q= T = Flg) .- ‘ o (6)
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From (5) it easy to see that if scaling law (1) is valid then F(g) is not singu
lar at T = Tc, and we have:
‘ OV 4 2
Q(T) ~ Q0) + A(T - T )"~ +B(T - T) +O(T -~ T )", (7)
On the other hand if the scaling law (2) is valid we get, for Q, a singular

behaviour caracterized by the exponent ¢, namely :

QT) ~ (T -T )Y, (8)

where we recall that § is supposed to be -0.03,

The prescription is than: compute an high temperature expansion of Q
defined by eq. (6) and by means of this expansion compute the behaviour of Q
near the critical temperature, If Q is singular (eq. (8)) then the scaling
law (2) is valid; if Q is regular (eq. (7)) the scaling law (1) is valid, The
advantage is that using this method we test directly the scaling law without
having to compute in an independent way the critical temperature, a and v,

4,

From the high temperature series 5 it is possible to get the high

temperature expansion of C and R = m“2 In terms of C and R, Q be-

R
comes
| 3 A"
5- oc/oTr%:S 7 n (8 = 1/T)
3 S . n °
(0R/0°T) 2B B

Now define 4 as the exponent of the leading term of Q. By standard techni

qme6 it is easy to compute A by means of the equations:

A=11m Ang

n -» Q0
where B
[ An Bm ‘]
A = n - ——— —--—--—-" i (9)
n Bn Am-—l .

In Table 1 we report the value of An obtained using eq.(9), To esti-
mate 4 it is possible to use standard extrapolations based on Neville tables.

Table Il is just the Neville table of 4, up to quadratic extrapolation, One
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" can ge% further infofmé’tioyn'fusing extrapolation of the form™:

4p=Ltwrerdy - mee-2402] .

where &= = 1/2. In Table III we report the values of An . _ T

From Tables I, II and IIl there 1s no evidence for 4 belng a negatlve
number of order 0.03. Indeed the estimate suggest that 4 is very small
and positive and this would correspond to a scaling law relation in the direc
tion opposite to the claimed‘(_one. We neglect this last possibility and we
think there are good evidence for 4 being 0.

Let us try to compute the correction to the scaling law (2). Let us
suppose that 4, —» n ;)V . Standard arguments imply that:

n Q0
A= lim Fpn

n -+ Qo

where

. . B et _AL . -—
)Fn I ¢ l—“A—“n - 1J .
_“n-1 .

The Fn are shown in Table IV and their limit is consistent with 4 = 1, The

refore we can see only the coefficie‘n’c of the regular correction to the scal-
ing law, O(T -TC), and then @y cannot be extimated. Indeed it is quite
p,qssijtglegthat this last ftern’l’i,s present but with a quite small coefficient ’

v which. J;nay be characteristic of spin 1/2 Ising model, the coefficient o-f thie

terms being not an universal quantity.

The authors are gratefull to G.WPaﬂArisi for having explained to us the

question and for illuminating discussion,
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TABLE I
]
4, = - 1.2525 o 4, = -0.3483
4, = - 0.7813 - 4, = - 0.3058
A = -0, .
. 0.5998 | | 4 of2722
A= -0.4793 A, = - 0.2450
5 10
A, = -0.4087 L = - 0.2226
TABLE II
n linear extrapolations quadratic extrapolations
.5 - 0.033268
Z 6 - 0.025569 - 0.0101719
o7 - 0.016105 +0.0075555
I - 0.0086124 +0.013865
9 - 0.00344699 +0.014632
10 - 0.00021840 +0.012695
11 | +0.0015601 | +0,0095634
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TABLE 111

A

n

—_ O W X 3 o u

—t e

. 049291

. 017362
.0119089
. 0120978
. 012985

. 013367

. 01307587

o O © O o o o

TABLE IV

—_ O W o -1 o O

[uay —

. 9435
. 9468
. 9604
. 9760
. 9891
. 0000
. 0065

-0 O O o O

[y





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


